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The hyperfine splittings of ground state 11Beþ have been measured precisely by laser-microwave double
resonance spectroscopy for trapped and laser cooled beryllium ions. The ions were produced at relativistic
energies and subsequently slowed down and trapped at mK temperatures. The magnetic hyperfine structure
constant of 11Beþ was determined to be A11 ¼ −2677.302 988ð72Þ MHz from the measurements of the
mF −mF

0 ¼ 0–0 field independent transition. This measurement provides essential data for the study of the
distribution of the halo neutron in the single neutron halo nucleus 11Be through the Bohr-Weisskopf effect.

DOI: 10.1103/PhysRevLett.112.162502 PACS numbers: 21.10.Ky, 27.20.+n, 31.30.Gs, 37.10.Ty

The discovery of neutron halo nuclei in very neutron-rich
unstable nuclei through interaction cross section measure-
ments at intermediate energies [1] ignited various exper-
imental and theoretical studies of such unstable nuclei.
In recent years, high precision optical spectroscopy of
halo nuclei has been performed and the charge radii of He,
Li, and Be isotopes have been measured through isotope
shifts [2–4]. We developed an online ion trap setup which
converts radioactive nuclear ions from the GeV- to the μeV-
energy scale and have measured the ground state hyperfine
structure (hfs) splittings of all odd Be isotopes with high
precision.
The magnetic hfs constant of the s state is a probe of the

magnetization distribution of a nucleus which manifests
itself under a local, inhomogeneous magnetic field due to
the valence s electron, while the nuclear magnetic moment
is an integrated magnetization measured with a homo-
geneous external field. A comparison of the ratio of the hfs
constant A to the nuclear g factor among isotopes yields the
Bohr-Weisskopf effect [5], which sensitively reflects the
structure of the single neutron halo [6]. In a naive picture,
the charge radius of 11Be is representative of the core size
while the magnetization radius represents the radius of the
extended halo neutron since the nuclear magnetization of
11Be is mainly carried by the halo neutron. Combined with
the charge radii measurements [4,7], we can discern the
neutron halo structure with the nuclear-model-independent
optical probe.
The atomic states split into hyperfine levels identified by

the quantum number F ¼ I þ J where I and J are the
nuclear and electronic spin quantum numbers, respectively.
The magnitude of the splittings in the case of the magnetic
dipole interaction is described asHhfs ¼ AIJ where A is the

magnetic hyperfine constant. When an external magnetic
field is applied, the hyperfine levels shift and split into
magnetic sublevels due to the Zeeman effect. To determine
the hfs constant A, the microwave transition frequency at
zero magnetic field is the relevant quantity to measure.
However, laser cooling is an essential prerequisite to resolve
the hfs splittings of Beþ ions, requiring a finite magnetic
field for optical pumping into recyclable states. The pump-
ing scheme is shown in Fig. 1 with the low-lying atomic
levels of 11Beþ. With, for example, circularly polarized σþ

laser radiation, the population is concentrated into the
maximum mF state and excitations and deexcitations are
repeated between the states, ð2s2S1=2; F ¼ 1; mF ¼ þ1Þ↔
ð2p2P3=2; mJ ¼ þ3=2; mI ¼ þ1=2Þ. In this way, laser
cooling is achieved and when additional microwave radi-
ation resonant with νþ induces the transition between the hfs
levels, the resonance can be detected as a decrease in the
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FIG. 1 (color online). Zeeman level diagram of the
ground 2s2S1=2 state and the excited 2p2P3=2 state of 11Beþ.
(Solid arrows are optical and curly lines represent microwave
transitions.)
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Nuclear Effects in Atomic Spectra 

point nucleus

Isotope shift of optical transition 
—> nuclear charge radius

Number of hyperfine  
splitting states 
—> nuclear spin

Isotope shift of hfs 
—> nuclear magnetization radius

Electromagnetic probe for ground(/isomeric) state  
properties of nuclei

Hyperfine constant A,B,C,… 
—> nuclear moment (with sign)
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hfs A       =     nuclear g-factor    ×       hyperfine field            /    Atomic spin 
                                                       by valence (s-)electron  

If B(0)=uniform or nucleus is a point dipole,

A

gI/I
= const. among isotopes.

Magnetic Hyperfine Interaction
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hfs A       =     nuclear g-factor    ×       hyperfine field            /    Atomic spin 
                                                       by valence (s-)electron  

If B(0)=uniform or nucleus is a point dipole,

A

gI/I
= const. among isotopes.

Magnetic Hyperfine Interaction

Not	
  in	
  real	
  nuclei	
  :	
  Anomaly

point dipole

A = Ap(1 + ✏)

“Bohr-Weisskopf effect”

Hyperfine Anomaly
e.g. for Rb

85�87 = 0.3514(3) %
1�2 = ✏1 � ✏2 ⇡ A1/(µI1/I1)

A2/(µI2/I2)
� 1



“	
  　depends	
  on	
  the	
  nuclear	
  magnetization	
  distribution.”

A. Bohr and V. W. Weisskopf, Phys. Rev. 77, 94 (1950)

Bohr-Weisskopf effect

inhomogeneous magnetic field due to a valence electron 
⇒ detection of magnetisation distribution

Breit-Rosenthal(-Crawford-Schawlow) effect

Nuclear Volume Effect on HFS A

A = Ap(1 + ✏BW)(1 + ✏BR)

Nuclear charge distribution changes the wave functions of atomic electrons. 
⇒ Shift on HFS

H. J. Rosenberg and H. H. Stroke, PRA 5, 1992 (1972)

✏BW >> ✏BR



Z-odd 
Z-even

Hyperfine Anomaly

HFA: 0.1~1%
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� 1

Independent measurements of   
w/ an accuracy higher than 10-4
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Hyperfine Anomaly of 11Be
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M. Wada et al., Nucl. Phys. A 626, 365 (1997)

HFA ~ 0.01-0.1 %

A, µI

PRC 59, 210 (1999)

PRC 72, 024312 (2005)

w/ accuracies higher than 10-5

Z=4, N=7    1 neutron halo 

core + neutron type wave function

single-particle model with core polarization

cluster model with a halo effect



HFS of 11Be+

A11 ⇠ 2.6 GHz

⌫(2s1/2 � 2p3/2) ⇠ 957 THz

�⌫D =
⌫

c

r
8kBT ln 2

m
⇠ 3.7 THz

Doppler Width for Be ions @300 K

>> HFS

Collinear Laser Spectroscopy �⌫ ⇠ 1MHz

Direct measurement of HFS 
via microwave spectroscopy 
for laser-cooled ions 
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Magnetic Moment Distributions in Tl Nuclei
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The distributions of nuclear magnetic moment gives rise to small changes of the hyperfine structure.

This work presents quantitative calculations linking observed "hyperfine anomalies" in Tl to changes in
the magnetic moment distribution, with consistent results for the 6p and 7s states. It is found that the
change in magnetic radius between the two stable isotopes is about twice as large as the corresponding
change for the charge distribution. This may have some implications for the "Schiff moments" used in
the interpretation of experiments searching for P and T violating effects.

