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Energy Density Functionals

✔  universal density functionals can be applied to all nuclei throughout the chart of nuclides.

Important for extrapolations to regions far from stability!

✔ the exact density functional is approximated with powers and gradients of ground-state 
densities and currents.

✔ the nuclear many-body problem is effectively mapped onto a one-body problem without 
explicitly involving inter-particle interactions!



Kohn-Sham DFT

For any interacting system, there exists a local single-particle (Kohn-Sham) potential, such that the 
exact ground-state density equals the ground-state density of a non-interacting system:

n(r) = ns(r) �
occ�

i

|�i(r)|2

The single-particle orbitals are solutions of the Kohn-Sham equations:

�
�⇥2/2 + vs(r)

⇥
�i(r) = ⇥i�i(r)

vs[n(r)] = v(r) +
�

d3r� n(r�)
|r� r�| + vxc[n(r)]

⇒ Kohn-Sham potential:



the exchange-correlation potential is defined by: 

vxc[n(r)] =
�Exc[n]
�n(r)

self-consistent Kohn-Sham DFT: includes correlations and therefore goes 
beyond the Hartree-Fock. It has the advantage of being a local scheme.

The practical usefulness of the Kohn-Sham scheme depends entirely on whether accurate 
approximations for Exc can be found!
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Mean absolute error of the atomization energies for 20 molecules:

Approximation Mean abs. error (eV)

Unrestricted Hartree-Fock 3.1 (underbinding)

LDA 1.3 (overbinding)

GGA 0.3 (mostly overbinding)

Desired “chemical accuracy” 0,05

⇒ Multiply by 106 and compare with the nuclear case!



Relativistic Energy Density Functionals 

✔ natural inclusion of the spin degree of freedom (spin-orbit potential with empirical 
strength).

✔ unique parameterization of time-odd components (currents) of the nuclear mean-field.

✔ the distinction between scalar and vector self-energies leads to a natural saturation 
mechanism for nuclear matter.



Relativistic energy density functionals: 

The elementary building blocks are two-fermion terms of the general type:

(⌅̄O⇤�⌅) O⇤ � {1, ⇤i} � � {1, �µ, �5, �5�µ,⇥µ⇥}

... isoscalar and isovector four-currents and scalar densities:

jµ = �⌅0|⇧�µ⇧|⌅0⇥ =
�

k

⇧k�µ⇧k ,

�jµ = �⌅0|⇧�µ�⇤⇧|⌅0⇥ =
�

k

⇧k�µ�⇤⇧k ,

⇥S = �⌅0|⇧⇧|⌅0⇥ =
�

k

⇧k⇧k ,

�⇥S = �⌅0|⇧�⇤⇧|⌅0⇥ =
�

k

⇧k�⇤⇧k

where             is the nuclear ground state.|�0�



⇒ build four-fermion (contact) interaction terms in the various isospace-space channels:

(⇤̄⇤)2
(⇤̄�µ⇤)(⇤̄�µ⇤)
(⇤̄⌅⇥⇤) · (⇤̄⌅⇥⇤)
(⇤̄⌅⇥�µ⇤) · (⇤̄⌅⇥�µ⇤)

isoscalar-scalar:	


isoscalar-vector:	


isovector-scalar:	


isovector-vector:

Empirical ground-state properties of finite nuclei can only determine a small set of parameters 
in the expansion of an effective Lagrangian in powers of fields and their derivatives.

Already at lowest order one finds more parameters than can be uniquely determined from data.



L = ⌃̄(i⇥ · ⌥ �m)⌃
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⇒ effective Lagrangian:

Hartree correlations

�i(⇥) = ai + (bi + cix)e�dix (i � S, V, TV ) x = ⇥/⇥sat

Only one isovector term and one gradient term can be constrained by data. 



Microscopic functionals

... universal exchange-correlation functional Exc[ρ]

1st step: Local Density Approximation

2nd step: second-order gradient correction to the LDA

E(�,⇥�) = � E(kf ) + (⇥�)2 F�(kf ) + . . .

EFT calculations for inhomogeneous nuclear matter: 

ELDA
xc �

�
⇥ChPT [�(r)]�(r)d3r



Semi-phenomenological functionals

... start from a favorite microscopic nuclear matter EOS. 

Infinite nuclear matter cannot determine the density functional on the level of accuracy that is 
needed for a quantitative description of structure phenomena in finite nuclei.

... the parameters of the functional are fine-tuned to data of finite nuclei.

DD-PC1

... starts from microscopic nucleon self-energies in nuclear matter.

