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Who are we ?	
 

n  RIKEN-BNL Research Center 
 
2 fellows, 2 PostDocs 
+ visiting scientists / students 
 
RIKEN BNL Columbia (RBC) Collaboration 
(1998-) 
 

n  Columbia University 
2 faculty, 1 PostDoc, 
7+2 Students 
 

n  University of Connecticut 
1 faculty, 1 Students 
 

n  BNL HEP Theory 
       3+1 scientists, 1+2 PostDocs, 
      1 student   ( SciDAC,  LDRD, JSPS) 
 

n  BNL  LG Theory 
3 scientists, 3+1 PostDocs (SciDAC) 

n  + UKQCD Collaboration (2005-) 
•  Univ. of Edinburgh  
      1 faculty, 2 PostDocs, 2+1 students 
•  Univ. of Southampton 

3 faculty, 2+1 Postdoc, 4 students 
 

n  + JLQCD ( 2012- , collaborating for 
physics measurement methods) 
•  KEK,   Tsukuba & Osaka Univ 

 
(# of personnel: accumulation of last 3 years) 
( #(current) + #(just left, but still collaborating) )	

	  14	  current	  students,	  	  
	  ~23	  PhD	  theses	  since	  2005	  	  	
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K →　ππ　decay amplitude 
[ RBC/UKQCD ]	

n  40+years awaited theoretical calculation 
[1964 Cronin-Fitch,  
1999 NA48@CERN, KTeV@FNAL] 

n  Provide a new constraint on CKM Unitarity  

       horizontal band (not actual) 

n  aa 
 

Finite volume as a boonBackground and Motivation

Bubble Chamber Picture

Weak phase shift

Strong phase shift

18 / 29

K → ππ

ū, d̄

s

W−

u

ū, d̄

d

ū

� AI = �(ππ)I |H|K 0� = |AI |e iδI+iφI with final state isospin I

and strong (CP violating weak) phases δI (φI )

� ∆I = 1/2 rule: dominance of ∆I = 1/2 matrix elements;
experiment: |A0/A2| ≈ 22
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Electro-‐Weak	  (CKM)	  phase	  
Ｖｕｓ　Ｖ＊ｕｄ,	  	  Ｖtｓ　Ｖ＊tｄ	

π	  π	  final	  state	  	  
sca;ering	  phase	  
from	  QCD	  	

KL	  →	  πππ	  (CP	  even)	  
	  
KS→ππ	  (CP	  odd)	

Δ	  I	  =	  ½	  rule	  
ε’	  /	  ε	
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K →ππ Amplitude, I=2 channel	Realistic calculation of K → (ππ)I=2

Lattice: 323 × 64× 32, 2+1 DWF, Iwasaki DSDR, a−1 = 1.375(9)
GeV, mπ+ = 142.9(1.1) MeV

ReA2 ImA2

Lattice artifacts 15% 15%
Finite-volume corrections 6.2% 6.8%
Partial quenching 3.5% 1.7%
Renormalization 1.7% 4.7%
Unphysical kinematics 3.0% 0.22%
Derivative of the phase-shift 0.32% 0.32%

Wilson coefficients 7.1% 8.1%

Total 18% 19%

(Blum et. al. 2011)

Re(A2)(10
8/GeV) Im(A2)(10

13/GeV)

Lat. 1.436(62)(258) -6.83(51)(130)

Exp. 1.479(4) (K+) (n/a)

Re(ε�/ε)EWP = −6.52(49)(124) × 10−4

Errors: (stat)(syst)

K ! ð!!ÞI¼2 Decay Amplitude from Lattice QCD

T. Blum,1 P. A. Boyle,2 N.H. Christ,3 N. Garron,2 E. Goode,4 T. Izubuchi,5,6 C. Jung,5 C. Kelly,3 C. Lehner,6

M. Lightman,3,7 Q. Liu,3 A. T. Lytle,4 R. D. Mawhinney,3 C. T. Sachrajda,4 A. Soni,5 and C. Sturm8

(RBC and UKQCD Collaborations)
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8Max-Planck-Institut für Physik, Föhringer Ring 6, 80805 München, Germany
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We report on the first realistic ab initio calculation of a hadronic weak decay, that of the amplitude A2

for a kaon to decay into two ! mesons with isospin 2. We find ReA2 ¼ ð1:436$ 0:063stat $

0:258systÞ10
%8 GeV in good agreement with the experimental result and for the hitherto unknown

imaginary part we find ImA2 ¼ %ð6:83$ 0:51stat $ 1:30systÞ10
%13 GeV. Moreover combining our result

for ImA2 with experimental values of ReA2, ReA0, and "0=", we obtain the following value for the

unknown ratio ImA0=ReA0 within the standard model: ImA0=ReA0 ¼ %1:63ð19Þstatð20Þsyst & 10%4. One

consequence of these results is that the contribution from ImA2 to the direct CP violation parameter "0 (the

so-called Electroweak Penguin contribution) is Reð"0="ÞEWP ¼ %ð6:52$ 0:49stat $ 1:24systÞ & 10%4. We

explain why this calculation of A2 represents a major milestone for lattice QCD and discuss the exciting

prospects for a full quantitative understanding of CP violation in kaon decays.

DOI: 10.1103/PhysRevLett.108.141601 PACS numbers: 12.38.Gc, 11.15.Ha, 11.30.Er, 13.25.Es

PRL 108, 141601 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
6 APRIL 2012

The 2012 Ken Wilson Lattice Award 

The 2012  KWLA panel is proud to award 
!

In recognition of their paper titled 

K ! (! !)I=2 Decay Amplitude from Lattice QCD   

The 2012 KWLA Panel Members 
S. Aoki, W. Detmold, G. Fleming, D. Lin, H. Meyer, J. Zanotti 

T. Blum  
P.A. Boyle 
N.H. Christ 
N. Garron 
E. Goode 
T. Izubuchi  

C. Jung 
C. Kelly  
C. Lehner  
M. Lightman 
 Q. Liu  
A.T. Lytle  

R.D.Mawhinney  
C.T. Sachrajda  
A. Soni 
C. Sturm  

To:!

23 / 29

2012	  Ken	  Wilson	  LaRce	  Award	
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Lattice Gauge Theory Receipt

• QCD vacuum ensemble generation ∼ Accelerator

• choice of gauge / sea quark actions

• Algorithms / Machines [C.Jung’s talk]

• for each parameters (a−1, V,msea)

• Physical observable measurements ∼ Detector
• valence quark propagators (low eigenvectors), mf

• Hadron n-point green’s functions, matrix elements

�O� =

�
DUµDq̄iDqiOe−SLGT/ �1�

• Renormalize and Chiral/Volume/continuum extrapolations

• Algorithms / Machines (GPU, [C.Miao’s talk] )

=⇒ The final answers

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 3
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Lattice Gauge Theory

• Analysis of Quantum Field Theory such as Quantum Chromo Dynamics, needs non-
perturbative calculation.

Ψ(x), Aµ(x), x ∈ R4
: continuous infinity

quantum divergences: needs regularization and renormalization

ψ(n + µ̂)ψ(n)

Uµ(n)

a

• Discretized Euclidean space-time

• lattice spacing a ∼ 0.1 fm
(UV cut-off |p| ≤ π/a)

• ψ(n) : Fermion field (Grassmann number)

• Uµ(n) : Gauge field

• Feynman’s path integral for Huge dimensional variables 323 × 64 ∼ 150M

Number of states (for simplest 44 Ising) 244 ∼ 1077 needs more than 1035 years !

