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Density functional theory 
p self-­‐consistent	
  approach	
  for	
  medium/heavy	
  mass	
  nuclei	
  
p universal	
  energy	
  density	
  funcDonals	
  (UNEDF)	
  

p  funcDonals	
  fiKed	
  to	
  ground	
  state	
  and	
  maKer	
  properDes	
  
UNEDF2:	
  Kortelainen	
  et	
  al.,	
  arXiv:1312.1746	


ground	
  state	
  properDes	
  

Stoitsov	
  et	
  al.,	
  Phys.	
  Rev.	
  C68,054312	
  (2003)	




Excited States 
p CollecDve/single-­‐parDcle	
  excitaDon	


p QuasiparDcle	
  random-­‐phase	
  approximaDon	
  (QRPA)	
  

p  low-­‐lying	
  state:	
  	
  
p shell	
  structure,	
  pairing,	
  deformaDons	
  

p giant	
  resonances:	
  
p  incompressibility,	
  symmetry	
  energy	
  

p not	
  used	
  in	
  the	
  funcDonal	
  parameter	
  fiXng	
  
p Dme-­‐odd	
  coupling	
  constants	
  

p small	
  amplitude	
  limit	
  of	
  Dme-­‐dependent	
  DFT	
  
p harmonic	
  approximaDon/linear	
  response	
  
p matrix	
  formulaDon:	
  	
  generalized	
  eigenvalue	
  problem	
  

p diagonalizaDon	
  of	
  two-­‐body	
  residual	
  interacDon	
  part	
  
p requires	
  high-­‐performance	
  compuDng	
  



QRPA (matrix formulation, MQRPA) 
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QRPA	
  equaDon	
  (matrix	
  formulaDon)	


normalizaDon	


heavy	
  calculaDon	
  using	
  large	
  memory	
  storage	
  for	
  DFT	

p  Terasaki	
  and	
  Engel,	
  PRC82,034326	
  (2010)	
  
p  Yoshida	
  and	
  Nakatsukasa,	
  PRC83,	
  021304(R)	
  (2011)	
  
p  Losa	
  et	
  al.,	
  PRC81,064307	
  (2010)	
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dimension:	
  106-­‐10	




p 	
  collec)ve	
  low-­‐lying	
  states:	
  	
  
excitaDon	
  energies,	
  amplitudes	
  of	
  (several)	
  discrete	
  states	
  

p 	
  giant	
  resonances:	
  	
  
	
  structure	
  of	
  the	
  strength	
  funcDons	
  (smeared)	
  

p 	
  sum	
  rules:	
  
energies,	
  strength	
  funcDons	
  of	
  all	
  excited	
  states	
  

Which quantities do we need from QRPA? 
(matrix)	
  QRPA	
  soluDons	


p eigenvalues:	
  excitaDon	
  energies	
  
p eigenvectors:	
  QRPA	
  two-­‐quasiparDcle	
  amplitudes	
  (X,Y)	
  
p  	
  strength	
  funcDons	
  (from	
  X	
  and	
  Y)	




p 	
  collec)ve	
  low-­‐lying	
  states:	
  	
  
excitaDon	
  energies,	
  amplitudes	
  of	
  (several)	
  discrete	
  states	
  

p 	
  giant	
  resonances:	
  	
  
	
  structure	
  of	
  the	
  strength	
  funcDons	
  (smeared)	
  

p 	
  sum	
  rules:	
  
energies,	
  strength	
  funcDons	
  of	
  all	
  excited	
  states	
  

Which quantities do we need from QRPA? 
(matrix)	
  QRPA	
  soluDons	


p eigenvalues:	
  excitaDon	
  energies	
  
p eigenvectors:	
  QRPA	
  two-­‐quasiparDcle	
  amplitudes	
  (X,Y)	
  
p  	
  strength	
  funcDons	
  (from	
  X	
  and	
  Y)	


original	
  FAM	


complex	
  energy	
  FAM	


complex-­‐energy	
  FAM	


Goal:	
  to	
  develop	
  efficient	
  technique	
  for	
  QRPA	
  problems	
  using	
  FAM	




p Talk	
  by	
  Markus	
  (this	
  morning)	
  
p  linear	
  response	
  of	
  an	
  external	
  field	
  

Finite amplitude method (FAM) 
Nakatsukasa	
  et	
  al.,	
  PRC76,024318(2007)	


p Efficient	
  soluDon	
  of	
  (Q)RPA:	
  
without	
  compuDng	
  two-­‐body	
  residual	
  interacDons	
  (AB	
  matrix)	
  
