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Understand physics of few and many particles 

governed by quantum mechanics
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A1.  Continuous phase transitions  ⇔  ξ/ r0 → ∞ 
!

E.g.     Water                    vs.       Magnet 
!

!

!

!

!

!

!

  Water and magnet have the same exponent β≈ 0.325

When physics is universal ?
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A2.  Scattering resonances  ⇔  a/r0→∞
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A2.  Scattering resonances  ⇔  a/r0→∞ 
!
E.g.     4He atoms                   vs.     proton/neutron 
!

van der Waals force :             nuclear force : 
a ≈ 1×10-8 m ≈ 20 r0             a ≈ 5×10-15 m ≈ 4 r0 

!

Ebinding ≈ 1.3×10-3 K               Ebinding ≈ 2.6×1010 K

Physics only depends on the scattering length “a”

He

  Atoms and nucleons have the same form of binding energy

He p n

Ebinding � �
�2

m a2
(a/r0 ��)
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Volume 33B, nu mber  8 P H Y S I C S  L E T T E R S  21 December  1970 

ENERGY LEVELS ARISING FROM RESONANT T W O - B O D Y  FORCES 

IN A THREE-BODY SYSTEM 

V.  E F I M O V  

A.F.Ioffe Physico-Technical Institute, Leningrad, USSR 

Received 20 October  1970 

Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 

nu mber  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  

a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

The  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  

known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  

s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 

the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  

A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  

p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 

e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 

a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 

s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  

the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f i n i t e .  

Le t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  

s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  

p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 

p o t e n t i a l  gV(r). At c e r t a i n  g = go two p a r t i c l e s  

ge t  bound  in t h e i r  f i r s t  s - s t a t e .  F o r  v a l u e s  of g 

c l o s e  to go ,  the  t w o - p a r t i c l e  s c a t t e r i n g  l e n g t h  a 

i s  l a r g e ,  and  i t  i s  t h i s  r e g i o n  of g t h a t  we s h a l l  

co n f ine  o u r s e l f  to. The  t h r e e - b o d y  c o n t i n u u m  

b o u n d a r y  i s  s h o w n  in the  f i g u r e  by c r o s s - h a t c h i n g .  

The  e f f e c t  we a r e  d r a w i n g  a t t e n t i o n  to i s  the  f o l -  

lowing .  As  g g r o w s ,  a p p r o a c h i n g  go ,  t h r e e - p a r -  

-~1 ~ 

Fig. 1. 

g<g. g>g, 

The level  spec t rum of three  neutra l  spinless  
par t i c les .  The scale is not indicative. 

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 

g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  

i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  

in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  

wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  

EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  

bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  

a ,-, r o. T h r e e - b o d y  l e v e l s  a p p e a r i n g  at  a ~ r o 

o r  wi th  e n e r g i e s  E ~ 1 / r  2 a r e  not  c o n s i d e r e d .  

T h e  p h y s i c a l  c a u s e  of the  e f f ec t  i s  in the  

e m e r g e n c e  of e f f e c t i v e  a t t r a c t i v e  l o n g - r a n g e  

f o r c e s  of r a d i u s  a in  the  t h r e e - b o d y  s y s t e m .  We 

can  d e m o n s t r a t e  t ha t  they  a r e  of the  1/1~ 2 kind;  

R 2 = r 2 2  + r 2 3  + r 2 1 .  T h i s  f o r m  i s  v a l i d  f o r R  2: 

r o. Wi th  a ~ o0 the  n u m b e r  of l e v e l s  b e c o m e s  in -  

f i n i t e  a s  in the  c a s e  of two p a r t i c l e s  i n t e r a c t i n g  

wi th  a t t r a c t i v e  1 / r  2 p o t e n t i a l .  

Our  r e s u l t  m a y  be  c o n s i d e r e d  a s  a g e n e r a l i z a -  

t i on  of T h o m a s  t h e o r e m  [1]. A c c o r d i n g  to the  

l a t t e r ,  when  g--~ g o '  t h r e e  s p i n l e s s  p a r t i c l e s  do 

h a v e  a bound  s t a t e .  We a s s e r t  t ha t  in f ac t  t h e r e  

a r e  m a n y  s u c h  s t a t e s ,  and  f o r  g = go  t h e i r  n u m -  

b e r  i s  i n f in i t e .  

Note  t ha t  the  e f f e c t  d o e s  not  d e p e n d  on the  

f o r m  of t w o - b o d y  f o r c e s  - i t  i s  only  t h e i r  r e s o n a n t  

c h a r a c t e r  t h a t  we r e q u i r e .  

F r o m  eq. (1) one  f i n d s  t ha t  the  m a g n i t u d e  of the  

s c a t t e r i n g  l e n g t h  at  w h i c h  (N+ 1)st  l e v e l  a p p e a r s  

i s  a p p r o x i m a t e l y  e~ t i m e s  ( ~ 2 2  t i m e s )  l a r g e r  

t h a n  t ha t  f o r  Nth  one.  T h u s ,  if we a s s u m e  tha t  

the  t h r e e - b o d y  g r o u n d  s t a t e  a p p e a r s  at  a ~ t o ,  

the  f i r s t  e x c i t e d  l e v e l  f r o m  t h i s  0 + - s e r i e s  wi l l  

563 

Efimov (1970)
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Efimov effect

a→∞

 When 2 bosons interact with infinite “a”,  
 3 bosons always form a series of bound states

Efimov (1970)
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Efimov (1970)

R
22.7×R

(22.7)2×R

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”,  
 3 bosons always form a series of bound states
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Efimov (1970)

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”,  
 3 bosons always form a series of bound states

R

1.3 × R



/ 47!13Why Efimov effect happens ?