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 4
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RIKEN-‐BNL	  
Research	  
Center	

RIKEN/Nishina	  
and	  iTHES	

 UKQCD	  
Edinburgh	  Southampton	  

JLQCD	  
KEK,	  Tsukuba	

	  
NYCCS	  
CCS/ITD	  	

USQCD	

US	  Universi`es	  
Columbia	  

Connec`cut	  
CCNY	  (Colorado)	  

BNL	  
HEP/NP/LGT	

RBRC Computing	

8	

QCDCQ(’12) ~ 600Tflops peak 

  NYBlue(’07)~ 130 Tflops peak 

BG/Q(’12) @Edinburgh, KEK~ 2 x 1.2 Pflops peak RIKEN RICC (‘09) ~ 110 Tflops peak	

FNAL/Jlab ~ 160 Tflops peak	

ANL Mira (‘12) ~10 Pflops peak	

IBM	

May 18, 2012

DD2DD1DD1

QCDCQ Project Using IBM BGQ Computers

Each BGQ rack is 200 TFlops peak.

Peter Boyle's dirac solver sustains 20-60 GFlops, depending on the local volume



RBRC In-house Computing resources	

2

BNL Computers used for QCD

12k node QCDSP, 600 GFlops, 1998-2005
2 !12k node QCDOC, 20 TFlops, 2005-2011

2k node RBRC BGQ, 400 TFlops, 2012-
1k node BNL BGQ, 200 TFlops, 2012-

3k nodes RBRC/BNL BGQ, 600 TFlops, 2012-
0.5 k nodes USQCD BGQ, 100 TFlops, 2013-

•  Rapid	  	  R&D	  of	  idea	  
•  Try	  &	  error	  algorithms	  
•  Op`mize	  code	  on	  fully	  

controlled	  	  in-‐house	  
machine	  

•  a;ract	  top-‐notch	  
scien`sts	  

•  define	  compu`ng	  group	  

Extends	  /	  propagates	  to	  	  
leadership	  computers	  	  
	  	  	  Kei,	  ANL,	  ONL	  

48	  k	  node	  ALCF	  Mira,	  10	  PFlops	 88	  k	  node	  ,	  AICS	  Kei,	  11	  PFlops	

many	  breakthroughs	  
in	  science	  	  
&	  compuHng	  
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Domain Wall Quarks (for up, down, and strange)

[Kaplan, Shamir, Blum & Soni]

• 4D lattice quark utilizing an ‘‘extra dimension’’, Ls. (expensive)

• Almost perfect chiral symmetry

Small unphysical mixing for the Weak Matrix Elements

Error from discretization is small O(a2Λ2
QCD

) ∼ a few %.

Chiral extrapolation is simpler, continuum like.

• Unitary theory (at long distance).

0 2 Ls/2-1 Ls-1... ...

q(L) q(R)

U(L) U(R)

mf

Ω

Taku Izubuchi, Nagoya, April 6, 2011 8
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Flavor-Chiral Symmetry in QCD

LQCD = Lgauge + iq̄ �Dq q = (u, d) or = (u, d, s)

• pseudoscalar (PS) mesons are light as it would be Nambu-Goldstone bosons in the quark

massless limit, where the spontaneous chiral symmetry breaking occurs,

SU(NF )V × SU(NF )A × U(1)V × U(1)A → SU(NF )V × U(1)V :

J5(x) = iq̄γ5q,σ(x) = q̄q

Aa
µ(x) = q(x)τaγ5γµq(x)

∂µAµ(x) = 2mJ5(x).

�q̄q� �= 0
=⇒

∂µ �Aµ(x)J5(y)� = 2m �J5(x)J5(y)� ,

∂0 �A0(x)|π� e−Mπ(x0−y0)(2Eπ) �π|J5(y)� = 2m �J5(x)J5(y)� ,

−→ M2
π ∝ m (PCAC relation)

-1 -0.5 0 0.5 1

-1
0

1

0

2

4

6

8

-1
0

1

Taku Izubuchi, Nagoya, April 6, 2011 9
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Nucleon Structure	

n  Form Factors 
•  Inelastic scattering 
•  EM form factors    

   Shape, Size,  Current distribution of Nucleon 
•  EW & BSM form factors 

   Beta decay 
   Electric Dipole Moment (EDM)  
 

n  Structure Functions 
•  Moments of Parton Distribution Functions 

    quark’s momentum fraction <x>q   
    quark’s helicity fraction <x>Δq 

•  Direct calculation of PDF  q(x),  g(x)   [ Xiangdong JI 2013 ] 
•  GPD, TMD 
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Lattice details	

n  QCD ensemble (“Accelerator”)  
•    Nf=2+1  (up, down, strange dynamical quark) Domain Wall 

Fermion, generated by RBC/UKQCD Collaboration 
•  Iwasaki RG-improved gauge action and ~ 1/a mass quark to 

diminish the residual chiral symmetry breaking (lattice artifact) 
•  beta = 1.75  
•  Use masses of Pion, Kaon,  Omega to set scale and quark 

masses   →   1/a = 1.37 GeV,  
•  two up/down quark masses (isospin symmetric) 
 

	

13	  

Electromagnetic Form Factors Nucleon Axial Charge Nucleon Spin Summary and Outlook

Calculation Details

Lattice Setup

� Gauge Ensembles: 2+1-flavor Domain Wall Fermion gauge ensembles

generated by the RBC and UKQCD Collaborations.

� Iwasaki gauge action, with Dislocation-Suppressing-Determinant Ratio (ID)

� β = 1.75 → a−1 ≈ 1.37 GeV.

aml ams L3 × T Ls mπ [MeV] mπL a [fm] amres
0.001 0.042 323 × 64 32 170 4.0 0.146 0.0018

0.0042 0.042 323 × 64 32 250 5.8 0.146 0.0018

� Quark Propagators:

� Gaussian-smeared source with APE-smeared gauge links

� (tsnk − tsrc)/a = 9 ⇒ tsnk − tsrc ≈ 1.3 fm

� 4 sources per configuration at t/a = 0, 16, 32, 48
� Number of configurations analyzed:

� aml = 0.001 : 103 ⇒ 412 correlation functions

� aml = 0.0042 : 165 ⇒ 660 correlation functions

Nucleon Form Factors Meifeng Lin



EM Form Factors of Nucleon	

n  e-N  Elastic Scattering 
•  Dirac Form Factor F1(Q2) 
•  Pauli Form Factor F2(Q2) 

 
 
 
 

 
 

n  F1(Q2=0)  is EM charge of Nucleon 
n  F2(Q2=0)=κ is Anomalous Magnetic Moment 

 
n  Mean square radii 

from slope of F_i(Q2) 
at Q2=0 
 
•  Dirac radius : r1   
•  Pauli radius : r2 	

14	  

�N (P �)|Jµ
EM |N (P )� = ū(P �)

�
γµF1(Q

2) + iσµν qν
2MN

F2(Q
2)

�
u(P )

! ! ! ! ! ! ! !
! !

!"#$%!&'("#)%

Charges and radii (J. Green, S. Ohta, M. Lin, B. Owen, 
 T. Rae, B. Menadue, V. Guelpers; 
 C. Alexandrou, J. Zanotti) 
Transition form factors 
 (X. Feng; B. Menadue; C. Alexandrou, S. Sasaki) 

"#$%&'$(!)*(! !+,$!---!.(/$0(1/*2(13!4%5627*#5!2(!)1//*8$!9*$3:!+,$20%!