PACS numbers: 31.30.Gs, 21.10.Ky, 31.20.Tz, 31.30.Jv

The distribution of protons, neutrons, and magnetic
moment vary between different isotopes of an element.
The changing charge distribution leads to the field iso-
tope shift, studied extensively, e.g. , in chains of radioac-
tive Tl isotopes [1,2]. The distribution of charge and of
nuclear magnetic moment both affect the hyperfine struc-
tures (hfs), and measurements of the resulting "hyperfine
anomalies" have been performed since the early days of
radio-frequency spectroscopy for several elements includ-
ing Tl [3,4]. However, a quantitative link between ob-
served anomalies and changes in the magnetic moment
distribution had to await the development of appropriate
methods to treat heavy many-electron systems. This work
is the first application of atomic many-body techniques to
hfs anomalies. The results provide a calibration for nu-
clear structure calculations, needed, e.g. , to account for
the effect of the changing neutron distribution in stud-
ies of isotope dependent atomic parity nonconservation
(PNC) [5]. The atomic wave functions, obtained in the
relativistic coupled-cluster approach [6], lead to accurate
results for several properties, giving hope that it will be
possible to improve the theoretical PNC result for Tl, as
needed in view of recent experimental developments [7].
The magnetic moment p, = g,S„+g~L, of a nucleus

(with I 4 0) gives rise to a hyperfine interaction, which
can be described by the Hamiltonian

hhfs X ~ (1)P r2
for a point magnetic dipole. Through comparison with
independently determined nuclear magnetic moments [8],
the magnetic hfs can be used to test the quality of the
wave functions used in the extraction of other properties.
The form of the hyperfine interaction for a general

distribution p (R) of the magnetic moment [normalized
so that f p (R)R2 dR = 1] can be obtained from that for
a nuclear magnetic moment distributed on a shell with
radius R [9]. For the part arising from an orbital angular
momentum, the interaction is obtained by replacing 1/r~
in Eq. (1) by r/R3 inside the nucleus, whereas the part
S„/r of the interaction due to a spin magnetic moment
is replaced inside the nucleus by the "spin asymmetry
operator" $10(S„C2)'r/R3. A change in the magnetic
moment distribution then changes the ratio A/gt between
the nuclear gt = p, /I factor and the observed hyperfine
constant, A. To find the size of this "Bohr-Weisskopf" [9]
effect we integrate the difference between the expression
(1) for a point nucleus and the interaction for a magnetic

!

moment distributed on a shell. This gives a perturbation

hhfs
BW 0(R —r) g, (

——J10(S,C„)'—) + grL„(———
) X rr p (R)R dR, (2)

!
where the step function q(R —r) is 1 for r ~ R and 0
elsewhere.
The relative change in the hfs constant due to the

distributed nuclear moment for a state %" is given by

eBw = &+lhB'wl+&/&+lh„""I+&

With the exception of recent experimental investiga-
tions of the ground state hfs in heavy hydrogenlike ions
[10], this effect cannot be observed for a single isotope,
since the electronic factor for the hyperfine structure is not
known with sufficient accuracy. What can be observed,
however, is a shift in the ratio between hyperfine constants
and nuclear g factors for two isotopes,

A)g2 —1 =—A)2
A2gi

The effect of an extended charge distribution on the hfs
gives the "Breit-Rosenthal(-Crawford-Schawlow)" cor-
rection, enR, which was estimated in early works [11—13]
by analytical solutions for particular nuclear distributions.
In this work, this correction is instead parametrized by
noting that, as known from studies of isotope shifts, the
varying charge distribution results in a perturbation pro-
portional to Cs)&rz& or, rather, to

A, = tC, B&r,'. &, (3)
where the factor ~, accounts for higher moments of
the nuclear charge. It is slightly model dependent, but
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for a uniform charge distribution ~, is found to have a
value of about 0.94 for Z = 81 [14]. This perturbation
modifies the wave function and thereby the hfs. By
performing Dirac-Fock calculations for several nuclear
charge distributions, p„and comparing the results to
a reference nucleus with nuclear charge and magnetic
moment distributions, p, o and p„, respectively (both with
Rlv = 7 fm), we found

A(p p ) = A(po p ) (1 —f~) (4)
where the factors f were found to be f(7s) = 15.8 X
10 /fm and f(6pig2) = 4.14 X 10 /fm2.
To investigate the effect of the distribution of the

magnetic moment, we note first that the one-electron
hyperfine matrix element involves the cross product P,d
of the radial parts of the upper and lower components,
of the relativistic wave function which for small r can
be expressed as P,d = a]r + a3I. + a5r + . . for j =3 5

1/2 state (ak vanishes for k ~ 2j). Combining P,d
with the perturbation hBw in Eq. (2) we find that the
Bohr-Weisskopf contribution to the hfs anomaly can be
expressed as

~BW b2~(r ) + b4~(r ) + ' ' (5)
The coefficients b2„ in Eq. (5) get different contributions
for the various terms in hq~, giving

b2n = Cs(b2„, + gb2nd) + Cjb2nl —= b2„sd2n, (6)
where Cq and CL are the "fractional contributions of
spin and orbital moment to the magnetic moment" (Cq +
CL = 1) [15]. The factor P for the spin-asymmetry term
can be evaluated using standard tensor techniques, and
its values for single-particle states can be found, e.g.,
in Refs. [9,15,16]. The value for the coefficient d2„ in
Eq. (6) can be simplified by using the relations [17]
b2„ l = 3b2„,/(2n + 3) = b2„, —b2„d giving

2n 3
d2, =Cg 1+ + 1 —Cs. 7

2n + 3 2n + 3
The coefficients b2„b4„and b6, have been evaluated
using numerical Dirac-Fock orbitals, obtained in a ho-
mogeneous charge density with R~ = 1.2A'/ fm, for
A = 203, gave b2, (6piy2) = 2.26 X 10 /fm and
b2, (7s) = 7.95 X 10 4/fm2. To a good approximation,
these coefficients depend only on the angular momen-
tum, but are independent of the orbital energy, and
thus hold also for excited orbitals. The correction due
to higher moments of the distribution are essentially
the same: in both cases b4, /b2, = —0.0032/fm and
b6, /b2, = 8.8 X 10 /fm .
We now rewrite the expression (5) for the Bohr-

Weisskopf contribution to the hyperfine anomaly as
= b2, d26(r ) + b4, d46(r ) + = b2, Am, (8)

where we used d2„ from Eqs. (6) and (7) and introduced

A = B(r ) d2+ + . . (9)b4, d4 6(r )
b2, 6 r2 j

The values for b2, can be compared to the Dirac-Fock
values for the factor f in Eq. (4) for the sensitivities to

the changes in charge distribution, and we find the ratios
f(7s)/b2, (7s) = 2.0 and f(6pig2)/b2, (6piy2) = 1.8. [The
relative difference between these numbers is essentially
2mc /(3Ze2/2R&) arising from the different boundary
conditions for the upper and lower components of the
orbitals. ] The effect of the changes in charge and
magnetic dipole distributions on the hfs can thus be
combined into a single parameter A,

+ 1.91(1)A, . (10)