Keywords 
✓ Universality 
• Scale invariance 
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R

a→∞ a→∞

Binding energy of a light particle

Two heavy (M) and one light (m) particles 
         Born-Oppenheimer approximation

Scale invariance at a→∞

Schrödinger equation of two heavy particles :
�
� �2

M

⇤2

⇤R2
+ V (R)

�
⇥(R) = ��2�2

M
⇥(R) V (R) � Eb(R)

Eb(R) = � �2

2mR2
� (0.5671 . . .)2
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Schrödinger equation of two heavy particles :

�2 � M

2m
(0.5671 . . .)2�1

4

� = ��

��/�

Classical scale invariance is broken by 
= Quantum anomaly

��

has to be fixed by short-range physics

 If              is a solution,                         are solutions !

� R�1/2 sin[� ln(⇤R) + ⇥] (R� 0)

⇥(R) = R�1/2Ki�(�R)

�
� �2

M

�
⇤2

⇤R2
+

2
R

⇤

⇤R

�
� �2

2mR2
(0.5671 . . .)2

�
⇥(R) = ��2�2

M
⇥(R)

� = (e⇥/�)n��



/ 47!16Renormalization group limit cycle

g1

g2

g1

g2

Renormalization group flow diagram in coupling space

RG fixed point 
⇒ Scale invariance 
E.g. critical phenomena

RG limit cycle 
⇒ Discrete scale invariance 
E.g.  E????v effect
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K. Wilson (1971) considered for strong interactions

QCD is asymptotic free 
(2004 Nobel prize)
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K. Wilson (1971) considered for strong interactions

Efimov effect (1970) is its rare manifestation !
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PHYSICAL REVIEW

LETTERS

VOLUME 82 18 JANUARY 1999 NUMBER 3

Renormalization of the Three-Body System with Short-Range Interactions

P. F. Bedaque,1,* H.-W. Hammer,2,† and U. van Kolck3,4,‡

1Institute for Nuclear Theory, University of Washington, Seattle, Washington 98195
2TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia, Canada V6T 2A3

3Kellogg Radiation Laboratory, 106-38, California Institute of Technology, Pasadena, California 91125
4Department of Physics, University of Washington, Seattle, Washington 98195

(Received 9 September 1998)

We discuss renormalization of the nonrelativistic three-body problem with short-range forces. The
problem becomes nonperturbative at momenta of the order of the inverse of the two-body scattering
length, and an infinite number of graphs must be summed. This summation leads to a cutoff dependence
that does not appear in any order in perturbation theory. We argue that this cutoff dependence can be
absorbed in a single three-body counterterm and compute the running of the three-body force with the
cutoff. We comment on the relevance of this result for the effective field theory program in nuclear
and molecular physics. [S0031-9007(98)08276-3]

PACS numbers: 03.65.Nk, 11.80.Jy, 21.45.+v, 34.20.Gj

Systems composed of particles with momenta k much
smaller than the inverse range 1�R of their interaction are
common in nature. This separation of scales can be ex-
ploited by the method of effective field theory (EFT) that
provides a systematic expansion in powers of the small
parameter kR [1]. Generically, the two-body scattering
length a2 is comparable to R, and low-density systems
with k ø 1�a2 can be described to any order in kR by
a finite number of EFT graphs [2]. However, there are
many interesting systems, such as those made out of nu-
cleons or of 4He atoms, for which a2 is much larger than
R. In this case the expansion becomes nonperturbative
at momenta of the order of 1�a2, in the sense that an
infinite number of diagrams must be resummed. This re-
summation generates a new expansion in powers of kR
where the full dependence in ka2 is kept. Consequently,
the EFT is valid beyond k ⇥ 1�a2, comprising, in par-
ticular, bound states of size ⇥a2. There has been enor-
mous progress recently in dealing with this problem in
the two-body case [3], where the resummation is equiva-
lent to effective range theory [4]. Ultraviolet (UV) diver-
gences appear in graphs with leading-order interactions
and their resummation contains arbitrarily high powers
of the cutoff. A crucial point is that this cutoff depen-

dence can be absorbed in the coefficients of the leading-
order interactions themselves. All our ignorance about
the influence of short-distance physics on low-energy phe-
nomena is then embodied in these few coefficients, and
EFT retains its predictive power. However, the exten-
sion of this program to three-particle systems presents us
with a puzzle [5]. Although in some fermionic channels
the resummed leading two-body interactions lead to un-
ambiguous and very successful predictions [6,7], ampli-
tudes in bosonic systems and other fermionic channels
show sensitivity to the UV cutoff, as evidenced in the
Thomas [8] and Efimov [9] effects. This happens even
though each leading-order three-body diagram with re-
summed two-body interactions is individually UV finite.
We will argue below that the addition of a one-parameter
three-body force counterterm at leading order is neces-
sary and sufficient to eliminate this cutoff dependence.
This result extends the EFT program to three-particle
systems with large two-body scattering lengths, includ-
ing the approach of Ref. [10] where pions are treated
perturbatively.
The most general Lagrangian involving a nonrelativistic

bosonc and invariant under small-velocity Lorentz, parity,
and time-reversal transformations is