; 4/0#8/#0$!<#(8/*2(=:*7/0*>#/*2(!<#(8/*2(7!
Deep inelastic scattering (DIS) 
xn

q, xn
q, xn

q 

; 9205!<18/207!
Elastic scattering 
F1(Q2), F2(Q2), GA(Q2), GP(Q2) 

  

�r2i � = − 6

Fi(0)

∂Fi(Q2)

∂Q2
|Q2=0



Challenge in Nucleon calculation	

n  Some quantities are very sensitive to  chiral 
symmetry →　Use of expensive chiral lattice 
quark DWF. This has great advantages manifest 
in, e.g. CKM physics,  K→ππ,  ε’ / ε  

n   Nucleon is more difficult :  statistical Noise 
n  To avoid the excited state contamination, one 

needs to separate Nucleons and the EM current. 
   But signal to noise degrades exponentially      
[Lepage]  
	

15	



Example in F1 plateau	

n  3pt function of Nucleon with momentum 
 
 
 
 
 
 
 
 
 

n  Lighter pion is more noisy 
n  distance b/w two N is  1.3 fm (also 1.1fm),  

S/N is proportional to exp(t/tau) ~ 1/ 300 	
16	  

t t’

τ P =
2π

L
n

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 0  1  2  3  4  5  6  7  8  9

F 1
u-

d (q
2 )

t

aml=0.001

n2=0
n2=1
n2=2
n2=3
n2=4  0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 0  1  2  3  4  5  6  7  8  9
F 1

u-
d (q

2 )

t

aml=0.0042

n2=0
n2=1
n2=2
n2=3
n2=4Mpi	  =	  170	  MeV	 Mpi	  =	  250	  MeV	



n  O(imp) has smaller error 
O(appx) need to be cheap &  not to be too 
accurate  
NG  suppresses the bulk part of noise cheaply 
        

Expensive	  	  :	  	  infrequently	  measured	  	 Cheap	  	  	  :	  	  frequently	  measured	  	

LaRce	  
Symmetry	

Covariant Approximation Averaging ( CAA )  
 a new class of Error reduction techniques	

[	  Blum,	  TI,	  Shintani	  arXiv:1208.4349,	  arXiv:1212.5542]	

Original	

unbiased	  
imporved	

ensemble	

ensemble	  	

ε	

ε	

0% 

25% 

50% 

75% 

100% 

-12.6 -10.1 -8.5 -7.1 -5.8 -4.4 -3.1 -1.7 -0.3 1.5 
Shift [ln(!)] 

Residue (") 
L! Force 
"/(!+0.125) 
CG iterations 
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Examples of Covariant Approximations 
(contd.)	

n  All Mode Averaging 
AMA 
 Sloppy CG  or 
 Polynomial  
   approximations 
 

0 0.5 1 1.5 2 2.5

1

10

100

1000

Figure 3: Polynomial approximation of 1/λ, Npoly = 10, the mini-max approximation for
the relative error, for λ ∈ [0.052, 1.672].

8

accuracy	  control	  :	  
•  	  low	  mode	  part	  :	  #	  of	  eig-‐mode	  
•  	  mid-‐high	  mode	  :	  	  degree	  of	  poly.	If	  quark	  mass	  is	  heavy,	  e.g.	  	  ~	  strange,	  	  

low	  mode	  isola`on	  may	  be	  unneccesary	 18	  



AMA at work    	

n  Target :  V=323 x 64 =(4.6fm)3x9.6fm, Ls=32  Shamir-
DWF, a-1=1.37 GeV, Mpi = 170 MeV 

n  Use Ls=16  Mobius as the approximation 
      [Brower, Neff, Orginos, arXiv:1206.5214] 

 
n  quark propagator cost on SandyBridge 1024 cores 

(XSEDE gordon@SDSC) 
•  non-deflated  CG, r(stop)=1e-8 : ~9,800  iteration, 5.7 hours / prop 
•  Implicitly restarting Lanczos of Chebyshev polynomials of even-odd prec 

operator for 1000 eigenvectors 
 [Neff et al. PRD64, 114509 (2001)] :  12 hours 

•  deflated CG with 1000 eigenvectors : ~700 iteration, 20 min /prop 
•  deflation+sloppy CG, r(stop)=5e-3 :  ~125 iteration,  3.2 min /prop 

n  Multiplicative Cost reduction for General hadrons 
could combine with {EigCG | AMG} and Distillation:  
 x1.2 (Mobius) x 14 (deflation) x 7 (sloppy CG)  ~  x 110  

19	



0 0.1 0.2 0.3 0.4
Q2 [GeV2]

0.4

0.6

0.8

1

F 1p-
n (Q

2 )

Calculations with      AMA,  160 days
Calculations without AMA,  430 days

AMA at work   
[ M. Lin ]  	

n  F1(Q2) :  tsep = 9 a ~ 1.3 fm 
  1 forward +  2 (up and down) seq-props,  
contraction cost is ~15% of sloppy 
propagator 
 

n  Error bar  
  x 2 – 2.7 ~ sqrt(4400/600) 

n  Total cost reduction upto 
 ( 430 / 160 ) * (4400/600) 
~ x19.7 
 

n  Note this is still sub-optimal, 4 exact 
source and without deflation. (would 
be x30 for 2 exact sources)	

20	

n  non-deflated CG,  150 config x 4 sources = 600 measurements :  
   5.7 * 3 * 4 * 150 config = 10K hours, 430 days 

        
n  AMA :  39 config, 4 exact solves / config (perhaps overkill) , NG=112 sloppy solves  

  => 39 x 112 = 4400 AMA measurements :  
      ( 5.7 * 3 * 4 + 12 + 0.06 * 3  * 112) * 39 config = 3.9 K hours, 160 days 
        4-exact (68%) + Lanczos (12%) + sloppy CG (20%) 
 
 

t t’

!



Isovector F1(Q
2) [Meifeng Lin] 

Preliminary	
n  Mild quark mass dependence 
n  Dipole fit,  Dirac radius from slope at Q2 = 0 

21	  

t t’

τ

[	  Iso	  scalar	  needs	  
	  disconnected	  diagram	  ]	

0 0.05 0.1 0.15 0.2
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2
)

Dipole fit: 1/(1+Q
2
/M

1

2
)
2

I+DSDR, M
π
 = 170 MeV

I+DSDR, M
π
 = 250 MeV

experiment (Kelly’s curve)



Isovector F2(Q
2) [Meifeng Lin]  

Preliminary	
n  Mild quark mass dependence 
n  Much smaller statistical error with AMA 

22	  
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Nucleon Dirac and Pauli isovector radii

�N(p�, s�)|jµ(0)|N(p, s)� = ūN (p�, s�)
�
γµF1(q2) + iσµν qν

2m F2(q2)
�

uN (p, s)

Anomalous magnetic moment: F2(0)
mphys

N
mlat

N

J. R. Green et al. 1209.1687

C. Alexandrou (Univ. of Cyprus & Cyprus Inst.) Hadron Structure Florence, 10 - 14 September 2012 12 / 30

Radii, κ results by others	

n  Isovector (no disconnected quark diagrams) 
n  Dirac radius, r1, undershoots 
n  r2 also except the lightest results with 30% error 
n  still large extraction in quark mass 
n  Finite Volume Effects / Discretization Error	

23	  

Nucleon Dirac and Pauli isovector radii

�N(p�, s�)|jµ(0)|N(p, s)� = ūN (p�, s�)
�
γµF1(q2) + iσµν qν

2m F2(q2)
�

uN (p, s)

Dirac and Pauli radii: r2

1,2 = − 6

F
1,2(0)

dF
1,2

dq2
|q2=0

Use a dipole Ansatz to fit the q2
-dependence of F1 and F2.

