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What is

Z

Canonical Partition Function.

We will see 1t later.



Fireballs created in High Energy Nuclear
Collisons are described as
a Statistical System.

with Two Parameters:
Chemical Potential, ,u

and Temperature, [’

Z(p,T)

Grand Canonical
Partition Function




P. Braun-Munzinger , K. Redlich and |. Stachel

“ " Nuark-Gluon
7\ plasna Quark Gluon Plasma 3,491

& 3 arXiv:nucl-th/030401 3

InZ(T,V,ji) =Y WnZ(T,V, i),

In Zi (T, V, ﬁ) — . / ::pzdp 111[1 T )\@' exp(—ﬂei)],
0

gi spin--isospin degeneracy factor
(+) for fermions, ( ) for bosons

— \/p
B; S; ;
)\7,( . exp :uB ;S Q /LQ)

Parameters: T" and
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Pb—Pb collisions at 40 GeV/nucleon.
The thermal model calculations are obtained
with T = 148 MeV and uB = 400 MeV
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Freeze-out Analysis
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including also higher moments of multiplicities



Statistical Description is good
at least as a first approximation

with Two Parameters Chemical Potential, ,u
and Temperature, ‘[’

Aele. (,u, T) Grand Canonical Partition Function

Alternative: Number, 70 and Temperature, 1

Ao (TL, T) Canonical Partition Function

or ZN




They are equivalent
and related as

Z(&,T) =)  Zn(T)€"

f — 6”/T Fugacity

(Probably) Well-known and easy to prove



This is very useful relation.

The partition function
stands for the Probability

ZGC’(M? T) — Z n(1)E"

n

System with Probability to find
,u and [’ (net-)baryon number= 7},



We extract /,, from
experimental multiplicity at RHIC
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Fitted & are very consistent with
those by Freeze-out Analysis.

e r ¢7 This method

12} — Cleymans1999 -
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/., from RHIC data
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Yes,You Can !

We will see it.
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Yes, very useful, because

(¢ = T : Fugacity)

7 (&
k at some f and T
* Z atANY&=

for both Experiments and Lattice




(Current) Weak Points

1) Experimental Multiplicity Data

Net-Proton and Not net-Baryon

One can prove Z(¢,7) = )  Zn(

Proton, not Baryon

only for Conserved_ Qua?lt1t1es

Possible approaches: = d
1) Wait for Net-Baryon data, .
or Net-Charge data. L{ '
11) Study and analyze data
assuming Zfaryon N Zle’fr‘Oton

|5




2) Nmaez is not very large.
-1_-jn~r777,CLCC

n:_Nmam

Lower estimation of larger
density contribution.
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We can calculate
also by Lattice QCD ~/,,

But Sign Problem on Lattice ?

Zao(p,T) = /D Gluon Fields)

@et D Mj (Gluon Action)

Complex if [l is real.



For Pure Imaginary [U * det D real

A.Hasenfratz and Toussant, 1992

dd Im
Zo(n,T) = o """ Zao (0 = TM

T)

Great Idea ! But practically it did not work.

Zn Collaboration Method:

db [ det(0) —(Gl Acti
(Gluon Action)
ZC(TL,’,Z') / 2 et(eo) det(6’0)6

* Multi-Precision (50 - 100)

|18

6 integration



Fourier Transformation with multi-precision
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Lattice Data
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Wait a moment.
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ZZ

g_ ot/ T

Is this useful ?
Yes, because

|) We can calculate Z at any g(i.e., ,u )
2) We can calculate Z even at complex g
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Moments A\

+Nmaa:

Z(f, T) — Z Zn(T) 3

n:_Nma:L'

9\ "
>\k — (T ) 10gZ
Ou

P k
= (¢5¢) s



Susceptivility as a function of [ / 1

Number Susceptibility, sNN1/2=19.6

Number Susceptibility, sNN1/2=27
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DV :
RHIC Data Kurtosis 1~ as a function of
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<rData are taken at g |

You calculate the Magic ? L
‘moments at &t > o | or Cheating ?
Moments at i '

> o o

No Magic !
We use all Z,, data,
(—Niaz <1 < +Npaz )
that are usually not employed.
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Chiral Condensate
Lattice
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+N'm,aa:

Z(&, T) — Z Zn(T) £

n:_Nm T

=» Lee-YangZeros (1952

Zeros of 7 (&) in Complex Fugacity Plane.
/ (Oz kz) =

Great Idea to investigate
a Statistical System

X e
X ,\e | > - ‘-‘
= —> oo/ 00
X A ’ |
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Phase Transition =~ =
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i“ a.nd. ‘ =7
cut Baum-Kuchen (cBK) Algorithm

Iy
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C Contour C
. r ........................ : A Coutour is cut into

=, 50-100 number : four pieces

of significant digits :»s  if there are zeros inside.



Is this my
Original ?

Lgt us wait
until someone
claims.