AB	
  	
  matrix	
  ~	
  Nqp

4,	
  	
  	
  	
  induced	
  field	
  ~	
  Nqp
2	
  

p Easy	
  to	
  implement:	
  
minor	
  extension	
  to	
  exisDng	
  HFB	
  code	
  

p No	
  model	
  space	
  truncaDon	
  at	
  the	
  QRPA	
  level:	
  
Full	
  two-­‐quasiparDcle	
  model	
  space	
  can	
  be	
  used	
  

implementaDons:	
  	
  
	
  3D-­‐HF-­‐RPA:	
  Nakatsukasa	
  et	
  al	
  (2007)	
  	
  	
  	
  	
  	
  	
  1D-­‐HFB-­‐QRPA:	
  Avogadro	
  PRC84	
  (2011)	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  2D-­‐HFBTHO-­‐QRPA:	
  Stoitsov	
  et	
  al	
  PRC84(2011),	
  pn-­‐QRPA	
  Mustonen	
  et	
  al	
  (2014)	
  
	
  1D-­‐RHF-­‐RPA:	
  	
  Liang	
  et	
  al	
  PRC87(2013),	
  2D-­‐RHB-­‐QRPA:	
  Niksic	
  PRC88(2014)	
  

technique	
  to	
  compute	
  AB	
  matrix:	
  Avogadro	
  et	
  al	
  PRC87(2013)	




Nakatsukasa	
  et	
  al.,	
  PRC76,024318(2007)	


FAM 

TDHFB	
  equaDon	


FAM:	
  equivalent	
  to	
  QRPA	


first	
  order	
  in	
  η	


FAM	
  equaDon	


weak	
  Dme-­‐dependent	
  external	
  field	
  (η:	
  small	
  parameter)	


oscillaDon	
  of	
  the	
  quasiparDcles	
  	


frequency	
  ω	
  fixed	
  during	
  iteraDon	


induced	
  field	




Advantage of FAM 
	
  	
p avoid	
  using	
  two-­‐body	
  A	
  and	
  B	
  (QRPA)	
  matrices	
  in	
  induced	
  field	
  δH(t)	
  
p  iteraDve	
  soluDon	
  (no	
  diagonalizaDon)	


oscillaDon	
  of	
  quasiparDcles	
  changes	
  the	
  densiDes	


induced	
  field	
  is	
  numerically	
  evaluated	
  using	
  finite	
  amplitude	
  (η~10-­‐7)	
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induced	
  field	
  (one-­‐body,	
  contains	
  informaDon	
  of	
  AB	
  matrices)	


code	
  for	
  h[ρ]	
  can	
  be	
  based	
  on	
  exisDng	
  HFB	
  	




FAM 
	
  	
need	
  to	
  use	
  complex	
  ω　<-­‐>	
  smeared	
  strength	
  funcDon	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for	
  real	
  ω,	
  strength	
  funcDon	
  is	
  always	
  zero	
  

Stoitsov	
  et	
  al,	
  PRC84,041305	
  (2011)	
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FAM	
  with	
  fixed	
  width	
  γ:	
  same	
  strength	
  distribuDon	
  as	
  smeared	
  QRPA	


The	
  strength	
  funcDon	
  from	
  FAM	


The	
  imaginary	
  part	
  γ	
  gives	
  the	
  Lorentzian-­‐smeared	
  QRPA	
  width	


dB(F̂ ,!)

d!
(!�) = � 1

⇡
ImS(F̂ ,! + i�) =

�

⇡

X

i

(
|hi|F̂ |0i|2

(⌦i � !)2 + �2
� |h0|F̂ |ii|2

(⌦i + !)2 + �2

)

S(F̂ ,!�) = �
X

⌫

(
|h⌫|F̂ |0i|2

⌦⌫ � !�
+

|h0|F̂ |⌫i|2

⌦⌫ + !�

)



FAM for discrete low-lying states 

X(ω),	
  Y(ω):	
  FAM	
  amplitudes	
 X,	
  Y:	
  QRPA	
  eigenvectors	
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Sakurai	
  and	
  Sugiura	
  J.	
  Comp.	
  App.	
  Math	
  	
  159,	
  119	
  (2003).	
  	

cf.	
  soluDon	
  of	
  eigenvalue	
  problem	
  using	
  contour	
  integraDon	
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FAM for discrete low-lying states 
	
  	
two	
  ways	
  to	
  compute	
  the	
  strength	
  funcDon	
  	


A.	
  from	
  complex	
  integraDons	
  of	
  X	
  and	
  Y	
  FAM	
  amplitudes	


	
  	