TMF: C. A. et al. (ETMC), PRD83 (2011) 094502

Clover: S. Collins et al. (QCDSF), Phys.Rev. D84 (2011) 074507

DWF: S. N. Syritsyn et al. (LHPC), PRD 81, 034507 (2010); T. Yamazaki et al. (RBC-UKQCD), PRD 79, 114505 (2009)

Hybrid:J. D. Bratt et al. (LHPC), Phys. Rev. D82, 094502 (2010)

C. Alexandrou (Univ. of Cyprus & Cyprus Inst.) Hadron Structure Florence, 10 - 14 September 2012 12 / 30

Compila`on	  	  Alexandrou	  et	  al.	  arXiv:1303.6818	



Dirac and Pauli radii [Meifeng Lin] 
Preliminary	

n  Statistical error is much reduced by AMA 
n  r2 at Mpi=170MeV is closest result (~8 % stat err)! 

r1 still undershoots (~ 4% stat err ) 
n  Anomalous magnetic moment  κ= F2(0) = 3.2 (3) at M(pi)=170 MeV 

experiment : κ(exp) = 3.71 

24	  
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Axial Charge gA [ S. Ohta] 
Preliminary	

•  ~ 10%, 3σ  
deficit 
 

•  excited state  (v) 
•  statistics       (v) 
•  Discretization (v) 

 
 
 
 
•  Finite Volume ?	

25	  

�p|A+
µ |n� = up

�
γµγ5GA(q

2) + qµγ5
GP (q2)

2MN

�
un
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Excited State Contamination in gA	

n  LHP, J.Green et al.   (2012) 
n  Excited state increased gA 
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PDG 2012

FIG. 5. Axial charge gA. See caption of Fig. 1.

(e.g., at mπ ≈ 250 MeV), compared to the correspond-
ing error bars of (r21)

v in Fig. 1. However, our results
at the lightest pion mass are computed with the largest
V3 ≈ (5.6 fm)3 yielding the smallest Q2

min ≈ 0.05 GeV2

and are the least prone to this problem. For simplic-
ity, we fit and compare to experiment the combination
κv(r22)

v, because this quantity is more natural for ChPT
than the radius (r22)

v itself. We achieve remarkable agree-
ment both for the anomalous magnetic moment κv and
the isovector Pauli radius (r22)

v.
We compute the isovector quark momentum fraction2

�x�u−d from the forward matrix element of the operator
in Eq. 2 and renormalize the lattice value to the standard
MS(2 GeV) scheme using the RI’/MOM method [36].
In Fig. 4 we show ChPT extrapolation curves together
with the CTEQ6 phenomenological value [25]. Achieving
agreement between the lattice result and phenomenology
for �x�u−d is one of the most important accomplishments
of this paper: previous lattice calculations [12, 35, 37]
consistently overestimated the phenomenological value.
Our removal of excited state contamination eliminated
the discrepancy.

In stark contrast with the observables discussed above,
the computed value of the nucleon axial charge gA
strongly disagrees with gexpA = 1.2701(25) [24]. There
is a notable tendency that glatA monotonically decreases
with mπ → mphys

π for mπ � 250 MeV, increasing the
discrepancy with gexpA . It is remarkable that our re-
sults for mπ � 250 MeV agree with the recent calcu-
lation [9] that used similar techniques, but decrease dra-
matically for lighter pion masses. Apparently, there is

2 �x�u−d = �x�u − �x�d is understood as the momentum fraction

carried by quarks and antiquarks, i.e. �x�q =
� 1
0 dx x

�
fq(x) +

fq̄(x)
�
, where fq(q̄) is a parton distribution function (PDF).

a source of bias at light pion masses that affects the
axial charge significantly more than the other observ-
ables discussed above. According to Ref. [13], finite
volume effects (FVE) may lead to a 9% bias in gA at
mπLs ≈ 4.5 in calculations with domain wall fermions,
and as much as ≈ 25% in calculations with Nf = 2
flavors of Wilson fermions. However, from our data,
it seems very unlikely that FVE can explain the de-
viation of our near-physical pion mass result from ex-
periment: assuming that the FVE correction scales as
δFVEgA ∼ e−mπL analogously to Ref. [13] and using the
gA values from the two lattices with mπ ≈ 250 MeV that
differ only in spatial volume (mπLs = 3.6 and 4.8), we
obtain an estimate δFVEgA = 0.02(8) formπ = 149 MeV,
Ls = 5.6 fm, which is much smaller than the observed
discrepancy δgA ≈ −0.3. On the other hand, the data
with mπ � 250 MeV hint that thermal states [38] may
cause a significant bias. For example, pion states are sup-
pressed only by a factor e−mπ/T = e−mπLt , and may be
natural candidates to make large contributions to matrix
elements of the axial current. Although the statistics are
not sufficient to draw a solid conclusion, at given pion
mass the central values of gA in Fig. 5 monotonically rise
with mπLt = 3.6...14.3 (see Tab. I), supporting this hy-
pothesis. This effect appears to weaken in the vicinity of
mπLt ∼ 7.2.

DISCUSSION

The crucial departure of this work from previous calcu-
lations lies in the careful control of excited-state contam-
inations in nucleon matrix elements on lattices almost
all the way down to the physical pion mass. We have
shown that, although this is multiplicatively more com-
putationally expensive (in this case, ×3), such control is
essential for extracting correct results from lattice QCD
at the physical pion mass and reproducing experimental
values of nucleon structure observables.
We have carried out calculations with a range of pion

masses and consistently applied the robust summation
technique to remove excited states. In addition, we have
performed some limited checks of finite volume and dis-
cretization effects. For the first time, we have achieved
agreement with experiment for all the reported quanti-
ties except the axial charge gA. This agreement is strong
evidence that this combination of methods is sufficient to
correctly estimate and remove systematic errors in most
nucleon structure calculations. Our results suggest that
the disagreement in the axial charge value is due to the
insufficient temporal extent of the lattice, which is equiv-
alent to having non-zero temperature in the system.
Additional statistics are necessary to improve the pre-

cision of the reported results, since the errors are still
much larger than in experiments. Nevertheless, the re-
markable precision of the computed isovector Dirac ra-



Structure functions	

n  pQCD extracts PDF from DIS   q(x), g(x)   
                                           [Koike’s talk...] 

n  Euclidean Lattice QCD could calculate moments 
 
 
 
 
via  QCD matrix elements of local operator 
 
 
 

                      [ Direct PDF calculation is proposed by X.Ji 2013]  
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�x�q =

� 1

0
dxx[q(x) + q̄(x)], �x�∆q =

� 1

0
dxx[q(x)−q̄(x)],

O
{µ1...µn}
[γ5]

= ψ(0)γ{µ1 [γ5]i
↔
Dµ2 · · · i

↔
Dµn}ψ(0)



Renormalization : 
Calibration of “Detector”	
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Calibration of “Detector” 

Taku Izubuchi, Nagoya, April 6, 2011 20
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Isovector Mometum/Helicity fraction	

Moments of structure functions

Alexandrou et al. arXiv:1303.6818

Monday, April 29, 13
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Compila`on	  	  Alexandrou	  et	  al.	  arXiv:1303.6818	

(renormalized	  to	  Msbar	  μ=	  2GeV	  )	



<x> q / <x>dq from DSDR Preliminary	
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 ml = 0.0010 AMA (150 config * 4 measurements) 1.23(18)
 ml = 0.0010 (AMA 38 config* 112 meas) 0.89(5)

<x>q / <x>!q
323 x 64 ms = 0.045 ml=0.001
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At	  very	  light	  mass,	  Mpi=170MeV	  
~	  6	  %	  sta`s`cal	  error	  from	  AMA	  
no	  excited	  state	  contamina`on	  by	  
comparing	  1.3	  fm	  &	  1.1	  fm	  separa`on	  
~	  1σ	  higher	  than	  experiment	