0031-9007�99�82(3)�463(5)$15.00 © 1999 The American Physical Society 463
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L = �†
�

i⇥t +
�2

2m

�
� + g2(�†�)2 + g3(�†�)3

g2 has a fixed point 
corresponding to a=∞ 

What is flow of g3 ?

g2

g3

g3(�) = � sin[s0 ln(�/��)� arctan(1/s0)]
sin[s0 ln(�/��) + arctan(1/s0)]

RG limit cycle

a=∞
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What is flow of g3 ?

g2

g3

g3(�) = � sin[s0 ln(�/��)� arctan(1/s0)]
sin[s0 ln(�/��) + arctan(1/s0)]

RG limit cycle
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a=∞

Efimov effect at a≠∞
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Discrete scaling symmetry
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Just a numerical number given by 
22.6943825953666951928602171369...

log ( 22.6943825953666951928602171369...) 
= 3.12211743110421968073091732438... 
= π / 1.00623782510278148906406681234... 
= π / s0

22.7 = exp (π / 1.006...)

2�

s0

sinh(�
6 s0)

cosh(�
2 s0)

=
�

3�

4
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△ 4He atoms (a ≈ 1×10-8 m ≈ 20 r0) ?

He He

He

He He

He

Eb = 125.8 mK (Eb = 2.28 mK)

Ultracold atoms !

× Originally, Efimov considered  
 3H nucleus (≈ 3 n) and 12C nucleus (≈ 3α)

?
  2 trimer states were predicted 
  1 was observed (1994)
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Ultracold atoms are ideal to study universal quantum physics 
because of the ability to design and control systems at will

Ultracold atom experiments
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Ultracold atoms are ideal to study universal quantum physics 
because of the ability to design and control systems at will

C.A. Regal & D.S. Jin 
PRL90 (2003)

Universal 
regime

Ultracold atom experiments

✓ Interaction strength by Feshbach resonances

10 ~ 100 a0



/ 47!27Ultracold atom experiments
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scattering length a  (1000 a0)

Innsbruck group  
Nature (2006)

Trimer is 
unstable

atom 
loss

First experiment by Innsbruck group for 133Cs (2006)

signature of trimer formation
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Florence group 
for 39K  (2009)

Bar-Ilan University 
for 7Li  (2009)

Rice University 
for 7Li  (2009)

≈ 25

≈ 22.5 ≈ 21.1
Discrete scaling 
& Universality !
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scattering length a/a0
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Can we find the Efimov effect 
in other physical systems ?

• Efimov effect is “universal” 
   = appears regardless of microscopic details 
       (physics technical term)

• Efimov effect is not “universal” 
   universal = present or occurring everywhere 
                      (Merriam-Webster Online)
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Efimov effect in quantummagnets
Yusuke Nishida*, Yasuyuki Kato and Cristian D. Batista

Physics is said to be universal when it emerges regardless of the underlying microscopic details. A prominent example is
the Efimov effect, which predicts the emergence of an infinite tower of three-body bound states obeying discrete scale
invariance when the particles interact resonantly. Because of its universality and peculiarity, the Efimov effect has been the
subject of extensive research in chemical, atomic, nuclear and particle physics for decades. Here we employ an anisotropic
Heisenberg model to show that collective excitations in quantum magnets (magnons) also exhibit the Efimov effect. We
locate anisotropy-induced two-magnon resonances, compute binding energies of three magnons and find that they fit into the
universal scaling law. We propose several approaches to experimentally realize the Efimov effect in quantum magnets, where
the emergent Efimov states of magnons can be observed with commonly used spectroscopic measurements. Our study thus
opens up new avenues for universal few-body physics in condensed matter systems.

Sometimeswe observe that completely different systems exhibit
the same physics. Such physics is said to be universal and
its most famous example is the critical phenomena1. In the

vicinity of second-order phase transitions where the correlation
length diverges, microscopic details become unimportant and the
critical phenomena are characterized by only a few ingredients;
dimensionality, interaction range and symmetry of the order
parameter. Accordingly, fluids andmagnets exhibit the same critical
exponents. The universality in critical phenomena has been one of
the central themes in condensedmatter physics.

Similarly, we can also observe universal physics in the vicinity of
scattering resonances where the s-wave scattering length diverges.
Here low-energy physics is characterized solely by the s-wave
scattering length and does not depend on other microscopic details.
One of themost prominent phenomena in such universal systems is
the Efimov effect, which predicts the emergence of an infinite tower
of three-body bound states obeying discrete scale invariance:

En+1

En
! ⌦�2 (n! 1) (1)

with the universal scale factor ⌦ = 22.6944 (ref. 2). Because of its
universality and peculiarity, the Efimov effect has been the subject of
extensive research in chemical, atomic, nuclear and particle physics
for decades after the first prediction in 19703,4. In particular, the
recent experimental realization with ultracold atoms has greatly
stimulated this research area5.