... parameters adjusted in self-consistent mean-field calculations of masses of 64 axially deformed 
nuclei in the mass regions A ~ 150-180 and A ~ 230-250.
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EB = avA + asA
2/3 + a4

(N � Z)2

4A
+ · · ·

... calculated masses of finite nuclei are primarily sensitive to the three leading terms in the empirical 
mass formula:

... generate families of effective interactions characterized by different values of av, as and a4, and 
determine which parametrization minimizes the deviation from the empirical binding energies of a 
large set of deformed nuclei.



Deformed nuclei

Z 62 64 66 68 70 72 90 92 94 96 98
Nmin 92 92 92 92 92 72 140 138 138 142 144
Nmax 96 98 102 104 108 110 144 148 150 152 152

Binding energies used to adjust the parameters of the functional:
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... 48 parameterizations of the energy density functional:
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For each value〈S2〉of the symmetry energy, there is a unique 	


combination of volume and surface energies that minimizes χ2!
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av = �16.06 MeV ⇥S2⇤ = 27.8 MeV as = 17.498 MeV

Absolute minimum:
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Absolute deviations of the calculated binding energies from data for 64 axially deformed nuclei:
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Test: calculation of observables not included in the fitting procedure
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Excitation energies of collective modes:
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Test: “double-humped” fission barriers of actinides
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Nuclear Many-Body Correlations

short-range 
(hard repulsive core of 	

the NN-interaction)

long-range  
nuclear resonance 
modes 	

(giant resonances)

collective correlations 
large-amplitude soft modes:	

(center of mass motion, rotation,	

low-energy quadrupole vibrations)

...vary smoothly with nucleon number!	

Implicitly included in an effective EDF.

...sensitive to shell-effects and strong variations 
with nucleon number!	

Cannot be included in a simple Kohn-Sham EDF 
framework.  



Collective correlations



Five-dimensional collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational degrees of freedom

Hcoll = Tvib(�, ⇥) + Trot(�, ⇥,�) + Vcoll(�, ⇥)

Tvib =
1
2
B�� �̇2 + �B�⇥ �̇⇥̇ +

1
2
�2B⇥⇥ ⇥̇2

Trot =
1
2

3�

k=1

Ik�2
k

The entire dynamics of the collective Hamiltonian is governed by the seven functions of the 
intrinsic deformations β and γ: the collective potential, the three mass parameters: Bββ, Bβγ, Bγγ, 
and the three moments of inertia Ik. 



Evolution of triaxial shapes in Pt nuclei: 
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Shape evolution and triaxiality in germanium isotopes
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momentum on the body-fixed symmetry axis) in the	

collective wave functions of the nucleus 76Ge.



The level of K-mixing is reflected in the staggering in energy between odd- and even-spin states in the γ band:

Deformed γ-soft potential ⇒ S(J) oscillates between negative values for even-spin states and positive values for odd-spin states.

γ-rigid triaxial potential ⇒ S(J) oscillates between positive values for even-spin states and negative values for odd-spin states.
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The mean-field potential of 76Ge is γ soft. The inclusion of collective correlations (symmetry restoration and quantum 
fluctuations) drives the nucleus toward triaxiality, but they are not strong enough to stabilize a γ ≈ 30◦ triaxial shape.



Coexisting shapes in N=28 isotones



Neutron N=28 spherical energy gaps

Experimental values: 	

!
4.80 MeV 	

!
4.47 MeV



46Ar: single-particle levels



44S: single-particle levels



42Si: single-particle levels
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Energy Density Functionals - Covariance Analysis
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Quality measure:

“Best model” p0 ⇒

Expand the quality measure around the optimal model p0 ⇒

dimensionless variables:
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The symmetric F×F matrix of second derivatives:

Diagonalization ⇒

The deviations of the χ2 from its minimum value are parameterized in terms of F uncoupled harmonic	

oscillators → the eigenvalues play the role of the spring constants.

Soft direction ⟹ small eigenvalue λ, little deterioration in χ2.  The corresponding eigenvector ξ involves a 
particular linear combination of model parameters that is not constrained by the observables included in 
the fit.

Stiff direction ⟹ large eigenvalue λ, χ2 rapidly worsens away from minimum, the fit provides a stringent 
constraint on this particular linear combination of parameters.
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… covariance between two observables A and B:

Pearson product-moment correlation coefficient:



… relativistic energy density functional DD-PC1 ⇒ is it “predictive” ? Agreement with experiment?	