Nucleon Spin 
 [X. Ji’s talk]	

n  Neucleon Spin 

n  On Lattice, quark’s total ang. mom and spin is 
computable by GPD  [X. Ji 97] 
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1

2
= Jq + Jg, Jq =

1

2
∆Σq + Lq

Jq =
1

2
[Aq

20(0) +Bq
20(0)], ∆Σq = Ã10(0)



Quark Angular Momentum	

n  About a half of Nucleon spin comes from up quark 
n  Down quark  : ~0 contribution 
n  Disconnected diagram is ignored 
n  Lighter quark and larger Volume	
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Lattice results on the nucleon spin

Jq = 1
2 [A20(0) + B20(0)] = 1

2∆Σ + Lq

∆Σ = Ã10

Only connected contribution
Results using NF = 2 TMF for 270 MeV < mπ < 500 MeV, C. Alexandrou et al. (ETMC), arXiv:1104.1600 and
NF = 2 + 1 + 1 at mπ ∼ 230 MeV and 390 MeV
In agreement with A. Sternbeck et al. (QCDSF) arXiv:1203.6579
In qualitative agreement with J. D. Bratt et al. (LHPC), PRD82 (2010) 094502
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FIG. 42: Chiral extrapolations of Ju,d
using

BChPT. Note that the displayed lattice data

points were not directly employed in the chiral fits.

Details are given in the text.
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FIG. 43: Chiral extrapolation of Ju+d
using

HBChPT including the ∆ resonance, Eq. (74).

The fit and error bands are explained in the text.

Since the GFF B20(t) cannot be extracted directly at t = 0, we have first performed separate dipole extrapolations
of Bu

20
(t) and Bd

20
(t) to t = 0, and combined this with our values for �x�u+d = Au+d

20
(0) to obtain Ju+d = (Au+d

20
(0) +

Bu+d
20

(0))/2. The resulting lattice data points, including the full jackknife errors from the extrapolations of the
B20(t) to the forward limit, are displayed in Fig. 43. Chiral fits based on Eq. (74), with the three free parameters
bqN ≡ (A + B)0,u+d

20
, bq∆ and Jmπ,u+d, to the data with mπ ≤ 600MeV and mπ ≤ 700MeV are represented by the

shaded error band and the curves (representing the upper and lower bounds of an error band) respectively. In both
cases, we have fixed ∆ = 0.3GeV and used the large-Nc relation gπN∆ = 3/(23/2)gA as given in Tab. VIII.

The fit to our lattice results with mπ ≤ 600 MeV gives (A + B)0,u+d
20

= bqN = 0.514(41), bq∆ = 0.486(55) and
Ju+d
HBChPT+∆(m

phys

π ) = 0.245(30) at the physical pion mass. Including the data point at mπ = 687MeV in the fit,

we find consistent values with somewhat smaller errors, (A + B)0,u+d
20

= bqN = 0.546(24) and bq∆ = 0.449(39) and
Ju+d
HBChPT+∆(m

phys

π ) = 0.226(22). It is encouraging to see that these values fully agree within statistical errors with the
results from the global simultaneous BChPT extrapolations of the GFFs A20(t), B20(t) and C20(t) discussed above.

2. Quark spin and orbital angular momentum contributions

For a consistent decomposition of the quark angular momentum, Jq, into quark spin, ∆Σq, and orbital angular
momentum, Lq, contributions, we need in addition lattice results for �Au+d

10
(t = 0) = ∆Σu+d and �Au−d

10
(t = 0) =

∆Σu−d.
Our lattice data for ∆Σu+d/2 is displayed in Fig. 44, together with a 2-parameter HBChPT-fit represented by the

upper shaded error band. The chiral extrapolation leads to a value of �Au+d
10

/2(t = 0) = ∆Σu+d/2 = 0.208(10) at the
physical pion mass, perfectly matching the recent results from HERMES [92] indicated by the cross. However, since
this is a leading 1-loop HBChPT fit at comparatively large pion masses, the agreement with the experimental value
should be considered with great caution and seen as indicative. Combining this with the results from the previous
section for Ju+d and the corresponding BChPT extrapolation, we find a remarkably small quark orbital angular
momentum Lu+d = Ju+d −∆Σu+d/2 contribution to the nucleon spin for a wide range of pion masses, as indicated
by the filled diamonds and the lower error band in Fig. 44. From the combined covariant and heavy baryon chiral
extrapolations, we obtain a value of Lu+d = 0.030(12) at the physical pion mass.

Superficially seen, such a small OAM contribution from u + d quarks of only ≈ 6% to the nucleon spin is in
clear conflict with general expectations from relativistic quark models, which suggest that Lu+d = 30 − 40% of 1/2.
Moreover, from quite general arguments, e.g. based on light cone wave function representations of hadrons, substantial
quark orbital motion is essential for the Pauli form factor F2 to be non-vanishing in general, and also for the formation
of azimuthal single spin asymmetries in semi-inclusive deep inelastic scattering related to, e.g., the Sivers effect [99–
101]. As we will see in the following, these apparent inconsistencies may be explained by studying on the one hand the
renormalization scale dependence of quark OAM, and on the other the contributions from individual quark flavors.

We begin with the latter by noting that a study of the separate up- and down-quark OAM contributions requires in

=⇒ Total spin for u-quarks Ju ∼ 0.25 and for d-quark Jd ∼ 0

C. Alexandrou (Univ. of Cyprus & Cyprus Inst.) Hadron Structure Florence, 10 - 14 September 2012 10 / 30

[	  LHPC,	  PRD82	  (2010)	  094502	  ]	 [ETMC,	  arXiv:1104.1600	  	  ]	



Jq = ΔΣ/2  +  Lq	

n  spin and orbital angular mom has opposite signs 
n  up and down quarks has opposite signs 
n  Cancellation between down quark spin and orbital momentum : Jd ~ 0 

 
n  Disconnected diagram is ignored 
n  Lighter quark and larger Volume 
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Lattice results on the nucleon spin

Jq = 1
2 [A20(0) + B20(0)] = 1

2∆Σ + Lq

∆Σ = Ã10

Only connected contribution
Results using NF = 2 TMF for 270 MeV < mπ < 500 MeV, C. Alexandrou et al. (ETMC), arXiv:1104.1600 and
NF = 2 + 1 + 1 at mπ ∼ 230 MeV and 390 MeV
In agreement with A. Sternbeck et al. (QCDSF) arXiv:1203.6579
In qualitative agreement with J. D. Bratt et al. (LHPC), PRD82 (2010) 094502
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Lattice results for ∆Σu−d and Lu−d in good agreement
Lu+d ∼ 0 at physical point.
How about the disconnected contributions to Lq and contributions from Jg? K.-F. Liu et al. (χQCD),
arXiv:1203.6388 claim they are large =⇒ Need to be confirmed using dynamical quarks, larger volumes
and lighter quark masses
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Summary & Prospects	

n  Nucleon structure by Lattice QCD  
n  Challenges (compared to Meson )  

•  Noise , exponentially growing 
•  Volume  →  ( 10 fm )3 lattice at Kei is very interesting 
•  discretization error :  1/a ~ 2—3 GeV,    (c.f  X. Ji’s direct g(x), q(x)  ) 

 

PLAN (RBC/UKQCD) 
n  On physical DWF quark mass M(pi) ~ 135 MeV 
n  Two lattice spacings, a ~ 0.11 fm,  0.085 fm 
n  Volume ~ (5.5 fm)3,  M(pi) L ~ 3.8 

 
n  QCDCQ (BlueGene/Q) :  x  20 speed 
n  Statistical error reduction by AMA :  

     x5  ~ x20 smaller cost	
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Meson results is already very 
interesting on these QCD ensembles	
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n  Meson decay constants 

 
n  Kaon Bag parameter,  Kl3  form factor (CKM) 
	