We note here that a similar parametrization can be
applied to the results presented by Finkbeiner, Fricke, and
Kiihl [18] for the ground states hfs in H-like Bi (Z = 83).
Their data can be summarized as 6 v = 6 vo[1 —(8.2 X
10 4/fm2)A, ] and are consistent with A,, from Eq. (10).
If the reference nucleus is chosen as their Fermi nucleus
with c = 6.65 fm, t = 2.28 fm, and a point magnetic
dipole, then 6vo = 4.189 X 10 cm '. The corrections
to 6 vo depend on details of the nuclear structure.
The parameter A, will be useful for a many-electron

system like Tl only if the ratio f/b2, holds also for many-
body corrections —as it can, however, be expected to
do, since changed distributions of charge and magnetic
moments alike affect mainly matrix elements between
j = 1/2 states. The relation was confirmed in evaluations
of "RPA" (random phase approximation) effects (follow-
ing the procedure described, e.g. , in Ref. [19]), which
gave large contributions to the hyperfine anomalies for all
states, whereas the ratio f/b2, was found to be essentially
constant (even for the strongly perturbed 6p3g2 state). We
then expect it to be unchanged also by correlation effects
and evaluate only the coefficient for A,
Tables I and II present the results for hyperfine con-

stants A and anomalies in the form 5/A, obtained for
the 6p and 7s states of Tl using the relativistic "coupled-
cluster" approach following the procedures applied ear-
lier [20,21] to calculations for Ba+ and Yb+. The cal-
culations presented here include single and double exci-
tations with respect to the unperturbed core of Tl+ in-
volving excitations of the core orbitals 4f, 5p, 5d, and
6s up to a maximum angular momentum of 6 for the
core-valence pair excitations and a maximum angular mo-
mentum of 4 for the core-core excitations. The resulting
wave functions were used to evaluate also other prop-
erties, for which final results are shown in Table III
and compared to experimental data, where available. A
detailed description of the terms included can be found
in Ref. [22]. Although the results obtained here seem to
be the best calculated values to date, an even more de-
tailed treatment is required for some properties, probably
involving either three-particle excitations or a more gen-
eral model space as a starting point.
The comparison for the isotope shifts shown in

Table III is somewhat hampered by the uncertainty in the
calculated specific mass shift constant [23], and thus the
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to higher moments of the distribution are essentially
the same: in both cases b4, /b2, = —0.0032/fm and
b6, /b2, = 8.8 X 10 /fm .
We now rewrite the expression (5) for the Bohr-

Weisskopf contribution to the hyperfine anomaly as
= b2, d26(r ) + b4, d46(r ) + = b2, Am, (8)

where we used d2„ from Eqs. (6) and (7) and introduced

A = B(r ) d2+ + . . (9)b4, d4 6(r )
b2, 6 r2 j

The values for b2, can be compared to the Dirac-Fock
values for the factor f in Eq. (4) for the sensitivities to
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relative difference between these numbers is essentially
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combined into a single parameter A,
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system like Tl only if the ratio f/b2, holds also for many-
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of "RPA" (random phase approximation) effects (follow-
ing the procedure described, e.g. , in Ref. [19]), which
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then expect it to be unchanged also by correlation effects
and evaluate only the coefficient for A,
Tables I and II present the results for hyperfine con-

stants A and anomalies in the form 5/A, obtained for
the 6p and 7s states of Tl using the relativistic "coupled-
cluster" approach following the procedures applied ear-
lier [20,21] to calculations for Ba+ and Yb+. The cal-
culations presented here include single and double exci-
tations with respect to the unperturbed core of Tl+ in-
volving excitations of the core orbitals 4f, 5p, 5d, and
6s up to a maximum angular momentum of 6 for the
core-valence pair excitations and a maximum angular mo-
mentum of 4 for the core-core excitations. The resulting
wave functions were used to evaluate also other prop-
erties, for which final results are shown in Table III
and compared to experimental data, where available. A
detailed description of the terms included can be found
in Ref. [22]. Although the results obtained here seem to
be the best calculated values to date, an even more de-
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TABLE I. Comparison of calculated hyperfine structure con-
stants A for 'Tl with results obtained in other calculations
and with experimental values (GHz).

DF
BO
RPA
Corr

Total
+ inner RPA'
+ finite sizeb
Other calculations
SDCF
MCDF'
g Hartree'
BO + RPA'

+ "int corr"'
Experiment

~(6P it2)
17.68
2.24
1.98

—1.04
20.86
21.43
21.3

18.73
20.32
20.89
24.06g
21.77"
21.3
21.3108"

A (6p 3/2)
1.304
0.21
—1.64
0.39
0.256
0.317
0.339

1.381
1.485
0.895
—1.885 g
—1.919"
0.600
0.2650

A(7s)

7.78
2.22
2.88
—0.20
12.67
12.92
12.76

13.06g
12.47"
12.56
12.2972'

'This line gives an estimate of the RPA correction from core or-
bitals not included in the coupled-cluster calculation.
The finite size corrections were estimated using the factors from
Table II.
'Hermann et al. , Z. Phys. D 28, 127 (1993).
The MCDF hfs values include increments from separate MDCF
results, obtained by Grexa et al. , Phys. Rev. A 38, 1263 (1988).
'Millack, Z. Phys. D 8, 119 (1988).
'Brueckner orbitals + RPA corrections.
gHartley and Martensson-Pendrill, Z. Phys. D 15, 309 (1991).
"Dzuba et al. , J. Phys. B 8, 597 (1985).
'BO + RPA + "internal correlation, " Dzuba et al. , J. Phys. B
20, 1399 (1987); Phys. Lett. A 131, 461 (1988).
"Lurio and Prodell, Ref. [3].
"Gould, Ref. [4].

TABLE II. Hyperfine anomalies: The theoretical values give
the relative effect of the magnetic moment distributions on
the various terms shown in Table I and are given in terms
of b2, factors, i.e., as tl, /A, . The experimental hyperfine
anomalies were obtained using the magnetic moments [8)
p, = 1.62225787p, ~ and p, = 1.63831461@,~. The A,. »

values shown in the last line were extracted by combining
theoretical and experimental values, but the error bars do not
reflect the theoretical uncertainty.

5/A, (10 4/fm')
DF(BO)
RPA
Corr

Total
Experiment
6(10 4)

6p]/2

—2.26
—4.89
—4.12
—2.48

0.42

0
—5.02
—4.24
43.0

16.26b

0.38

7$

—7.95
—5.86
—1.63
—7.62
—3.4(18)'
0.45(24)

'Lurio and Prodell, Ref. [3].
Gould, Ref. [4].
'Hermann et al. , Z. Phys. D 28, 127 (1993).

0.21(1) fm, so the Tl hyperfine anomaly gets about equal
contribution from the Bohr-Weisskopf effect and from the
Breit-Rosenthal correction.
For the case where the magnetic moment is mainly of

spin character, as for Tl and Tl which both have
I = 1/2 and a valence proton described by 3si/2 in the
shell model, we find that dz = 1 in Eq. (9) for A . This
leads to ' o B(r ) = 0.26(2) fm . The error bar includes
an uncertainty in the calculated values which should be
no worse than 1%. It also includes an uncertainty due to
the correction of higher moments of the magnetic moment

values extracted from accurate laser spectroscopic experi-
ments cannot yet compete with the muonic determination
for the stable Tl isotopes [24,25]. Nevertheless, the cal-
culated F factors do provide a scale for extracting 6(r2)
from the isotope shift measurements on chains of radioac-
tive Tl isotopes [1,2].
In Table II, we have given the correction (expressed

in terms of b2, ) due to distributed nuclear charge and
magnetic moment for the various contributions to the
hfs (shown in Table I) of the 6p and 7s states. These
corrections reflect the interplay between admixtures of
various angular momenta into the wave function.
These results can be combined with experimental data

for ' Tl. As shown in Table II, this leads to consistent
values for the change ' A, between the two stable Tl
isotopes, even for the strongly perturbed 6p3/2 state. In
the analysis below, we use: A, = 0.42 fm from
the results for 6p]g2, which should be the most accurate
value. The contribution from A, is obtained by combining
the muonic value [24,25] ' " 6(r, ) = 0.115(3) fm with
Eqs. (3) and (10), giving A = A, —0.21(1) fm2 =

Theory Experiment

Field isotope shift constants (GHz/fm~)
F(6Pit2) 10.13 11.3(6)'
F(6p, t2) 11.43 12.1(6)'
F(7s) —4.22 —3.87(3)'
Reduced transition matrix elements
&1 (7s 6p~t2) (eao) 1.78(2) 1.82(5) '
El (7s 6pql2) (eao) 3.31(8)" 3.27(7) '
E2 (6p, t2 ~ 6pl23) (e ao) 13.26 13.29(3)d

'The experimental F values were obtained by combining the
experimental level isotope shifts [Grexa et al. , Phys. Rev. A
38, 1263 (1988)], calculated specific mass shift constants [23],
and the value " '6(r2) = 0.115(3) fm2 obtained in muonic
experiments [24]. The uncertainty refiects the uncertainty in
the estimate of the specific mass shift.
The values are obtained from a combination of results obtained
in the length and velocity form, and the uncertainty is taken as
the correcton to the value in the "length" form.
'Gallagher and Lurio, Phys. Rev. 136, A87 (1964).
'Vetter et al. , Ref. [7].