  	
  	
  then	
  we	
  can	
  have	
  all	
  the	
  QRPA	
  Xi	
  and	
  Yi	
  amplitudes	
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complex-­‐energy	
  FAM:	
  strength	
  funcDon,	
  QRPA	
  amplitudes,	
  energy	




Numerical comparison with MQRPA 
FAM	
  code	
  for	
  K=0	
  developed	
  in	
  Stoitsov	
  et	
  al.,	
  PRC84,	
  041305	
  (2011)	


24Mg,	
  oblate	
  configuraDon	
  (HFBTHO,	
  SLy4)	
  	
  5	
  oscillator	
  shells	
  
isoscalar/isovector	
  monopole	
  excitaDon	




Numerical comparison with MQRPA 

FAM-­‐A:	
  directly	
  from	
  the	
  contour	
  integraDon	
  
FAM-­‐C:	
  from	
  QRPA	
  Xi	
  and	
  Yi	
  amplitudes	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calculated	
  from	
  isoscalar	
  monopole	
  FAM	
  
FAM-­‐D:	
  from	
  QRPA	
  Xi	
  and	
  Yi	
  amplitudes	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calculated	
  from	
  isovector	
  monopole	
  FAM	


isoscalar	
  monopole	
  strength	
  (e2fm4)	


contour:	
  circle,	
  radius=0.02	
  MeV,	
  discreDzed	
  with	
  11	
  points	


QRPA	
  	
  X	
  and	
  Y	
  do	
  not	
  depend	
  on	
  external	
  fields	




Numerical comparison with MQRPA 

isovector	
  monopole	
  strength	
  (e2fm4)	
  	


FAM-­‐A:	
  directly	
  from	
  the	
  contour	
  integraDon	
  
FAM-­‐C:	
  from	
  QRPA	
  Xi	
  and	
  Yi	
  amplitudes	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calculated	
  from	
  isovector	
  monopole	
  FAM	
  
FAM-­‐D:	
  from	
  QRPA	
  Xi	
  and	
  Yi	
  amplitudes	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calculated	
  from	
  isoscalar	
  monopole	
  FAM	




orthogonality of first three QRPA modes 

1:	
  1.32	
  MeV,	
  	
  2:	
  1.37	
  MeV,	
  	
  3:	
  2.46	
  MeV	
  	




Stoitsov	
  et	
  al.,	
  PRC84,	
  041305	
  (2011)	


FAM	
  accuracy	
  ~	
  	
  4	
  digits	
  in	
  the	
  strength	
  funcDon	




When the contour includes multiple poles 
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  external	
  fields.	
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  strength	
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  contour	
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FAM-­‐C:	
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  and	
  Y	
  amplitudes	
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When the contour includes multiple poles 

QRPA	
  energy:	
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when	
  two	
  poles	
  (collecDve	
  and	
  non-­‐collecDve)	
  are	
  included,	
  
this	
  expression	
  tells	
  the	
  approximate	
  posiDon	
  of	
  the	
  collecDve	
  pole.	
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Example 

isoscalar	
  monopole	


contour	
  which	
  includes	
  the	
  two	
  poles	
  at	
  1.32MeV	
  and	
  1.37MeV	
  
(circle,	
  1.3MeV	
  centered,	
  0.2MeV	
  radius)	


isovector	
  monopole	


FAM-­‐A,C	
  
ISM:	
  1.57x10-­‐2	
  
IVM:	
  1.61x10-­‐3	
  
	
  

FAM-­‐D	
  
ISM:	
  6x10-­‐8	
  	
  
IVM:	
  3x10-­‐9	
  	
  (e2fm4)	


energy:	
  	
  
from	
  ISM	
  field:	
  1.371	
  MeV	
  	
  
from	
  IVM	
  field:	
  1.320	
  MeV	




Rare-earth nuclei (166,168,172Yb,170Er) 
comparison	
  with	
  Vanderbilt	
  code	
  (SkM*)	


HFBTHO	
  FAM	
 Vanderbilt	
  MQRPA	


HFB	
  model	
  space	
 N=20,	
  	
  60,	
  200MeV	
  cutoff	
 20fmx	
  20fm	
  box,	
  60,200MeV	
  cutoff	
  

QRPA	
  model	
  
space	


full	
 cutoff	
  associated	
  with	
  the	
  occupaDon	
  
probabiliDes	


MQRPA:	
  Terasaki	
  and	
  Engel,	
  PRC82,	
  034326	
  (2010),	
  PRC84	
  014332	
  (2011)	


radius:	
  0.1MeV,	
  0.02	
  MeV(168Yb)	
  
center:1.40,	
  1.76,	
  1.30,	
  1.30MeV	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  166Yb,	
  168Yb,172Yb,170Er	
  	