2

Ensembles used by RBC and UKQCD Collaborations for kaon and pion physics

The new ensembles this year are the 140 MeV ensembles, with the large volumes

Ensemble Name a (fm) Volumes Unitary m  (MeV)
1/a= 1.37 GeV 0.146 (4.7 fm)3 170, 250
1/a = 1.71 GeV 0.117 (2.8 fm)3 (5.6 fm)3 140, 320, 410
1/a = 2.36 GeV 0.0847 (2.7 fm)3 (5.4 fm)3 140,  295, 350, 400
1/a = 3.07 GeV 0.0651 (2.1 fm)3 360

 

. .f 130 2 2 9 MeV (Preliminary)stat!=r

. .f 156 1 3 2 MeV (Preliminary)K stat!=

/ . .f f 1 198 0 006 (Preliminary)K stat!=r

RBC/UKQCD 2+1 flavor Ensembles

3

BK

RBC/UKQCD value from PRD 84 (2011) 014503 
 

. . .. .B 0 015 0 002 0 0110 529 0 005MS,3GeVK stat chiral finite V pert! ! !!=^ h  

RBC/UKQCD value from PRD 87 (2013) 094514 
 

. . .. .B 0 007 0 003 0 0110 535 0 008MS,3GeVK stat chiral finite V pert! ! !!=^ h  

Using results from our 2 new, physical quark mass lattices gives 
 

. . .. .B 0 000 0 002 0 0110 533 0 003 (Preliminary)MS, 3GeVK stat chiral finite V pert! ! !!=^ h  
.. .B 0 00150 754 0 004 (Preliminary)K stat sys!!=t

Note the marked reduction in the statistical error and the lack of any chiral extrapola-
tion error.

Further improvements are possible, if the perturbative error can be reduced through 
non-perturbative step scaling on the lattice, so that perturbative matching can be done 
at higher scales.

4

K → π semi-leptonic form factor
(RBC+UKQCD Collaborations)
Phys.Rev.Lett. 100 (2008) 141601, Eur.Phys.J. C69 (2010) 159-167, arXiv:1305.7217
Talks by B. Mawhinney (Thursday, 8C, 17:30) and A. Jüttner (Thursday, 7C, 14:20)

〈π|V |K 〉 → f Kπ+ (q2 = 0)
part. twisted boundary conditions
Nf = 2+ 1 domain wall fermions
a2-scaling study (0.09fm-0.14fm)
→ tiny cut-off effects
physical point simulation
mπ: 171–670MeV → arXiv:1305.7217

137–670MeV → PRELIMINARY

polynomial ansatz describes data
over entire mass range
phys. point data eliminates large
systematic due to χ extrapolation

f Kπ+ (0) = 0.9670
(

20
)(

+ 0
−42

)

mq
(7)FSE(17)a

|Vus | = 0.2237 (7) (+10
− 0 )mq (2)FSE(4)a
→≈0

with phys.
point data

precision ! 0.3% feasible!

RBC+UKQCD Collaboration

Preliminary	  
A.	  Jue;ner	  	  
LaRce13	  	

Preliminary	  
R.	  Mawhinney	  
J.	  Frison	  	  
LaRce13	  	



 Physics Highlights	
n  I experiment                <->            [QCD corrections]                  [ Standard Model & Beyond ] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
                                                    	

!

=	 !

n  K→ππ I=2 & I=0, ΔM(KL-KS)  
n  A new class of error reduction technique 

(AMA) 
n  QCDOC →  QCDCQ  :  on-physics point (Mπ=135 MeV) 

large volume ~(5 fm)3, QCD ensembles with DWF    
                                                         

n  QCD +  Electromagnetism :  
   Hadron’s polarizabilities  
   QCD + dynamical QED        

n  Nucleon Electric Dipole Moments  
                                         

n  CKM (K & B), Computer Algebra System for perturbation  
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K →　ππ　decay amplitude 
[ RBC/UKQCD ]	

n  40+years awaited theoretical calculation 
[1964 Cronin-Fitch,  
1999 NA48@CERN, KTeV@FNAL] 

n  Provide a new constraint on CKM Unitarity  

       horizontal band (not actual) 

n  aa 
 

Finite volume as a boonBackground and Motivation

Bubble Chamber Picture

Weak phase shift

Strong phase shift

18 / 29

K → ππ

ū, d̄

s

W−

u

ū, d̄

d

ū

� AI = �(ππ)I |H|K 0� = |AI |e iδI+iφI with final state isospin I

and strong (CP violating weak) phases δI (φI )

� ∆I = 1/2 rule: dominance of ∆I = 1/2 matrix elements;
experiment: |A0/A2| ≈ 22

3 / 29

Electro-‐Weak	  (CKM)	  phase	  
Ｖｕｓ　Ｖ＊ｕｄ,	  	  Ｖtｓ　Ｖ＊tｄ	

π	  π	  final	  state	  	  
sca;ering	  phase	  
from	  QCD	  	

KL	  →	  πππ	  (CP	  even)	  
	  
KS→ππ	  (CP	  odd)	

Δ	  I	  =	  ½	  rule	  
ε’	  /	  ε	
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K →　ππ　decay on lattice	

n  Relates energy on finite volume　Eππ (V)  to phase shift δto obtain 
complex Amp(K→ππ) =  |AI| eiδI (Luscher, Lellouch-Luscher) 
 
 
 
 
 
 
 

n  Momentum of pions are controlled by boundary condition (anti-periodic or 
G-parity b.c.) 

n  Mixing and Renormalization of operator is done using non-perturbative 
renormalization (NPR) 

n  Chiral Symmetry is curtail 
n  I=2 channel is under control, I=0 is still a challenge due to disconnected 

diagrams. 

Finite volume as a boon

Scattering phases accessible in finite volume

L

Interacting case:

Periodic wavefunction ⇒ quantization condition for scattering
phaseshift δ(p) ⇒ measured finite-volume energy yields δ(p)

(Lüscher 1991)

19 / 29

Finite volume as a boon

Scattering phases accessible in finite volume

L

Free case:

Periodic wavefunction ⇒ quantization condition p = (2π/L)

19 / 29

Phase	  shix	  δ	  	

Periodic	  Boundary	  Condi`on	
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K →ππ Amplitude, I=2 channel	Realistic calculation of K → (ππ)I=2

Lattice: 323 × 64× 32, 2+1 DWF, Iwasaki DSDR, a−1 = 1.375(9)
GeV, mπ+ = 142.9(1.1) MeV

ReA2 ImA2

Lattice artifacts 15% 15%
Finite-volume corrections 6.2% 6.8%
Partial quenching 3.5% 1.7%
Renormalization 1.7% 4.7%
Unphysical kinematics 3.0% 0.22%
Derivative of the phase-shift 0.32% 0.32%

Wilson coefficients 7.1% 8.1%

Total 18% 19%

(Blum et. al. 2011)

Re(A2)(10
8/GeV) Im(A2)(10

13/GeV)

Lat. 1.436(62)(258) -6.83(51)(130)

Exp. 1.479(4) (K+) (n/a)

Re(ε�/ε)EWP = −6.52(49)(124) × 10−4

Errors: (stat)(syst)

K ! ð!!ÞI¼2 Decay Amplitude from Lattice QCD

T. Blum,1 P. A. Boyle,2 N.H. Christ,3 N. Garron,2 E. Goode,4 T. Izubuchi,5,6 C. Jung,5 C. Kelly,3 C. Lehner,6

M. Lightman,3,7 Q. Liu,3 A. T. Lytle,4 R. D. Mawhinney,3 C. T. Sachrajda,4 A. Soni,5 and C. Sturm8

(RBC and UKQCD Collaborations)