TABLE III. Theoretical results obtained for other properties
and comparison with experimental results, where available.
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Magnetic Moment Distributions in Tl Nuclei
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(Received 10 June 1994)
The distributions of nuclear magnetic moment gives rise to small changes of the hyperfine structure.

This work presents quantitative calculations linking observed "hyperfine anomalies" in Tl to changes in
the magnetic moment distribution, with consistent results for the 6p and 7s states. It is found that the
change in magnetic radius between the two stable isotopes is about twice as large as the corresponding
change for the charge distribution. This may have some implications for the "Schiff moments" used in
the interpretation of experiments searching for P and T violating effects.

PACS numbers: 31.30.Gs, 21.10.Ky, 31.20.Tz, 31.30.Jv

The distribution of protons, neutrons, and magnetic
moment vary between different isotopes of an element.
The changing charge distribution leads to the field iso-
tope shift, studied extensively, e.g. , in chains of radioac-
tive Tl isotopes [1,2]. The distribution of charge and of
nuclear magnetic moment both affect the hyperfine struc-
tures (hfs), and measurements of the resulting "hyperfine
anomalies" have been performed since the early days of
radio-frequency spectroscopy for several elements includ-
ing Tl [3,4]. However, a quantitative link between ob-
served anomalies and changes in the magnetic moment
distribution had to await the development of appropriate
methods to treat heavy many-electron systems. This work
is the first application of atomic many-body techniques to
hfs anomalies. The results provide a calibration for nu-
clear structure calculations, needed, e.g. , to account for
the effect of the changing neutron distribution in stud-
ies of isotope dependent atomic parity nonconservation
(PNC) [5]. The atomic wave functions, obtained in the
relativistic coupled-cluster approach [6], lead to accurate
results for several properties, giving hope that it will be
possible to improve the theoretical PNC result for Tl, as
needed in view of recent experimental developments [7].
The magnetic moment p, = g,S„+g~L, of a nucleus

(with I 4 0) gives rise to a hyperfine interaction, which
can be described by the Hamiltonian

hhfs X ~ (1)P r2
for a point magnetic dipole. Through comparison with
independently determined nuclear magnetic moments [8],
the magnetic hfs can be used to test the quality of the
wave functions used in the extraction of other properties.
The form of the hyperfine interaction for a general

distribution p (R) of the magnetic moment [normalized
so that f p (R)R2 dR = 1] can be obtained from that for
a nuclear magnetic moment distributed on a shell with
radius R [9]. For the part arising from an orbital angular
momentum, the interaction is obtained by replacing 1/r~
in Eq. (1) by r/R3 inside the nucleus, whereas the part
S„/r of the interaction due to a spin magnetic moment
is replaced inside the nucleus by the "spin asymmetry
operator" $10(S„C2)'r/R3. A change in the magnetic
moment distribution then changes the ratio A/gt between
the nuclear gt = p, /I factor and the observed hyperfine
constant, A. To find the size of this "Bohr-Weisskopf" [9]
effect we integrate the difference between the expression
(1) for a point nucleus and the interaction for a magnetic

!

moment distributed on a shell. This gives a perturbation

hhfs
BW 0(R —r) g, (

——J10(S,C„)'—) + grL„(———
) X rr p (R)R dR, (2)

!
where the step function q(R —r) is 1 for r ~ R and 0
elsewhere.
The relative change in the hfs constant due to the

distributed nuclear moment for a state %" is given by

eBw = &+lhB'wl+&/&+lh„""I+&

With the exception of recent experimental investiga-
tions of the ground state hfs in heavy hydrogenlike ions
[10], this effect cannot be observed for a single isotope,
since the electronic factor for the hyperfine structure is not
known with sufficient accuracy. What can be observed,
however, is a shift in the ratio between hyperfine constants
and nuclear g factors for two isotopes,

A)g2 —1 =—A)2
A2gi

The effect of an extended charge distribution on the hfs
gives the "Breit-Rosenthal(-Crawford-Schawlow)" cor-
rection, enR, which was estimated in early works [11—13]
by analytical solutions for particular nuclear distributions.
In this work, this correction is instead parametrized by
noting that, as known from studies of isotope shifts, the
varying charge distribution results in a perturbation pro-
portional to Cs)&rz& or, rather, to

A, = tC, B&r,'. &, (3)
where the factor ~, accounts for higher moments of
the nuclear charge. It is slightly model dependent, but
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for a uniform charge distribution ~, is found to have a
value of about 0.94 for Z = 81 [14]. This perturbation
modifies the wave function and thereby the hfs. By
performing Dirac-Fock calculations for several nuclear
charge distributions, p„and comparing the results to
a reference nucleus with nuclear charge and magnetic
moment distributions, p, o and p„, respectively (both with
Rlv = 7 fm), we found

A(p p ) = A(po p ) (1 —f~) (4)
where the factors f were found to be f(7s) = 15.8 X
10 /fm and f(6pig2) = 4.14 X 10 /fm2.
To investigate the effect of the distribution of the

magnetic moment, we note first that the one-electron
hyperfine matrix element involves the cross product P,d
of the radial parts of the upper and lower components,
of the relativistic wave function which for small r can
be expressed as P,d = a]r + a3I. + a5r + . . for j =3 5

1/2 state (ak vanishes for k ~ 2j). Combining P,d
with the perturbation hBw in Eq. (2) we find that the
Bohr-Weisskopf contribution to the hfs anomaly can be
expressed as

~BW b2~(r ) + b4~(r ) + ' ' (5)
The coefficients b2„ in Eq. (5) get different contributions
for the various terms in hq~, giving

b2n = Cs(b2„, + gb2nd) + Cjb2nl —= b2„sd2n, (6)
where Cq and CL are the "fractional contributions of
spin and orbital moment to the magnetic moment" (Cq +
CL = 1) [15]. The factor P for the spin-asymmetry term
can be evaluated using standard tensor techniques, and
its values for single-particle states can be found, e.g.,
in Refs. [9,15,16]. The value for the coefficient d2„ in
Eq. (6) can be simplified by using the relations [17]
b2„ l = 3b2„,/(2n + 3) = b2„, —b2„d giving

2n 3
d2, =Cg 1+ + 1 —Cs. 7

2n + 3 2n + 3
The coefficients b2„b4„and b6, have been evaluated
using numerical Dirac-Fock orbitals, obtained in a ho-
mogeneous charge density with R~ = 1.2A'/ fm, for
A = 203, gave b2, (6piy2) = 2.26 X 10 /fm and
b2, (7s) = 7.95 X 10 4/fm2. To a good approximation,
these coefficients depend only on the angular momen-
tum, but are independent of the orbital energy, and
thus hold also for excited orbitals. The correction due
to higher moments of the distribution are essentially
the same: in both cases b4, /b2, = —0.0032/fm and
b6, /b2, = 8.8 X 10 /fm .
We now rewrite the expression (5) for the Bohr-