Quadrupole strengths (166,168,172Yb,170Er) 

e2fm4	


ISQ	
  (IVQ)	
  FAM-­‐C:	
  from	
  FAM	
  using	
  isoscalar	
  (isovector)	
  quadrupole	
  field	
  
ISQ	
  (IVQ)	
  FAM-­‐D:	
  from	
  FAM	
  using	
  isovector	
  (isoscalar)	
  quadrupole	
  field	
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FAM a=0.01MeV
one lorentzian at t=1.7467 MeV

radius:	
  0.1MeV,	
  0.02	
  MeV(168Yb)	
  
center:1.40,	
  1.76,	
  1.30,	
  1.30MeV	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  166Yb,	
  168Yb,172Yb,170Er	
  	


168Yb	




Sum rule 

p  informaDon	
  of	
  energy	
  of	
  giant	
  resonances	
  

p  giant	
  resonance	
  width	
  

p  contribuDons	
  from	
  all	
  the	
  excited	
  states	
  

p  QRPA:	
  	
  computaDonally	
  demanding	
  
p  efficient	
  technique	
  for	
  sum	
  rule	
  is	
  desired	
  for	
  	
  

p  mass	
  table	
  calculaDon	
  of	
  giant	
  resonances	
  
p  new	
  funcDonal	
  parameter	
  fiXng	
  

mk(F̂ ) =
X
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E�1  E0  E1  Ē ⌘ m1

m0
 E2

⇢2 ⌘ E2
2 � Ē2  1

4
(E2

3 � E2
1)



Sum rule from HFB 

p no	
  momentum	
  dependence	
  in	
  the	
  interacDon	
  [H,	
  F]	
  	
  =	
  [T,	
  F]	
  
p based	
  on	
  Hamiltonian	
  formalism.	
  
	
  	
  	
  	
  	
  DFT:	
  correspondence	
  with	
  the	
  effecDve	
  interacDon	
  is	
  necessary	
  
	
  	
  	
  	
  	
  cannot	
  be	
  jusDfied	
  for	
  Skyrme+	
  simple	
  (volume/mixed)	
  pairing	
  funcDonals.	


Dielectric	
  theorem	
  for	
  inverse	
  energy-­‐weighted	
  sum	
  rule	
  (IEWSR)	


m�1 =
1

2

@2

@�2
h�(�)|Ĥ|�(�)i�=0

�h�(�)|Ĥ � �F̂ |�(�)i = 0

QRPA	
  value	
  can	
  be	
  computed	
  from	
  constrained	
  HFB	


m1 =
X

⌫>0

⌦⌫ |h⌫|F̂ |0i|2 =
1

2
hHFB|[F̂ , [Ĥ, F̂ ]]HFBienergy-­‐weighted	
  sum	
  rule	
  (EWSR)	


cubic	
  energy-­‐weighted	
  sum	
  rule	
  (CEWSR)	


m3 =
X

⌫>0

⌦3
⌫ |h⌫|F̂ |0i|2 = �1

2

✓
2~2
m

◆2

hHFB|[Ĝ, [Ĥ, Ĝ]]HFBi Ĝ = �
⇣ m

2~2
⌘
[Ĥ, F̂ ]

QRPA	
  sum	
  rule	
  can	
  be	
  computed	
  from	
  HFB	
  values	
  

Capelli	
  et	
  al.	
  Phys.	
  Rev.	
  C79,	
  054329	
  (2009)	


D.J.	
  Thouless,	
  Nucl.	
  Phys.	
  22	
  (1961)	
  78	
  

IEWSR	
  formula	
  can	
  be	
  applied	
  to	
  any	
  density	
  funcDonal	


Thouless	
  Theorem	


In	
  DFT,	
  alternaDve	
  approach	
  for	
  (C)EWSR	
  is	
  necessary.	
  



Sum rule from linear response theory 

S(F̂ ,!�) = �
X

⌫

(
|h⌫|F̂ |0i|2

⌦⌫ � !�
+

|h0|F̂ |⌫i|2

⌦⌫ + !�

)

mk(F̂ ) = � lim
�!0

1

⇡

Z 1

0
!kImS(F̂ ,!�)d!

1

! + i�
= P (

1

!
)� i⇡�(!)