1Physics Department, University of Connecticut, Storrs, Connecticut 06269-3046, USA
2SUPA, School of Physics, The University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom

3Physics Department, Columbia University, New York, New York 10027, USA
4School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, United Kingdom

5Brookhaven National Laboratory, Upton, New York 11973, USA
6RIKEN-BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA

7Physics Department, Washington University, 1 Brookings Drive, St. Louis, Missouri 63130-4899, USA
8Max-Planck-Institut für Physik, Föhringer Ring 6, 80805 München, Germany

(Received 8 November 2011; published 4 April 2012)

We report on the first realistic ab initio calculation of a hadronic weak decay, that of the amplitude A2

for a kaon to decay into two ! mesons with isospin 2. We find ReA2 ¼ ð1:436$ 0:063stat $

0:258systÞ10
%8 GeV in good agreement with the experimental result and for the hitherto unknown

imaginary part we find ImA2 ¼ %ð6:83$ 0:51stat $ 1:30systÞ10
%13 GeV. Moreover combining our result

for ImA2 with experimental values of ReA2, ReA0, and "0=", we obtain the following value for the

unknown ratio ImA0=ReA0 within the standard model: ImA0=ReA0 ¼ %1:63ð19Þstatð20Þsyst & 10%4. One

consequence of these results is that the contribution from ImA2 to the direct CP violation parameter "0 (the

so-called Electroweak Penguin contribution) is Reð"0="ÞEWP ¼ %ð6:52$ 0:49stat $ 1:24systÞ & 10%4. We

explain why this calculation of A2 represents a major milestone for lattice QCD and discuss the exciting

prospects for a full quantitative understanding of CP violation in kaon decays.

DOI: 10.1103/PhysRevLett.108.141601 PACS numbers: 12.38.Gc, 11.15.Ha, 11.30.Er, 13.25.Es

PRL 108, 141601 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
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The 2012 Ken Wilson Lattice Award 

The 2012  KWLA panel is proud to award 
!

In recognition of their paper titled 

K ! (! !)I=2 Decay Amplitude from Lattice QCD   
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Computing Group	

n  Group Leader : Taku Izubuchi (BNL) 
n  University Fellow : Brian Tiburzi (CCNY) Ethan Neil (Colorado)  
n  Fellow  : Tomomi Ishikawa 
n  PostDocs :  Christoph Lehner (Foreign PostDoc)  → BNL from 2013 

                 Eigo Shintani 
                                           ( C. Kelly, S. Seryzin FPR from  2013) 

n  Visiting students : 
 
  Michael Abramczyk (Connecticut) 
  

n  Visiting scientists :  
 
  Yasumichi Aoki (Nagoya) 
  Thomas Blum (Connecticut) 
  Chulwoo Jung (BNL) 
  Taichi Kawanai (BNL/ RIKEN Brain PostDoc) 
  Meifeng Lin (Yale → Argonne) 

       Robert Mawhinney (Columbia) 
       Shigemi Ohta  (KEK) 
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Hybrid Monte Carlo (LGT’s ‘‘Accelerator’’) [C.Jung’s talk]

• Monte Carlo to Sample Important configurations of QCD action e−SQCD

• Accumulate samples of QCD vacuum, typically O(100) ∼ O(1, 000) files of gauge
configuration Uµ(n) on disk (1 ∼ 10 GB/conf).

• By solving a classical QCD, with an occasional stochastic ‘‘hit’’: exactly ∝ e−SQCD

• Must generate sequentially {U (0)
µ → U (1)

µ → · · · }, which needs capable machines.

Prob(Uµ) ∝ detDu,d,s[U ]e−Sg

Trajectory 0
Trajectory  2

: P,  Phi  refresh

U

P

[D. Leinweber]

• RHMC for odd flavor [Clark Kennedy]

• Solve short (long) modes more (less)
frequently [Hasenbush’s trick]

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 5 41	  



Physics measurements ‘‘Detectors’’

• Measurements physical observables on the vacuum ensemble.

�O� =

�
DUµ Prob[Uµ] × O[Uµ]

• Could do Analysis on many configurations independently (trivial parallel jobs) −→

could also use PC Clusters

• We made hadron operator (EW operators) from quark, and let the quark propagates on
each of the generated QCD configuration (by solving the Dirac Eq)

• Obtain hadron mass or QCD matrix elements of operators

u

d

µ−

ν̄µ

W

〈0|d̄γ5u(0)|π〉 eipx√
2E
〈π|ūγmuγ5d|0〉 ×GFVudmµν̄(1− γ5)µ

M(π → µν) ∼ ifπqµ×GFVudmµ(νµ)L

= �π(q)|ūγµγ5d(0)|0�×GFVudmµ(νµ)L

Taku Izubuchi, QCD Structure, Wuhan, October 9, 2012 6
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KL-KS mass difference  
[RBC/UKQCD, N. Christ, J. Yu et al. arXiv:1212.5931]	

n  Evaluate K0-K0bar amplitude in 2nd order ElectroWeak 
Hamiltonian : 4pt Green’s function	

MK	  (GeV)	   Δ	  MK	  (x	  10	  -‐12	  MeV)	  

563	   5.12(24)	  

707	   6.92(39)	  

918	   11.12(94)	  

1162	   20.10(312)	  

n   ΔMK
expt = 3.483(6) 10-12 MeV 

n  Omit disconnected diagrams and 
Unphysical kinematics, mπ = 421 MeV 

n  charm quark for GIM cancellation 

n  4pt function is useful for the rare 
Kaon decay : K → π νν  

in this sum over intermediate states show exponentially decreasing or increasing behavior

with increasing |t2 − t1| depending on whether En lies above or below MK .

We can integrate the times t1 and t2 in the unintegrated correlator over a time interval

[ta, tb] and obtain:

A =
1

2

tb∑

t2=ta

tb∑

t1=ta

〈0|T
{
K0(tf)HW (t2)HW (t1)K0(ti)

}
|0〉. (4)

We call this amplitude the integrated correlator. The integrated correlator is represented

schematically in Fig. 1. After inserting a sum over intermediate states and summing explic-

itly over t2 and t1 in the interval [ta, tb] one obtains:

A =N2
Ke

−MK(tf−ti)

{
∑

n "=n0

〈K0|HW |n〉〈n|HW |K0〉
MK −En

(
−T +

e(MK−En)T − 1

MK −En

)

+
1

2
〈K0|HW |n0〉〈n0|HW |K0〉T 2

}

.

(5)

Here T = tb − ta + 1 and the sum includes all possible intermediate states except a possible

state |n0〉 which is degenerate with the kaon, En0
= MK . The contribution from such a

degenerate state appears separately as the final term on the right hand side of this equation.

The method proposed in Ref. [4] to control finite volume errors requires that the spatial

volume be adjusted to create such a degenerate π − π state and that this state be omitted

from the finite volume expression used as an approximation to the infinite volume quantity

∆MK . [12] The expression on the right-hand side of Eq. (5) has been made easier to recognize

by replacing the quantity 1− exp (MK − En)a, which results from the sum over the discrete

times t1 and t2, by its value in the continuum limit, i .e. by either zero or (En − MK)a as

appropriate.

d

d

s

s

u

u

HW HW

t2 t1
K

0
(tf) K

0
(ti)

tb ta

FIG. 1. One type of diagram contributing to A in Eq. (4). Here t2 and t1 are integrated over the

time interval [ta, tb], represented by the shaded region.

7

in this sum over intermediate states show exponentially decreasing or increasing behavior

with increasing |t2 − t1| depending on whether En lies above or below MK .