In spite of such active research, the Efimov effect has not
attracted much attention in condensed matter physics so far.
However, because the Efimov effect is universal, it should emerge
also in condensed matter systems. In this article, we show that
collective excitations in quantum magnets (magnons) exhibit
the Efimov effect by tuning an easy-axis exchange or single-
ion anisotropy. We will locate anisotropy-induced two-magnon
resonances, compute the binding energies of three magnons and
find that they fit into the universal scaling law.We will also propose
several approaches to experimentally realize the Efimov effect in
quantummagnets, including frustrated cases. So far multi-magnon
bound states have been observed with different experimental
techniques, but mostly in quasi-one-dimensional compounds6–23.
Although the Efimov effect emerges only in three dimensions3,4,
the same spectroscopic measurements can be used to observe the

Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA. *e-mail: nishida@yukawa.kyoto-u.ac.jp.

emergent Efimov states of magnons. Our study thus opens up
new avenues for universal few-body physics in condensed matter
systems. Also, in addition to the Bose–Einstein condensation of
magnons24, the Efimov effect provides a novel connection between
atomic and magnetic systems.

Anisotropic Heisenberg model
To demonstrate the Efimov effect in quantummagnets, we consider
an anisotropicHeisenbergmodel on a simple cubic lattice:

H = �1
2

X

r

X

ê

(J S+
r

S�
r+ê

+ Jz Sz
r

Sz
r+ê

)�D
X

r

(Sz
r

)2 �B
X

r

Sz
r

(2)

where
P

ê

is a sum over six unit vectors;
P

ê=±x̂,±ŷ,±ẑ

. Two types
of uniaxial anisotropies are introduced here: anisotropy in the
exchange couplings (Jz 6= J ) and single-ion anisotropy (D 6= 0)
which generally exist owing to the crystal field and spin–orbit
interaction. Spin operators S±

r

⌘ Sx
r

± iSy
r

and Sz
r

obey the usual
commutation relations [S+

r

,S�
r

0 ] = 2Sz
r

�
r,r0 , [Sz

r

,S±
r

0 ] = ±S±
r

�
r,r0 and

the identity (S+
r

)2S+1 = (S�
r

)2S+1 = 0 for a spin S representation.
J , Jz > 0 corresponds to a ferromagnetic coupling and J ,Jz < 0 to
an antiferromagnetic coupling. In the latter case, by rotating spins
by ⇡ along the z-axis (S±

r

! �S±
r

) only for sites with odd-valued
x+y+z , we can choose J >0, which is assumed fromnowon.

The ground state for a sufficiently large magnetic field B < 0
is a fully polarized state with all spins pointing downwards;
Sz
r

|0i = �S|0i and S�
r

|0i = 0. Because of the U(1) symme-
try of the Hamiltonian (2) under rotation S±

r

! e±i✓S±
r

, the
relative magnetization N ⌘ P

r

(Sz
r

+ S) is a conserved quan-
tity. Accordingly, we can consider an excited state with fixed
N , which corresponds to a particle number of magnons. N -
magnon excitations on this ground state are described by a wave
function 9(r1,...,rN )⌘ h0|QN

i=1S
�
ri
|9i, which is symmetric under

any exchange of coordinates (Bose statistics) and satisfies the
Schrödinger equation:

E9(r1,...,rN )= h0|
"

NY

i=1

S�
ri
,H

#

|9i =
"

NX

i=1

X

ê

SJ (1�r i
ê

)

+
NX

i<j

(
X

ê

J �
ri,rjr i

ê

�
X

ê

Jz �
ri,rj+ê

�2D�
ri,rj

)#

9(r1,...,rN ) (3)
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H = �
XXX
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"XXX

ê

(JS+
r S�

r+ê + JzS
z
rS

z
r+ê) +D(Sz

r )
2 �BSz

r

#
Anisotropic Heisenberg model on a 3D lattice

exchange anisotropy single-ion anisotropy

fully polarized state (B➔∞)

Spin-boson correspondence

No boson = vacuum

N spin-flips N bosons = magnons

⇔

⇔
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ê

(JS+
r S�
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Quantum magnet !33

Anisotropic Heisenberg model on a 3D lattice

N spin-flips N bosons = magnons

⇔

xy-exchange coupling 
⇔  hopping

single-ion anisotropy 
⇔  on-site attraction

z-exchange coupling 
⇔  neighbor attraction
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Quantum magnet !34

Anisotropic Heisenberg model on a 3D lattice

xy-exchange coupling 
⇔  hopping

single-ion anisotropy 
⇔  on-site attraction

z-exchange coupling 
⇔  neighbor attraction

Tune these couplings to induce 
scattering resonance between two magnons 

⇒  Three magnons show the Efimov effect
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Scattering length between two magnons

Two-magnon resonance  (as➔∞)

•  Jz/J = 2.94  (spin-1/2) 

•  Jz/J = 4.87  (spin-1, D=0) 

•  D/J = 4.77  (spin-1, ferro Jz=J>0) 

•  D/J = 5.13  (spin-1, antiferro Jz=J<0) 

•  . . .