Weisskopf contribution to the hyperfine anomaly as
= b2, d26(r ) + b4, d46(r ) + = b2, Am, (8)

where we used d2„ from Eqs. (6) and (7) and introduced

A = B(r ) d2+ + . . (9)b4, d4 6(r )
b2, 6 r2 j

The values for b2, can be compared to the Dirac-Fock
values for the factor f in Eq. (4) for the sensitivities to

the changes in charge distribution, and we find the ratios
f(7s)/b2, (7s) = 2.0 and f(6pig2)/b2, (6piy2) = 1.8. [The
relative difference between these numbers is essentially
2mc /(3Ze2/2R&) arising from the different boundary
conditions for the upper and lower components of the
orbitals. ] The effect of the changes in charge and
magnetic dipole distributions on the hfs can thus be
combined into a single parameter A,

+ 1.91(1)A, . (10)

We note here that a similar parametrization can be
applied to the results presented by Finkbeiner, Fricke, and
Kiihl [18] for the ground states hfs in H-like Bi (Z = 83).
Their data can be summarized as 6 v = 6 vo[1 —(8.2 X
10 4/fm2)A, ] and are consistent with A,, from Eq. (10).
If the reference nucleus is chosen as their Fermi nucleus
with c = 6.65 fm, t = 2.28 fm, and a point magnetic
dipole, then 6vo = 4.189 X 10 cm '. The corrections
to 6 vo depend on details of the nuclear structure.
The parameter A, will be useful for a many-electron

system like Tl only if the ratio f/b2, holds also for many-
body corrections —as it can, however, be expected to
do, since changed distributions of charge and magnetic
moments alike affect mainly matrix elements between
j = 1/2 states. The relation was confirmed in evaluations
of "RPA" (random phase approximation) effects (follow-
ing the procedure described, e.g. , in Ref. [19]), which
gave large contributions to the hyperfine anomalies for all
states, whereas the ratio f/b2, was found to be essentially
constant (even for the strongly perturbed 6p3g2 state). We
then expect it to be unchanged also by correlation effects
and evaluate only the coefficient for A,
Tables I and II present the results for hyperfine con-

stants A and anomalies in the form 5/A, obtained for
the 6p and 7s states of Tl using the relativistic "coupled-
cluster" approach following the procedures applied ear-
lier [20,21] to calculations for Ba+ and Yb+. The cal-
culations presented here include single and double exci-
tations with respect to the unperturbed core of Tl+ in-
volving excitations of the core orbitals 4f, 5p, 5d, and
6s up to a maximum angular momentum of 6 for the
core-valence pair excitations and a maximum angular mo-
mentum of 4 for the core-core excitations. The resulting
wave functions were used to evaluate also other prop-
erties, for which final results are shown in Table III
and compared to experimental data, where available. A
detailed description of the terms included can be found
in Ref. [22]. Although the results obtained here seem to
be the best calculated values to date, an even more de-
tailed treatment is required for some properties, probably
involving either three-particle excitations or a more gen-
eral model space as a starting point.
The comparison for the isotope shifts shown in

Table III is somewhat hampered by the uncertainty in the
calculated specific mass shift constant [23], and thus the
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for a uniform charge distribution ~, is found to have a
value of about 0.94 for Z = 81 [14]. This perturbation
modifies the wave function and thereby the hfs. By
performing Dirac-Fock calculations for several nuclear
charge distributions, p„and comparing the results to
a reference nucleus with nuclear charge and magnetic
moment distributions, p, o and p„, respectively (both with
Rlv = 7 fm), we found

A(p p ) = A(po p ) (1 —f~) (4)
where the factors f were found to be f(7s) = 15.8 X
10 /fm and f(6pig2) = 4.14 X 10 /fm2.
To investigate the effect of the distribution of the

magnetic moment, we note first that the one-electron
hyperfine matrix element involves the cross product P,d
of the radial parts of the upper and lower components,
of the relativistic wave function which for small r can
be expressed as P,d = a]r + a3I. + a5r + . . for j =3 5

1/2 state (ak vanishes for k ~ 2j). Combining P,d
with the perturbation hBw in Eq. (2) we find that the
Bohr-Weisskopf contribution to the hfs anomaly can be
expressed as

~BW b2~(r ) + b4~(r ) + ' ' (5)
The coefficients b2„ in Eq. (5) get different contributions
for the various terms in hq~, giving

b2n = Cs(b2„, + gb2nd) + Cjb2nl —= b2„sd2n, (6)
where Cq and CL are the "fractional contributions of
spin and orbital moment to the magnetic moment" (Cq +
CL = 1) [15]. The factor P for the spin-asymmetry term
can be evaluated using standard tensor techniques, and
its values for single-particle states can be found, e.g.,
in Refs. [9,15,16]. The value for the coefficient d2„ in
Eq. (6) can be simplified by using the relations [17]
b2„ l = 3b2„,/(2n + 3) = b2„, —b2„d giving

2n 3
d2, =Cg 1+ + 1 —Cs. 7

2n + 3 2n + 3
The coefficients b2„b4„and b6, have been evaluated
using numerical Dirac-Fock orbitals, obtained in a ho-
mogeneous charge density with R~ = 1.2A'/ fm, for
A = 203, gave b2, (6piy2) = 2.26 X 10 /fm and
b2, (7s) = 7.95 X 10 4/fm2. To a good approximation,
these coefficients depend only on the angular momen-
tum, but are independent of the orbital energy, and
thus hold also for excited orbitals. The correction due
to higher moments of the distribution are essentially
the same: in both cases b4, /b2, = —0.0032/fm and
b6, /b2, = 8.8 X 10 /fm .
We now rewrite the expression (5) for the Bohr-

Weisskopf contribution to the hyperfine anomaly as
= b2, d26(r ) + b4, d46(r ) + = b2, Am, (8)

where we used d2„ from Eqs. (6) and (7) and introduced

A = B(r ) d2+ + . . (9)b4, d4 6(r )
b2, 6 r2 j

The values for b2, can be compared to the Dirac-Fock
values for the factor f in Eq. (4) for the sensitivities to

the changes in charge distribution, and we find the ratios
f(7s)/b2, (7s) = 2.0 and f(6pig2)/b2, (6piy2) = 1.8. [The
relative difference between these numbers is essentially
2mc /(3Ze2/2R&) arising from the different boundary
conditions for the upper and lower components of the
orbitals. ] The effect of the changes in charge and
magnetic dipole distributions on the hfs can thus be
combined into a single parameter A,

+ 1.91(1)A, . (10)