We can integrate the times t1 and t2 in the unintegrated correlator over a time interval

[ta, tb] and obtain:

A =
1

2

tb∑

t2=ta

tb∑

t1=ta

〈0|T
{
K0(tf)HW (t2)HW (t1)K0(ti)

}
|0〉. (4)

We call this amplitude the integrated correlator. The integrated correlator is represented

schematically in Fig. 1. After inserting a sum over intermediate states and summing explic-

itly over t2 and t1 in the interval [ta, tb] one obtains:

A =N2
Ke

−MK(tf−ti)

{
∑

n "=n0

〈K0|HW |n〉〈n|HW |K0〉
MK −En

(
−T +

e(MK−En)T − 1

MK −En

)

+
1

2
〈K0|HW |n0〉〈n0|HW |K0〉T 2

}

.

(5)

Here T = tb − ta + 1 and the sum includes all possible intermediate states except a possible

state |n0〉 which is degenerate with the kaon, En0
= MK . The contribution from such a

degenerate state appears separately as the final term on the right hand side of this equation.

The method proposed in Ref. [4] to control finite volume errors requires that the spatial

volume be adjusted to create such a degenerate π − π state and that this state be omitted

from the finite volume expression used as an approximation to the infinite volume quantity

∆MK . [12] The expression on the right-hand side of Eq. (5) has been made easier to recognize

by replacing the quantity 1− exp (MK − En)a, which results from the sum over the discrete

times t1 and t2, by its value in the continuum limit, i .e. by either zero or (En − MK)a as

appropriate.

d

d

s

s

u

u

HW HW

t2 t1
K

0
(tf) K

0
(ti)

tb ta

FIG. 1. One type of diagram contributing to A in Eq. (4). Here t2 and t1 are integrated over the

time interval [ta, tb], represented by the shaded region.

7

perturba`ve	  	  
mu=1,	  1.3,	  1.5	  GeV	

LaRce	  	
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QCD+QED simulation 
[ T. Blum, TI et al. ]   [ Tomomi Ishikawa]  	

n  EM effects on PS decay 
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n  Statistically well resolved by +e/-e 
averaging. 

n  c.f.  [Bijnens Danielsson 2006] 
 
 
 

n   EM turned on, but mu = md  
 

n  Iwasaki-DWF Nf=2+1, 
n  (2.7 fm)3, a-1 ~ 2.3 GeV 

n  Proton / Neutron  
mass difference 
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Walker-Loud et al. 2012
Cottingham formula

Nf=2  (1.9 fm)
3

Nf=2+1  (1.8 fm)
3

Nf=2+1  (2.7 fm)
3

Nf=2+1  (4.6 fm)
3
 DSDR
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(md-mu)/Zm (MeV)

EM	  effect	

(mu-‐md)	  effect	

mu −md EM

NPLQCD 2.26(72)
BLUM 2.51(71) 0.54(24)
RM123 2.80(70)
QCDSF-UKQCD 3.13(77)

2.68(35) 0.54(24)

=⇒ MN −Mp| = 2.14(42) MeV

(experiment: 1.2933321(4) MeV)

DSDR	  DWF	  Nf=2+1	  
(4.6	  fm)3,	  	  
a-‐1	  ~	  1.4	  GeV	
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muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

γ

γ

µ µ

γ

γ γ

µ µhad

γ

W W

ν

µ µ

Hadronic light-by-light scattering contribution to the muon g− 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

!

l1l2

Figure 1: hadronic light-by-light scattering contribution to the muon g− 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute

� quark �

QCD+quenched QEDA

−
�

quark

�

QCD+quenched QEDB� �

quenched QEDA

, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D! (x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

�
Ux,!

�
and U(1)em gauge

configuration
�
ux,!

�
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average �, � above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.

P
o
S
(
L
A
T
2
0
0
5
)
3
5
3

353 / 3

aµ =
g − 2

2
= (116 592 089 ± 54 ± 33) × 10−11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (×10−11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6σ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20

BNL E821 
FNAL new g-2 
J-PARC	

Hadronic	  Vacuum	  Polariza`on	  
(HVP)	 Hadronic	  Light-‐by-‐Light	  

(HLbL)	



Hadronic Vacuum Polarization  	

n  Currently estimated by  σ(e+e-)    
0.6 % accuracy 
 
 

n  Lattice calculation [ T.Blum (2003) ] 

 

!

EQUATIONS

N. YAMADA

aHVP
µ =

1

4π2

∫ ∞

4m2
π

dsK(s)σtotal(s)(1)

Πµν(q
2) =

∫
d4x

(2π)4
e−iq·x〈0|T [jµ(x)jν(0)]|0〉|0〉(2)

Γ(Hlbl)
µ (p2, p1) = ie6

∫
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p2 + k2)γρS

(µ)(p1 + k1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

∫
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×〈0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0〉

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(3)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](4)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(5)

Breakdown

aSM
µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10

ahad,LOVP
µ = ( 694.91 ±4.27 ) × 10−10

ahad,HOVP
µ = ( −9.84 ±0.07 ) × 10−10

ahad,lbl
µ = ( 10.5 ±2.6 ) × 10−10

Date: July 10, 2012.
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n  Use new error reduction technique All Mode Averaging 

(AMA)   x 4- 20  improvements  
                                     [ T.Blum, TI, E. Shintani (2012)] 
 

n  accurate π(Q2) at Q2→0 is needed :   
    twisted boundary condition and/or Analytic 
continuation to Minkowski momentum  
 
      to be competitive :  O(5-10%)  →   < O(1%)   

0 2 4 6 8 10
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How does the dispersive VP calculation work?
Since the vacuum polarization Π(q2) is an analytic function,

Π(q2) =
1
π

� ∞

0
ds

Im [Π(s)]

s − q2

Recall optical theorem: Im [Π(s)] =
s

4πα
σtot

�
e+e− → hadrons

�

Inserting resulting Π(q2) into vertex function Γ(q2 = 0) gives

a(LO HadVP) = α2
� ∞

4m2
π

ds K
�

s/m2
�

σtot(s)

K
�
s/m2� is a “known function” : too messy & opaque to write down

K strongly weighted to low energies O(m)
=⇒ hadronic effects (especially ρ pole) more important for aµ than ae

(g − 2)µ FAQ 20 September 2012 11 / 28
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Hadronic Light-by-Light 
[ T. Blum, Hayakawa ]	
n  Compute whole diagram using lattice QCD+QED 
n  LbL is a part of O(α3) : need subtraction 

    [M. Hayakawa, T.Blum, TI, N. Yamada (2005) ] 
 
 
 
 
 
 
 The First signal  (preliminary)  using AMA 	

Introduction
The hadronic vacuum polarization (HVP) contribution (O(α2))

The hadronic light-by-light (HLbL) contribution (O(α3))
aµ Implications for new physics

Summary/Outlook

aµ(HLbL) in 2+1f lattice QCD+QED (PRELIMINARY)

F2(Q2) stable with additional measurements (20 → 40 → 80 configs)
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Q2 = 0.11 (GeV2)t
Q2 = 0.18 (GeV2)

243 lattice size

Q2 = 0.11 and 0.18 GeV2

mπ ≈ 329 MeV

mµ ≈ 190 MeV

Tom Blum (UConn and RIKEN BNL Research Center) The muon anomalous magnetic moment

•  Very	  encouraging	  	  first	  results	  
	  	  	  	  	  order	  of	  mag	  ~	  model	  	  

•  Unphysical	  mass	  /	  momentum	  
•  Disconnected	  diagrams	

D. Hertzog, LPNHE Workshop, Paris Feb. 2010
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