as

a
=

3
2⇡

h
1 � D

3J �
Jz
J

⇣
1 � D

6SJ

⌘i

2S � 1 + Jz
J

⇣
1 � D

6SJ

⌘
+ 1.52

h
1 � D

3J �
Jz
J

⇣
1 � D

6SJ

⌘i
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At the resonance, three magnons form bound states 
with binding energies En

n En/J
p

En�1/En

0 �2.09 ⇥ 10�1 —
1 �4.15 ⇥ 10�4 22.4
2 �8.08 ⇥ 10�7 22.7

n En/J
p

En�1/En

0 �5.16 ⇥ 10�1 —
1 �1.02 ⇥ 10�3 22.4
2 �2.00 ⇥ 10�6 22.7

n En/J
p

En�1/En

0 �5.50 ⇥ 10�2 —
1 �1.16 ⇥ 10�4 21.8

n En/J
p

En�1/En

0 �4.36 ⇥ 10�3 —
1 �8.88 ⇥ 10�6 22.2

•  Spin-1/2 •  Spin-1, D=0

•  Spin-1, Jz=J>0 •  Spin-1, Jz=J<0
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At the resonance, three magnons form bound states 
with binding energies En

n En/J
p

En�1/En

0 �2.09 ⇥ 10�1 —
1 �4.15 ⇥ 10�4 22.4
2 �8.08 ⇥ 10�7 22.7

n En/J
p

En�1/En

0 �5.16 ⇥ 10�1 —
1 �1.02 ⇥ 10�3 22.4
2 �2.00 ⇥ 10�6 22.7

Universal scaling law by ~ 22.7 

confirms they are Efimov states !

•  Spin-1/2 •  Spin-1, D=0
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An Infrared Renormalization Group Limit Cycle in QCD

Eric Braaten
Department of Physics, The Ohio State University, Columbus, Ohio 43210, USA

H.-W. Hammer
Helmholtz-Institut für Strahlen-und Kernphysik (Abteilung Theorie), Universität Bonn, 53115 Bonn, Germany

(Received 19 March 2003; published 4 September 2003)

We use effective field theories to show that small increases in the up and down quark masses would
move QCD very close to the critical renormalization group trajectory for an infrared limit cycle in the
three-nucleon system. We conjecture that QCD can be tuned to the critical trajectory by adjusting
the quark masses independently. At the critical values of the quark masses, the binding energies of the
deuteron and its spin-singlet partner would be tuned to zero and the triton would have infinitely many
excited states with an accumulation point at the 3-nucleon threshold. The ratio of the binding energies of
successive states would approach a universal constant that is close to 515.

DOI: 10.1103/PhysRevLett.91.102002 PACS numbers: 12.38.Aw, 11.10.Hi, 21.45.+v

The development of the renormalization group (RG)
has had a profound effect on many branches of physics. Its
successes range from explaining the universality of criti-
cal phenomena in condensed matter physics to the non-
perturbative formulation of quantum field theories that
describe elementary particles [1]. The RG can be reduced
to a set of differential equations that define a flow in the
space of coupling constants. Scale-invariant behavior at
long distances, as in critical phenomena, can be explained
by RG flow to an infrared fixed point. Scale-invariant
behavior at short distances, as in asymptotically free field
theories, can be explained by RG flow to an ultraviolet
fixed point. However, a fixed point is only the simplest
topological feature that can be exhibited by a RG flow.
Another possibility is a limit cycle, which is a one-
dimensional orbit that is closed under the RG flow. The
possibility of RG flow to a limit cycle was proposed by
Wilson in 1971 [2]. Glazek and Wilson have recently
constructed a simple discrete Hamiltonian system that
exhibits a limit cycle [3]. However, few physical applica-
tions of RG limit cycles have emerged.

The purpose of this Letter is to point out that quantum
chromodynamics (QCD) is close to the critical trajectory
for an infrared RG limit cycle in the 3-nucleon sector. We
conjecture that it can be tuned to the critical trajectory by
small changes in the up and down quark masses. The
proximity of the physical quark masses to these critical
values explains the success of a program initiated by
Efimov to describe the 3-nucleon problem in terms of
zero-range forces between nucleons [4]. An effective-
field-theory formulation of this program by Bedaque,
Hammer, and van Kolck exhibits an ultraviolet RG limit
cycle [5]. The proximity of physical QCD to the critical
trajectory implies that the ultraviolet limit cycle of
Ref. [5] is not just an artifact of their model.

In the late 1960s, Wilson used the RG to explain uni-
versality in critical phenomena [1]. Transformations of a
system that integrate out short-distance degrees of free-

dom while leaving the long-distance physics invariant
define a RG flow on the multidimensional space of cou-
pling constants g for operators in the Hamiltonian:

!
d
d!

g ! !"g#; (1)

where ! is an ultraviolet momentum cutoff. Standard
critical phenomena are associated with infrared fixed
points g$ of the RG flow, which satisfy !"g$# ! 0. The
tuning of macroscopic variables to reach a critical point
corresponds to the tuning of the coupling constants g to a
critical trajectory that flows to the fixed point g$ in the
infrared limit ! ! 0. One of the signatures of an RG
fixed point is scale invariance: symmetry with respect to
the coordinate transformation r ! !r for any positive
number !. This symmetry implies that dimensionless
variables scale as powers of the momentum scale, perhaps
with anomalous dimensions.