We note here that a similar parametrization can be
applied to the results presented by Finkbeiner, Fricke, and
Kiihl [18] for the ground states hfs in H-like Bi (Z = 83).
Their data can be summarized as 6 v = 6 vo[1 —(8.2 X
10 4/fm2)A, ] and are consistent with A,, from Eq. (10).
If the reference nucleus is chosen as their Fermi nucleus
with c = 6.65 fm, t = 2.28 fm, and a point magnetic
dipole, then 6vo = 4.189 X 10 cm '. The corrections
to 6 vo depend on details of the nuclear structure.
The parameter A, will be useful for a many-electron

system like Tl only if the ratio f/b2, holds also for many-
body corrections —as it can, however, be expected to
do, since changed distributions of charge and magnetic
moments alike affect mainly matrix elements between
j = 1/2 states. The relation was confirmed in evaluations
of "RPA" (random phase approximation) effects (follow-
ing the procedure described, e.g. , in Ref. [19]), which
gave large contributions to the hyperfine anomalies for all
states, whereas the ratio f/b2, was found to be essentially
constant (even for the strongly perturbed 6p3g2 state). We
then expect it to be unchanged also by correlation effects
and evaluate only the coefficient for A,
Tables I and II present the results for hyperfine con-

stants A and anomalies in the form 5/A, obtained for
the 6p and 7s states of Tl using the relativistic "coupled-
cluster" approach following the procedures applied ear-
lier [20,21] to calculations for Ba+ and Yb+. The cal-
culations presented here include single and double exci-
tations with respect to the unperturbed core of Tl+ in-
volving excitations of the core orbitals 4f, 5p, 5d, and
6s up to a maximum angular momentum of 6 for the
core-valence pair excitations and a maximum angular mo-
mentum of 4 for the core-core excitations. The resulting
wave functions were used to evaluate also other prop-
erties, for which final results are shown in Table III
and compared to experimental data, where available. A
detailed description of the terms included can be found
in Ref. [22]. Although the results obtained here seem to
be the best calculated values to date, an even more de-
tailed treatment is required for some properties, probably
involving either three-particle excitations or a more gen-
eral model space as a starting point.
The comparison for the isotope shifts shown in

Table III is somewhat hampered by the uncertainty in the
calculated specific mass shift constant [23], and thus the
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Hyperfine Anomaly Measurements in Francium Isotopes
and the Radial Distribution of Neutrons
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We have measured the hyperfine structure of the 7P1!2 level for 2082212Fr to a precision of 300 ppm.

These measurements along with previous ground state hyperfine structure measurements reveal a
hyperfine anomaly. The hyperfine anomaly exhibits a strong sensitivity to the radial distribution of the
neutron magnetization, providing a good way to probe this quantity. We use neutron radial distributions
from recent theories to qualitatively explain the measurements.

PACS numbers: 21.10.Gv, 27.80.+w, 32.10.Fn

One of the properties of nuclei that can be probed with
precise measurements of hyperfine structure is the nuclear
magnetization distribution. The Bohr-Weisskopf effect
[1,2] has been known for many years, but experimental
and theoretical advances have now allowed more broadly
based and detailed investigations [3–6]. There is much
interest in obtaining the structural details of heavy nuclei,
as these nuclei are involved in understanding quantum
electrodynamic (QED) effects in heavy atoms [7], atomic
parity nonconservation (PNC), time reversal violation, and
nuclear anapole moments [8]. We have measured five
different Fr isotopes. Comparison of adjacent isotopes
allows extraction of the nuclear magnetization distribution
of the last neutron, a quantity that is, in general, very
difficult to study [9].
Bohr-Weisskopf effect measurements usually require

detailed knowledge of both hyperfine structure constants
and magnetic moments. We show in this Letter that pre-
cision measurements of the hyperfine structure in atomic
states with different radial distributions can give informa-
tion on the hyperfine anomaly [10] and be sensitive to
the nuclear magnetization distribution. Laser trapped ra-
dioactive atoms, cooled to mK temperatures, are an ideal
sample for high precision Doppler-free laser spectroscopy
[8]. High precision allows searching for higher order ef-
fects in the hyperfine structure.
Francium is an excellent element for understanding

the atom-nucleus hyperfine interactions, and eventually
weak interactions. First, because of the large Z, hyperfine
effects proportional to Z3 are larger than in lighter atoms.
Second, the simple atomic structure allows ab initio
calculations of its properties [11–13] that have been
experimentally tested [14]. Third, Fr has a large number
of isotopes spanning almost 30 neutrons with lifetimes
greater than 1 s that cover a wide range of nuclear
structure. Fourth, because of its proximity to Pb, where
the charge radii are known extremely well from many
techniques [15], we can determine the charge radii of the
light Fr isotopes with some confidence.
Coc et al. [16,17] measured the 7S1!2 ground state hy-

perfine constants for 16 Fr isotopes, but only one magnetic

moment has been measured [18]. We have focused on ex-
tracting hyperfine anomaly information using the available
data in the literature and our new precision spectroscopy
of the 7P1!2 hyperfine structure on five francium isotopes.
Previous measurements of the 7P1!2 [17] were not of suf-
ficient precision to observe the small hyperfine anomaly
effects. The recent measurement of 221Fr [19] has bet-
ter precision but still not sufficient to adequately delineate
small effects. The 7P1!2 electron probes the nucleus with
a more uniform radial dependence of the interaction than
does the 7S1!2 electron. The ratio of the hyperfine con-
stants is sensitive to the nuclear magnetization distribu-
tion. Since both states are spin- 1

2 , the measurements are
independent of quadrupole effects that complicate the ex-
traction of precise magnetic hyperfine structure constants.
The magnetic hyperfine interaction can be written as [2]

Wl
extended ! Wl

point"1 1 e#A, l$% , (1)
where e is a small quantity that depends on the particular
isotope, A, and an atomic state, l ! S or P. The ratio,
r, of hyperfine structure constants in the S and P states is
given by

rA !
WS

extended

WP
extended

!
WS

point"1 1 e#A, S$%
WP

point"1 1 e#A, P$%
,

rA & r0"1 1 e#A, S$ 2 e#A, P$% ,
(2)

where r0 is the ratio of hyperfine structure constants
for a point nucleus. Here, we have neglected the weak
dependence of the hyperfine constants on the finite size
of the charge distribution (Breit-Rosenthal effect). This
correction to r was calculated for the 7S1!2 and 6P1!2
states in nearby Tl nuclei as 11.7 3 1024 fm22 [3]. For
the Fr isotopes that we are considering, the fractional
change in r between adjacent isotopes from this effect
is less than 1024. Equation (2) shows that the ratio rA
can have a different value for different isotopes because
the S and P states have different sensitivity to the
nuclear magnetization distribution. Since the error in the
measurement comes from two hyperfine splittings, it is
very important to have as accurate as possible numbers
for especially the excited state splitting.

0031-9007!99!83(5)!935(4)$15.00 © 1999 The American Physical Society 935

VOLUME 83, NUMBER 5 P HY S I CA L REV I EW LE T T ER S 2 AUGUST 1999

TABLE I. Hyperfine A coefficients for 2082212Fr.

Isotope A!7p1"2# A!7s1"2# A!7s#"A!7p#
208 874.8(3) 6650.7(8) 7.6024(23)
209 1127.9(2) 8606.7(9) 7.6306(15)
210 946.3(2) 7195.1(4) 7.6043(11)
211 1142.1(2) 8713.9(8) 7.6300(19)
212 1192.0(2) 9064.2(2) 7.6048(18)

of our error bars. The three lines on the graph result
from our calculations of the hyperfine anomaly and will
be discussed below.
A calculation of e must be carried out which has

accurate knowledge of both the atomic and the nuclear
structure in order to fully understand the observations
and learn as much as we can about the distribution of
neutrons in nuclei. For the atom, the Dirac equation must
be solved and the many body correlations of the atomic
core included. For the nucleus, the nuclear magnetization
distribution must be calculated from a nuclear model.
The additional experimental information provided by the
hyperfine anomaly and the charge radii can help to further
constrain the model to give correct radial distributions
of both neutrons and protons. We hope that these new
results will motivate such a calculation.
Here, we will use available models to see if we can

explain qualitatively the observed changes in r. We
estimate the charge radii of the Fr isotopes by observing
that the isotope shifts of the light Fr nuclei are linearly
proportional to the Pb charge radii for the same neutron
number [21]. The absolute rms charge radii of many of
the Pb isotopes have been determined to a precision of
7 3 1024 fm by combining optical, x-ray, mu-mesic, and