	
 	
 	
 	
 	
 	
 	
 	
 	
 	
 	
 	
  ⇒ is it “unique” ? A model is unique if all the eigenvalues 	


                                                                            λi of ℳ are large. 
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parameter
as (fm2) �10.0462
bs (fm2) �9.1504
cs (fm2) �6.4273

ds 1.3724
av (fm2) 5.9195
bv (fm2) 8.8637

dv 0.6584
btv (fm2) 1.8360

dtv 0.6403
�s (fm4) �0.8149



observable DD-PC1

⇢0 0.152 fm�3

✏(⇢0) -16.06 MeV
✏(⇢

low

) -6.48 MeV
✏(⇢

high

) 34.38 MeV
K0 230 MeV
m

D

0.58
m⇤ 0.66

S2(⇢sub) 27.8 MeV
L(⇢sub) 57.2 MeV

a4 33 MeV

Correlations between the lowest-order terms in a Taylor expansion of the density-dependent coupling 	

functions around the saturation point:
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ds

eds [ds↵
0
s(⇢sat) + ⇢sat↵

00
s (⇢sat)] ,

bs = cs

✓
1

ds
� 1

◆
� ↵0

s(⇢sat)⇢sat
eds

ds
,

as = ↵s(⇢sat)� (bs + cs)e
�ds

dv = �↵00
v(⇢sat)

↵0
v(⇢sat)

⇢sat,

bv = �↵0
v(⇢sat)

edv

dv
,
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btv = ↵tv(⇢sub)e
dtv(⇢sub/⇢sat)

⇢sub = 0.12 fm�3

Nuclear matter pseudo-observables



Optimizing relativistic energy density functionals: covariance analysis 10

Figure 1. (Color online) Eigenvalues and eigenvectors of the 9 ⇥ 9 matrix of second
derivatives M of �2(p) for the functional DD-PC1.

that is, this mode is constrained by the nuclear matter incompresibility.

Modes five and six correspond to superpositions of the isoscalar and isovector

modes, and are constrained by the value of S2 and the Dirac mass, which enters into

the expression for the symmetry energy

S2(⇢) =
k2
f

6
q
k2
f

+m
D

2
+

1

2
↵
tv

(⇢)⇢ . (29)

Because we consider the value of the symmetry energy at sub-saturation density, both

the couplings and their derivatives (↵
s

(⇢sat), ↵0
s

(⇢sat), ↵v

(⇢sat), ↵0
v

(⇢sat)) contribute to

these modes. When the slope of the symmetry energy is calculated, both the coupling

↵
tv

(⇢) and its derivative ↵
tv

(⇢) contribute, as it is clearly seen from the in-phase

contributions of the isovector terms in mode seven.

Mode eight corresponds almost entirely to the parameter d
s

in the isoscalar-scalar

channel (cf. Eq. (20)), which is obviously poorly determined by the pseudo-data in

Eigenvalues and eigenvectors of the 9 × 9 matrix of second derivatives M of χ2(p) for the functional DD-PC1



Uncertainties σi of model parameters for the 	


functional DD-PC1.

36 independent correlation coefficients between 9 	


model parameters that contribute to infinite nuclear 	


matter calculations .
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Figure 5. (Color online) Same as in the caption to Fig. , but now the model parameter
space includes the strength �

s

of the derivative term in Eq. (11) and the surface energy
of semi-infinite nuclear matter is added to the set of pseudo-data used to calculate �2.

5. Finite nuclei

Includes semi-infinite nuclear matter with 
surface energy as = 17.5 MeV ± 2%



Uncertainties σi of model parameters for the 	


functional DD-PC1.

45 independent correlation coefficients between 10 	


model parameters that contribute to semi-infinite 	


nuclear matter calculations .



Finite nuclei

Relative contributions in percentage of the ten linear combinations of model parameters that 
correspond to the eigenvectors of the matrix of second derivatives ℳ to the variances of the 
binding energy of tin isotopes.
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Figure 8. (Color online) Same as in the caption to Fig. 7 but for the binding energy
of rare-earth nuclei.

Relative contributions in percentage of the ten linear combinations of model parameters that 
correspond to the eigenvectors of the matrix of second derivatives ℳ to the variances of the 
binding energy of rare-earth nuclei.
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Figure 9. (Color online) Same as in the caption to Fig. 7 but for the binding energy
of actinide nuclei.

In this section we extend our analysis to the case of physical observables in finite

nuclei. As a first example we calculate the binding energies of tin isotopes and plot

the contributions from various modes (see Fig. 5) to their theoretical uncertainties. In

comparison we also display the curve corresponding to the binding energy of the infinite

nuclear matter at saturation. The finite nuclear and INM curves are similar, except

that for the finite nuclei mode six contributes more due to the derivative term.

In the next two figures we plot the contributions from various modes (see Fig. 5)

to the theoretical uncertainties of several rare-earth isotopes and actinides.

6. Conclusion

Relative contributions in percentage of the ten linear combinations of model parameters that 
correspond to the eigenvectors of the matrix of second derivatives ℳ to the variances of the 
binding energy of actinide nuclei.
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