In 1971, Wilson suggested that the RG might also be
relevant to the strong interactions of elementary particle
physics [2]. At that time, the fundamental theory for the
strong interactions had not yet been discovered. It was
believed to involve quarks, and hints that the strong
interactions might have scaling behavior at high ener-
gies had been observed in experiments on deeply in-
elastic lepton-nucleon scattering. Wilson suggested that
simple high-energy behavior can be explained by simple
RG flow of the relevant coupling constants in the ultra-
violet limit ! ! 1. The simplest possibility is RG
flow to an ultraviolet fixed point. Another simple possi-
bility is RG flow to an ultraviolet limit cycle. A limit
cycle is a one-parameter family of coupling constants
g$""# that is closed under the RG flow and can be pa-
rametrized by an angle 0< "< 2#. The RG flow carries
the system around a complete orbit of the limit cycle
every time the ultraviolet cutoff ! increases by some
factor !0. One of the signatures of an RG limit cycle is
discrete scale invariance: symmetry with respect to

P H Y S I C A L R E V I E W L E T T E R S week ending
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Universal physics of three bosons with isospin

Tetsuo Hyodo,1, 2, ∗ Tetsuo Hatsuda,3, 4 and Yusuke Nishida1

1Department of Physics, Tokyo Institute of Technology, Ookayama, Meguro, Tokyo 152-8551, Japan
2Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

3Theoretical Research Division, Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan
4Kavli IPMU (WPI), The University of Tokyo, Chiba 277-8583, Japan

(Dated: November 26, 2013)

We show that there exist two types of universal phenomena for three-boson systems with isospin
degrees of freedom. In the isospin symmetric limit, there is only one universal three-boson bound
state with the total isospin one, whose binding energy is proportional to that of the two-boson
bound state. With large isospin symmetry breaking, the standard Efimov states of three identical
bosons appear at low energies. Both phenomena can be realized by three pions with the pion mass
appropriately tuned in lattice QCD simulations, or by spin-one bosons in cold atom experiments.
Implication to the in-medium softening of multi-pion states is also discussed.

PACS numbers: 03.65.Ge, 11.30.Rd, 21.65.Jk, 67.85.Fg

Introduction.— The properties of particles interacting
with a large scattering length are universal, i.e., they are
determined irrespective of the short range behavior of the
interaction. In particular, three-particle systems with a
large two-body scattering length lead to the emergence of
the Efimov states [1], which has been extensively studied
in cold atom physics [2]. Moreover, in condensed matter
physics, collective excitations in quantum magnets are
shown to exhibit the Efimov effect [3].

Since the intrinsic energy scale of the system is not
relevant for such universal phenomena, they could be
also realized in strong interaction governed by quantum
chromodynamics (QCD) as far as suitable conditions are
met. In fact, a theoretical possibility of achieving the
Efimov effect in the three-nucleon system by making a
slight modification of the light quark masses was dis-
cussed in the framework of the effective field theory of
QCD [4]. The existence of X(3872) near the D0D̄∗0-
D̄0D∗0 threshold has motivated a search for the universal
three-boson bound state, D0D0D̄∗0. However, the cou-
pled channel effect reduces the attraction and hence no
universal bound state was found in such a system [5].

In this Letter, we show that there arise two universal
phenomena for three bosons with three internal degrees
of freedom (such as the pion π) if the two-body scat-
tering length is large. In the real world, the s-wave ππ
scattering lengths are as small as aI=0 ∼ −0.31 fm and
aI=2 ∼ 0.06 fm [6] due to the Nambu-Goldstone nature of
the pion, so that the condition of the universality does not
hold. However, the situation would change by increasing
the quark mass artificially. Indeed, lattice QCD simu-
lations [7] and chiral effective theory [8] show that the
s-wave ππ resonance (the σ meson [9]) becomes a bound
state as the quark mass increases. This implies that there
is a region of the quark mass where the ππ interaction is
characterized only by a large scattering length. In such a
region, the three-pion system exhibits universal phenom-
ena, which can be tested by simulating the three pions on

the lattice by changing the quark mass. From the point
of view of the statistical noise, three pions with heavy
quark mass is much less costly than the three nucleons
with light quark mass [10]. In this sense, the three-pion
system is an ideal testing ground for the universal physics
in QCD.
Universal physics with the isospin symmetry.— Let us

first consider the three-pion system with exact isospin
symmetry. We assume that, by an appropriate tuning
of the quark mass, only the s-wave ππ scattering length
in the I = 0 channel, |aI=0|, becomes much larger than
the typical length scale R characterized by the interac-
tion range. In addition, we consider momentum p suffi-
ciently smaller than 1/R, so that the pions can be treated
as non-relativistic particles with a contact interaction.
Then, the system is represented by the universal zero-
range theory [11] with iso-scalar interaction:

L =
∑

i=1,2,3

φ†
i

(

i∂t +
∇2

2m

)

φi + v

∣

∣

∣

∣

∣

∣

∑

i=1,2,3

φiφi

∣

∣

∣

∣

∣

∣

2

=
∑

j=0,±

π†
j

(

i∂t +
∇2

2m

)