FIG. 3. Ratio of hyperfine A magnetic dipole constants of
7S1"2 and 7P1"2 states and differential changes observed for
five different Fr isotopes. a: point nucleus; b: charge radius
equal to magnetic radius; c: Stroke calculation method.

electron scattering data [15]. We extract the d$r2%c of
Fr from the isotope shifts [17], and we take the isotonic
dependence from Brown [22]. From this we arrive at the
rms charge radii given in Table II.
Dzuba et al. [11] have studied the effect of the finite

nuclear magnetization on the hyperfine structure constants
in francium. The ratio of hyperfine interaction constants
calculated for several different values of the rms radius of
the magnetization in the range $r2%1"2

m between 4–6.5 fm
can be parametrized as

r ! r0!1 2 lm$r2%1"2
m # , (3)

where lm ! 10.0046 fm21. These test calculations did
not include correlations. We will assume that the correla-
tions have the same radial dependence as the main terms
in order to estimate the changes in $r2%1"2

m that cause the
observed changes in the ratio of hyperfine constants.
Let us first assume that the magnetization radius $r2%1"2

m

is the same as the charge radius $r2%1"2
c . With this

assumption, the dependence of the hyperfine constant ratio
on the radial distribution of magnetization is shown in
trace b of Fig. 3. This assumption is consistent with the
observations of the two even N nuclei, 209Fr and 211Fr,
but not with the large deviations seen for nuclei with an
odd number of neutrons. We see that the changes in the
magnetization radii for the odd neutron nuclei are much
larger than the changes that can be associated with just
the charge radii alone.
The magnetic moments of the Fr isotopes can be es-

timated by using the known moment of 211Fr [18] and
the ratios of the hyperfine structure constants (neglecting
the small hyperfine anomaly). The shell model then suc-
cessfully explains the trends of the magnetic moments of
the light Fr isotopes near N ! 126 [18]. Table II shows
the moments and configurations of these nuclei. We have
calculated the Bohr-Weisskopf effect, e, for each of these
states with the procedures and formulas in Ref. [2]. The
nuclear radial matrix elements for the ph9"2, nf5"2, and
np1"2 orbitals were obtained from spherical Hartree-Fock
calculations and a new Skyrme interaction [22]. We use
effective g factors which describe the observed magnetic
moments (see Table II) and obtain e (in %) for the ph9"2,
nf5"2, and np1"2 orbitals of 20.56, 21.97, and 22.44,
respectively. The e for odd-odd nuclei were calculated
using the relation in [5]. The values obtained are in good
agreement with our measurements (see trace c in Fig. 3).
The variation with isotope of the ratio of hyperfine con-
stants exhibits only the differences between the even and
odd N cases. We can estimate the ratio for point nu-
clei as r0 ! 7.673 by taking the theoretical value and the
average experimental ratio for the two even-N isotopes
209,211Fr (see trace a in Fig. 3).
Although the nuclear moment of Fr isotopes is generated

primarily by the last unpaired h9"2 proton, we see that
the effect of the larger radial distribution of the neutrons
gives rise to measurable effects in the hyperfine constant
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We have measured the hyperfine structure of the 7P1!2 level for 2082212Fr to a precision of 300 ppm.

These measurements along with previous ground state hyperfine structure measurements reveal a
hyperfine anomaly. The hyperfine anomaly exhibits a strong sensitivity to the radial distribution of the
neutron magnetization, providing a good way to probe this quantity. We use neutron radial distributions
from recent theories to qualitatively explain the measurements.
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One of the properties of nuclei that can be probed with
precise measurements of hyperfine structure is the nuclear
magnetization distribution. The Bohr-Weisskopf effect
[1,2] has been known for many years, but experimental
and theoretical advances have now allowed more broadly
based and detailed investigations [3–6]. There is much
interest in obtaining the structural details of heavy nuclei,
as these nuclei are involved in understanding quantum
electrodynamic (QED) effects in heavy atoms [7], atomic
parity nonconservation (PNC), time reversal violation, and
nuclear anapole moments [8]. We have measured five
different Fr isotopes. Comparison of adjacent isotopes
allows extraction of the nuclear magnetization distribution
of the last neutron, a quantity that is, in general, very
difficult to study [9].
Bohr-Weisskopf effect measurements usually require

detailed knowledge of both hyperfine structure constants
and magnetic moments. We show in this Letter that pre-
cision measurements of the hyperfine structure in atomic
states with different radial distributions can give informa-
tion on the hyperfine anomaly [10] and be sensitive to
the nuclear magnetization distribution. Laser trapped ra-
dioactive atoms, cooled to mK temperatures, are an ideal
sample for high precision Doppler-free laser spectroscopy
[8]. High precision allows searching for higher order ef-
fects in the hyperfine structure.
Francium is an excellent element for understanding

the atom-nucleus hyperfine interactions, and eventually
weak interactions. First, because of the large Z, hyperfine
effects proportional to Z3 are larger than in lighter atoms.
Second, the simple atomic structure allows ab initio
calculations of its properties [11–13] that have been
experimentally tested [14]. Third, Fr has a large number
of isotopes spanning almost 30 neutrons with lifetimes
greater than 1 s that cover a wide range of nuclear
structure. Fourth, because of its proximity to Pb, where
the charge radii are known extremely well from many
techniques [15], we can determine the charge radii of the
light Fr isotopes with some confidence.
Coc et al. [16,17] measured the 7S1!2 ground state hy-

perfine constants for 16 Fr isotopes, but only one magnetic

moment has been measured [18]. We have focused on ex-
tracting hyperfine anomaly information using the available
data in the literature and our new precision spectroscopy
of the 7P1!2 hyperfine structure on five francium isotopes.
Previous measurements of the 7P1!2 [17] were not of suf-
ficient precision to observe the small hyperfine anomaly
effects. The recent measurement of 221Fr [19] has bet-
ter precision but still not sufficient to adequately delineate
small effects. The 7P1!2 electron probes the nucleus with
a more uniform radial dependence of the interaction than
does the 7S1!2 electron. The ratio of the hyperfine con-
stants is sensitive to the nuclear magnetization distribu-
tion. Since both states are spin- 1

2 , the measurements are
independent of quadrupole effects that complicate the ex-
traction of precise magnetic hyperfine structure constants.
The magnetic hyperfine interaction can be written as [2]

Wl
extended ! Wl

point"1 1 e#A, l$% , (1)
where e is a small quantity that depends on the particular
isotope, A, and an atomic state, l ! S or P. The ratio,
r, of hyperfine structure constants in the S and P states is
given by

rA !
WS

extended

WP
extended

!
WS

point"1 1 e#A, S$%
WP

point"1 1 e#A, P$%
,

rA & r0"1 1 e#A, S$ 2 e#A, P$% ,
(2)

where r0 is the ratio of hyperfine structure constants
for a point nucleus. Here, we have neglected the weak
dependence of the hyperfine constants on the finite size
of the charge distribution (Breit-Rosenthal effect). This
correction to r was calculated for the 7S1!2 and 6P1!2
states in nearby Tl nuclei as 11.7 3 1024 fm22 [3]. For
the Fr isotopes that we are considering, the fractional
change in r between adjacent isotopes from this effect
is less than 1024. Equation (2) shows that the ratio rA
can have a different value for different isotopes because
the S and P states have different sensitivity to the
nuclear magnetization distribution. Since the error in the
measurement comes from two hyperfine splittings, it is
very important to have as accurate as possible numbers
for especially the excited state splitting.
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TABLE I. Hyperfine A coefficients for 2082212Fr.