30
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It’s ME

Riemann



Lee-Yang Zeros
Experimental Data

(RHIC)
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Im[g]

Lattice Data
3 =1.85 T/T. ~ 0.99

sl Roberge-Weise
Transition !
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Lower Energy looks interesting.
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Why don’t you borrow & Zn = Pp/§"
from Freeze-out Analysis f =20.4944

(Cleymans et al.)

ol vsw=17GeV | No Data for n = (J
1e-20} <
1e-4
° | Around n = (J
s s s /n can be approximated
n
i N by
Tl 7.84526 %1070 x exp(—1.79351n)




Kurtosis at vsyvy = 7.7 GeV

(calculated b

Very Preliminary
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If we can increase
,u 5%, we hit the
phase transition !




Summary

¢ A+A collision data at RHIC around 10 GeV indicate
we are near the QCD phase transition line.

If ]-PARC may join this challenge, it will contribute a lot.

€Since Zn decrease rapidly, high multi-precision is
essential.

€Zn analysis give us a power to predict higher density.
v Large statistic at large 71 is important

¢Lattice QCD has now power to calculate
high density, and helpful to understand
experiments.
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Backup Slide
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Z(p, T) € Zn(T)

Grand Canonical Canonical

Z(p, T) ="Tr e~ (H—pN)/T

_ Z<n|€—(H—uN)/T|n>

If [H,N]=0 < n
— Z&Me—H/T\n} et/ T
"/
=Yz (e=e/T)
. Fugacity

40 /24



Comparison of obtained &
¢ = et/

Aba(14)

11.1

3.62 3.65 3.21
2.62 2.58 2.43
1.98 1.93 1.88
1.55 1.53 1.53

1.18 1.18 1.18
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Sign Problem
One Slide Review

Zao(w,T) = /D(Gluon Fields) det D ,—(Gluon Action)

det D = exp(Trlog D)
— exp (6+u/TQ+ +e WTQ™ + .. )

Q4 Q™

Complex Conjugate

If 1= O*detD real
p# 0 mp det D complex




Q+9 (- Complex Conjugate
If (L Pure Imaginary * det DD real

A.Hasenfratz and Toussant, 1992

do Im
Ze(n,T) = [ o— " Zac (0 = TM

Great Idea ! But practically it did not work.

T)

Zn Collaboartion Method:

do [ det(0) _(Gluon Act;
7 T — b (Gluon AcCtion)
C(n7 ) /27‘(‘ det(é’o) det(ﬁg)e

Multi-Precision (50 - 100)

6 integration
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Qnd How;
Wh

at'are Multiplicity Distributions
telling us on QCD Phase Diagram ?

Au+Au Central Collisions

Experimental Data

m 11.5 GeV

10° _0.4<p <0.8 (GeVic)
lyl<0.5
® uoe
10° *a
- e 39 GeV
° ¥ .. STAR Prebunary
10° ¥ r
¥ 4 °
L ] P 9 ..
10 " 9
™ ¥ . n
- 5
3

ot Y :} Extract Zn (T)

1 I

20 0 0 10 20 30 40 50
Net-proton

Construct
Z(fa T) — Z Zn(T) gn

Events
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Construct
Z(ET) =Y Zy(T)E"

S

Calculate Moments | construct Lee-Yang
at u > HExperiment Z.exos

T

A

~

/T

>

The current Net-Proton
data 1s a Test-Bed.
But even they suggest
the phase boundary.

45124




Early Universe

Temperature

Y
>
i

Critical Point

Hadron Gas

Vacuum
<

£ Future LHC Experiments

The Phases of QCD

1 Current RHIC Experiments
\

Superconductor

Nuclear /
Matter Neutron Stars
-

900 MeV
Baryon Chemical Potential

Sako@QM2014

“Towards the Heavy-lon
Program at J-PARC”

Hadron Seminar @J-Parc Takao Sakaguchi
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“High Enegy” Program (50 GeV MR)

* |lon species
— p, Si, Cu, Au, U
Au—~>U

— Baryon density
* 7.5p, 2 8.6p, (JAM)

— Duration at p>5p,
e 4> 7fm/c

* Beam energy
— 1 -11.6 AGeV (U) (VSINN =4.9GeV
— Possibly 19 AGeV(VSINN =6.2GeV)

* Rate
— 10%9-10% ions per cycle (~a few sec)




A+ B in a lab. frame (fixed target)
s = (pa +pp)* = M3 + Mg, + 2E, M,

For simplicity, A= 2B
My =Mg=Amny FE,6 = A\/ﬁ?ab—l—m?\,

S
SNN = \1/4_ = \/2 (mN+\/ﬁlQab+m?V> my

—
o

>
L
2

SNN

- N W A~ 00O N © ©

0 5 10 15 20 25 30 35 40 45 50

Plab (GGV)
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From

Experiment
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Final Value ¢ =1.534



VWVe assume
the Fireballs created in High Energy
Nuclear Collisons are described as
a Statistical System.

with [l (chemical Potential)
and T (Temperature)

Z(p, T)
Grand Canonical
Partition Function




Im([Eg]

Lee-Yang Zeros: RHIC Experiments
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Hunting the QCD Phase
Transition Regions

Find Rooms where No Criminal.

> The Target is in other Room.

IR ®
% Nothere! Then, ..

4

Lower Bound