πj + v |π0π0 + 2π−π+|2 , (1)

where π± = (φ1 ∓ iφ2)/
√
2 and π0 = φ3. Here m and v

are the pion mass and the bare coupling constant, respec-
tively. After the renormalization, the two-pion scattering
t-matrix in I = 0 is characterized only by the scattering
length a = aI=0 as

it0(p) =
8π

m

i

1
a −

√

p2

4 −mp0 − i0+
, (2)

while the I = 2 component vanishes identically, it2(p) =
0.
Now we consider the three-pion system. By combining

one pion with the ππ pair in I = 0, the whole system
has I = 1, which can also be constructed by the ππ pair
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Efimov Physics Around the Neutron-Rich 60Ca Isotope
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We calculate the neutron-60Ca S-wave scattering phase shifts using state of the art coupled-cluster

theory combined with modern ab initio interactions derived from chiral effective theory. Effects of three-

nucleon forces are included schematically as density dependent nucleon-nucleon interactions. This

information is combined with halo effective field theory in order to investigate the 60Ca-neutron-neutron
system. We predict correlations between different three-body observables and the two-neutron separation

energy of 62Ca. This provides evidence of Efimov physics along the calcium isotope chain. Experimental

key observables that facilitate a test of our findings are discussed.

DOI: 10.1103/PhysRevLett.111.132501 PACS numbers: 21.10.Gv, 21.60.!n, 27.50.+e

Introduction.—The emergence of new degrees of free-
dom is one of the most important aspects of the physics
along the neutron (n) drip line. For example, halo nuclei are
characterized by a tightly bound core (c) and weakly bound
valence nucleons [1–4] and thus display a reduction in the
effective degrees of freedom. They are usually identified by
an extremely large matter radius or a sudden decrease in the
one- or two-nucleon separation energy along an isotope
chain. The features of these halos are universal if the small
separation energy of the valence nucleons is associatedwith
a large S-wave scattering length. These phenomena are then
independent of the details of the microscopic interaction
and occur in a large class of systems in atomic, nuclear, and
particle physics [5,6]. For a three-body system (e.g., core-
nucleon-nucleon) interacting through a large S-wave scat-
tering length, Efimov showed that the system will display
discrete scale invariance [7]. This discrete scale invariance
is exact in the limit of zero-range interactions and infinite
scattering lengths. For fixed finite values of the scattering
length and range, it is approximate. The hallmark feature of
this so-called Efimov effect is a tower of bound states. The
ratio of the binding energies of successive states is charac-
terized by a discrete scaling factor. This scaling factor is
approximately 515 in the case of identical bosons. Systems
whose particles have different masses will generally have a
smaller scaling factor. It can be obtained by the solving of a
transcendental equation [5].

Several nuclear systems have been discussed as possible
candidates for Efimov states. The most promising system
known so far is the 22C halo nucleus which was found to
display an extremely large matter radius [8] and is known
to have a significant S-wave component in the n-20C
system [9]. See Ref. [10] for a recent study of Efimov
physics in 22C.

Whether heavier two-neutron halos exist is still an open
question. Recently, there has been much interest, both
experimentally and theoretically, in determining precise
values for masses, understanding shell evolution and the
location of the dripline in the neutron rich calcium isotopes
[11–14]. Coupled-cluster calculations of neutron rich cal-
cium isotopes that included coupling to the scattering
continuum and schematic three-nucleon forces, suggested
that there is an inversion of the gds shell-model orbitals in
53;55;61Ca. In particular it was suggested that a large S-wave
scattering length might occur in 61Ca with interesting
implications for 62Ca.
A conclusive statement on whether a halo is an Efimov

state can generally only be made if a sufficient number of
observables is known and if those fulfill relations dictated
by universality. However, typically only a very limited
number of observables in these systems is accessible ex-
perimentally. Recently, significant progress has been made
in microscopic calculations of low-energy nucleon-nucleus
scattering properties starting from realistic nucleon-
nucleon interactions [15–18]. In this Letter, we use the
coupled-cluster method [19] combined with modern chiral
effective theory interactions and follow the method out-
lined in Ref. [15] to compute the elastic scattering of
neutrons on 60Ca. We analyze the resulting phase shift
data to obtain quantitative estimates for the scattering
length and the effective range and show that a large scat-
tering length can be expected in this system. The results
obtained from ab initio calculations are then used as input
for the so-called halo effective field theory (EFT) that
describes the halo system in terms of its effective degrees
of freedom (core and valence nucleons) [20,21]. We use
halo EFT to analyze the implications of the coupled cluster
results for the 60Ca-n-n system. Specifically, we focus on

PRL 111, 132501 (2013) P HY S I CA L R EV I EW LE T T E R S
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  Other possible systems : 
  11Li = 9Li+n+n     20C = 18C+n+n
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Renormalization Group Limit Cycle for Three-Stranded DNA
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We show that there exists an Efimov-like three strand DNA bound state at the duplex melting point and

it is described by a renormalization group limit cycle. A nonperturbative renormalization group is used to

obtain this result in a model involving short range pairing only. Our results suggest that Efimov physics

can be tested in polymeric systems.