R
e 
t

Im t

a

QRPA poles

p  QRPA	
  sum	
  rule	
   mk(F̂ ) =
X

⌫>0

⌦k
⌫ |h⌫|F̂ |0i|2



Complex-energy FAM to QRPA sum rule 
p  QRPA	
  sum	
  rule	
   mk(F̂ ) =

X

⌫>0

⌦k
⌫ |h⌫|F̂ |0i|2

R
e 
t

Im t

A1

A2

I1

I2

RA2
RA1

QRPA poles
pole from tk

mk =
1

2⇡i

I

D
!k
�S(F̂ ,!�)d!�

note:	
  S(F,	
  ω)	
  is	
  an	
  even	
  funcDon	
  of	
  ω	
  
	
  for	
  Hermite	
  operator	
  F	
  

I1	
  +	
  I2	
  vanishes	
  for	
  odd	
  k	
  	
  
I1	
  =	
  I2	
  for	
  even	
  k	


S(F̂ ,!�) = �
X

⌫

(
|h⌫|F̂ |0i|2

⌦⌫ � !�
+

|h0|F̂ |⌫i|2

⌦⌫ + !�

)

pole	
  at	
  ω=0	
  present	
  for	
  k<0:	
  
	
  	
  	
  	
  	
  	
  	
  need	
  to	
  exclude	
  it	
  using	
  A2	


D	
  =	
  A1	
  +	
  I1	
  +	
  A2	
  +	
  I2	




A1/A2 integral convergence (real part) 
R_A1	
  =	
  200	
  MeV,	
  N:	
  number	
  of	
  discreDzed	
  points	


equivalent	
  to	
  sum	
  rule	
  value	


note:	
  convergence	
  of	
  FAM	
  calculaDon	
  at	
  A1	
  path	
  is	
  very	
  fast	
  (5-­‐6	
  iteraDons)	


isoscalar	
  monopole	
  operator,	
  24Mg	
  oblate	
  configuraDon,	
  SLy4,	
  Nsh=5	


R_A2	
  =	
  1	
  MeV,	
  lowest	
  QRPA	
  energy,	
  1.34	
  MeV	


A1	


A2	




Sum rule 

isoscalar/isovector	
  monopole	
  operator	
 unit:	
  MeV	
  and	
  fm	


MQRPA:	
  matrix	
  diagonalizaDon	
  of	
  the	
  QRPA	
  
HFB:	
  commutaDon	
  /	
  dielectric	
  theorem	
  

E1	
  =	
  28.97	
  MeV	
  (ISM),	
  	
  E	
  =	
  30.03	
  MeV	
  (ISM)	
  
rho	
  =	
  9.97	
  MeV	
  (ISM)	
  
E1	
  =	
  41.22	
  MeV	
  (IVM),	
  E	
  =	
  41.56	
  MeV	
  (IVM)	
  
rho	
  =	
  7.23	
  MeV	
  (IVM)	
  

m1:	
  complex-­‐energy	
  FAM	
  is	
  very	
  efficient	
  
m-­‐1:	
  dielectric	
  theorem	




beta-decay rate 

Mustonen	
  et	
  al.,	
  arXiv:1405.0245	




Summary 
p FAM	
  for	
  low-­‐lying	
  collecDve	
  states	
  is	
  formulated	
  using	
  contour	
  

integraDon	
  and	
  tested.	
  
	
  
p The	
  complex-­‐energy	
  FAM	
  provides	
  the	
  QRPA	
  soluDon	
  of	
  a	
  specific	
  

energy.	
  A	
  approximate	
  informaDon	
  of	
  the	
  QRPA	
  energy	
  (pole	
  in	
  the	
  
response	
  funcDon)	
  is	
  necessary	
  in	
  advance.	
  The	
  convenDonal	
  FAM	
  
calculaDon	
  can	
  be	
  used	
  to	
  find	
  the	
  poles.	
  

p  Incorrect	
  assignment	
  of	
  the	
  contour	
  will	
  give	
  the	
  summed	
  strengths,	
  
but	
  one	
  can	
  numerically	
  detect	
  it.	
  

p The	
  method	
  is	
  especially	
  powerful	
  for	
  isolated	
  collecDve	
  states,	
  but	
  
not	
  suitable	
  for	
  non-­‐collecDve	
  states	
  with	
  small	
  strengths.	
  

p QRPA	
  sum	
  rules	
  can	
  be	
  computed	
  from	
  contour	
  integraDon	
  very	
  
efficiently.	
  