DOI: 10.1103/PhysRevLett.110.028105 PACS numbers: 87.14.gk, 64.60.ae, 87.15.Zg

Consider a three-particle quantum system with a pair-
wise short-range potential. Apart from the occurrence of
the usual three-body bound state, a very special phenome-
non occurs at the critical two-body zero-energy state. An
infinite number of three-body bound states appear though
the corresponding potential is not appropriate to bind any
two of them; the removal of any one of them destroys the
bound state. This phenomenon, valid for any short-range
interaction, is known as the Efimov effect. The size of the
three-body bound states, or Efimov trimers, is large com-
pared to the potential range, and so it is a purely quantum
effect [1]. Although it was predicted in the context of
nuclear physics [2,3], it has now been detected in cold
atoms [4].

An ideal DNA consisting of two Gaussian polymers
interacting with native base pairing undergoes a critical
melting transition where the two strands get detached. Maji
et al. recently showed that if, to a double-stranded DNA at
its melting point, a third strand is added, the three together
would form a bound state instead of remaining critical [5].
The existence of a triplex has further been verified by real
space renormalization group (RG) and transfer matrix
calculations [5,6]. That this is an Efimov-like effect can
be seen by the imaginary time transformation of the quan-
tum problem in the path integral formulation. The paths in
quantum mechanics are identified as Gaussian polymers
and the equal time interaction maps onto the native base
pairing. Such a bound state of a triple-stranded DNA is
called an Efimov DNA.

In both cases, the special effect is due to a long-range
attraction generated by critical fluctuations at the transition
point. For the DNA case, the large fluctuations in the
bubble sizes at the melting point allow a third strand to
form bound segments with the other two. The power law
behavior of the size of a polymer is essential to induce a
1=R2 interaction between any two chains [5].

Universal aspects of polymers are well understood in the
RG approach [7]. A single chain and many chain solutions
are described by length scale dependent running parame-
ters, which, with increasing length scales, are expected to
reach certain fixed points. The purpose of this Letter is to
show that the triple chain bound state at the duplex melting

point is of a different type. This ‘‘few-chain problem’’ is
actually described by a renormalization group ‘‘limit
cycle’’[2,8]. The appearance of a limit cycle invokes log
periodicity in the corresponding three-body coupling in
the polymer problem. So they break the continuous scale
invariance around the two-body fixed point imposing a
discrete scaling symmetry, the hallmark of the Efimov
states.
Another motivation of this Letter is to emphasize that

a three-chain polymer model, a three-stranded DNA in
particular, by virtue of mathematical similarities, provides
an alternative system for Efimov physics. Triplex DNA is
known to occur in nature. The possibility of recognizing
the bound base pairs of a duplex without opening it, by
forming Hoogsteen pairs, has the potentiality of designing
new types of antibiotics. In addition, H-DNA is a common
motif formed during many DNA activities where there is a
stretch of triplex DNA via a strand exchange mechanism
[9]. The advantage with our model is that the parameters
corresponding to the polymers are easily tunable by chang-
ing temperature, solvent conditions, etc. Some important
phenomena are getting verified in the mathematically
analogous low energy condensed matter systems, e.g.,
Majorana fermions [10], the Klein paradox [11], and struc-
ture formations in the early Universe [12]. We hope that
this work will inspire experimental searches of the Efimov
effect in polymers.
Because of different critical dimensions of the two-chain

and the three-chain interactions, namely, d ¼ 2 and d ¼ 1,
respectively, one has to tackle irrelevant variables in three
dimensions, which is outside the scope of the perturbative
RG. This makes the problem difficult to handle in tradi-
tional Edwards Hamiltonian [7] approach.
Our model consists of three directed polymer chains in

(3þ 1) dimensions, where the monomers live in three
spatial dimensions (r) and we assign an extra dimension
along the contour of a polymer (z). Two polymers can
interact only when they are at the same space and length
coordinate (native base pairing). To avoid difficulties in
solving the full three-chain problem, we consider a sim-
plified model that any two of the three chains are in a
bound state. At zero temperature, the two chains form a

PRL 110, 028105 (2013) P HY S I CA L R EV I EW LE T T E R S
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1.  Universality in physics 

2.  What is the Efimov effect ? 

3.  Efimov effect beyond cold atoms 

4.  New progress:  Super Efimov effect
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Super Efimov Effect of Resonantly Interacting Fermions in Two Dimensions
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We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.

DOI: 10.1103/PhysRevLett.110.235301 PACS numbers: 67.85.Lm, 03.65.Ge, 05.30.Fk, 11.10.Hi

Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
!
i@t þ

r2

2

"
c þ#y

a

!
i@t þ

r2

4
% "0

"
#a

þ g#y
ac ð%iraÞc þ gc yð%ir%aÞc y#a

þ v3c
y#y

a#ac þ v4#
y
a#

y
%a#%a#a

þ v0
4#

y
a#

y
a#a#a: (3)

Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling
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Efimov effect 
 (Efimov in 1970) 

• 3 bosons 

• 3 dimensions 

• s-wave resonance 

• exponential scaling

!44Efimov vs. Super Efimov

Super Efimov effect 
 (Y.N, S.M, D.T.S in 2013)

�n ⇠ e⇡n �n ⇠ ee3⇡n/4

Are there other phenomena 
with doubly-exponential scaling ?

• 3 fermions 

• 2 dimensions 

• p-wave resonance 

• “doubly” exponential
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