Isotope A!7p1"2# A!7s1"2# A!7s#"A!7p#
208 874.8(3) 6650.7(8) 7.6024(23)
209 1127.9(2) 8606.7(9) 7.6306(15)
210 946.3(2) 7195.1(4) 7.6043(11)
211 1142.1(2) 8713.9(8) 7.6300(19)
212 1192.0(2) 9064.2(2) 7.6048(18)

of our error bars. The three lines on the graph result
from our calculations of the hyperfine anomaly and will
be discussed below.
A calculation of e must be carried out which has

accurate knowledge of both the atomic and the nuclear
structure in order to fully understand the observations
and learn as much as we can about the distribution of
neutrons in nuclei. For the atom, the Dirac equation must
be solved and the many body correlations of the atomic
core included. For the nucleus, the nuclear magnetization
distribution must be calculated from a nuclear model.
The additional experimental information provided by the
hyperfine anomaly and the charge radii can help to further
constrain the model to give correct radial distributions
of both neutrons and protons. We hope that these new
results will motivate such a calculation.
Here, we will use available models to see if we can

explain qualitatively the observed changes in r. We
estimate the charge radii of the Fr isotopes by observing
that the isotope shifts of the light Fr nuclei are linearly
proportional to the Pb charge radii for the same neutron
number [21]. The absolute rms charge radii of many of
the Pb isotopes have been determined to a precision of
7 3 1024 fm by combining optical, x-ray, mu-mesic, and

FIG. 3. Ratio of hyperfine A magnetic dipole constants of
7S1"2 and 7P1"2 states and differential changes observed for
five different Fr isotopes. a: point nucleus; b: charge radius
equal to magnetic radius; c: Stroke calculation method.

electron scattering data [15]. We extract the d$r2%c of
Fr from the isotope shifts [17], and we take the isotonic
dependence from Brown [22]. From this we arrive at the
rms charge radii given in Table II.
Dzuba et al. [11] have studied the effect of the finite

nuclear magnetization on the hyperfine structure constants
in francium. The ratio of hyperfine interaction constants
calculated for several different values of the rms radius of
the magnetization in the range $r2%1"2

m between 4–6.5 fm
can be parametrized as

r ! r0!1 2 lm$r2%1"2
m # , (3)

where lm ! 10.0046 fm21. These test calculations did
not include correlations. We will assume that the correla-
tions have the same radial dependence as the main terms
in order to estimate the changes in $r2%1"2

m that cause the
observed changes in the ratio of hyperfine constants.
Let us first assume that the magnetization radius $r2%1"2

m

is the same as the charge radius $r2%1"2
c . With this

assumption, the dependence of the hyperfine constant ratio
on the radial distribution of magnetization is shown in
trace b of Fig. 3. This assumption is consistent with the
observations of the two even N nuclei, 209Fr and 211Fr,
but not with the large deviations seen for nuclei with an
odd number of neutrons. We see that the changes in the
magnetization radii for the odd neutron nuclei are much
larger than the changes that can be associated with just
the charge radii alone.
The magnetic moments of the Fr isotopes can be es-

timated by using the known moment of 211Fr [18] and
the ratios of the hyperfine structure constants (neglecting
the small hyperfine anomaly). The shell model then suc-
cessfully explains the trends of the magnetic moments of
the light Fr isotopes near N ! 126 [18]. Table II shows
the moments and configurations of these nuclei. We have
calculated the Bohr-Weisskopf effect, e, for each of these
states with the procedures and formulas in Ref. [2]. The
nuclear radial matrix elements for the ph9"2, nf5"2, and
np1"2 orbitals were obtained from spherical Hartree-Fock
calculations and a new Skyrme interaction [22]. We use
effective g factors which describe the observed magnetic
moments (see Table II) and obtain e (in %) for the ph9"2,
nf5"2, and np1"2 orbitals of 20.56, 21.97, and 22.44,
respectively. The e for odd-odd nuclei were calculated
using the relation in [5]. The values obtained are in good
agreement with our measurements (see trace c in Fig. 3).
The variation with isotope of the ratio of hyperfine con-
stants exhibits only the differences between the even and
odd N cases. We can estimate the ratio for point nu-
clei as r0 ! 7.673 by taking the theoretical value and the
average experimental ratio for the two even-N isotopes
209,211Fr (see trace a in Fig. 3).
Although the nuclear moment of Fr isotopes is generated

primarily by the last unpaired h9"2 proton, we see that
the effect of the larger radial distribution of the neutrons
gives rise to measurable effects in the hyperfine constant
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TABLE III. Numerical values of dimensionless relativistic and
QED corrections to the hyperfine splitting in Be+ ion; results
from [23] in terms of GM1 are multiplied by 256/3.

Contribution Value

A(4,0) 33.326 863 92(18)
Ref. [24] 33.326 8(8)
A(4,1) 97.035 673 8(13)
Ref. [24] 102(18)
A

(6)
A 1 196.97(4)

A
(6)
N − 133.631(16)

A
(6)
B 0.134 6(2)

A
(6)
C 0.814 2(6)

A
(6)
R − 240.866 95

A(6) 823.42(4)

Ref. [23] 823
Ref. [24] 756(42)
A(7) −2 992(481)

Cartesian indices. In the calculations of the second-order
matrix elements, we generated the ground-state wave function
with ECG basis functions of progressively doubling size
from 256 to 2048 terms. Next, for the given external wave
function of a given size N , the nonlinear parameters for
pseudostates were optimized using a symmetric second-order
element with the corresponding hyperfine operator. Such a
matrix element can be minimized using the adopted variational
principle. In our approach, the basis set for the pseudostate
in A

(6)
A is divided into two sectors. The first sector is built

of the basis functions with the nonlinear parameters of size
N/2 determined in the optimization of the external wave
function. The nonlinear parameters here are fixed during the
optimization in order to enable accurate representation of the
states orthogonal to the ground state. The second sector, of
size N , consists of basis functions that undergo optimization.
For A

(6)
B and A

(6)
C an orthogonality to the ground state is

realized by a different symmetry of the basis functions in
Eqs. (56) and (57). Then, only a single sector is needed with
all parameters to be optimized for the basis sizes N and
2N , respectively. The size of the pseudostate is chosen to
achieve convergence for a fixed external wave function. We
noted that the symmetric second-order element with HCij is
divergent. Therefore, in the optimization of the pseudostate for
the A

(6)
C term we use a lower singular operator by decreasing

the power of ra by one. Due to the more complicated structure
of the second-order matrix elements, both the convergence and
the cost of the optimization are less favorable in comparison
to the wave-function optimization.

IV. RESULTS

The final results of the numerical calculations are presented
in Tables II and III. The values and their uncertainties have
been obtained by extrapolation of the results obtained for
several sizes of basis sets. Most of the first-order matrix
elements in Table II were obtained in Hylleraas basis sets
because of the much higher accuracy that can be obtained
in comparison to using the ECG functions. However, some

TABLE IV. Contributions in MHz to the hyperfine splitting con-
stant A in 9Be+; physical constants are g = 2.002 319 304 361 53(53)
and α−1 = 137.035 999 074(44). The second uncertainty of Atheor

comes from the nuclear magnetic moment.

9Be+

µ[µN ] (Ref. [25]) − 1.177 432(3)
Atomic mass [u] (Ref. [26]) 9.012 182 20(43)
gN − 1.755 335 5(25)
ε × 10−9 − 6.602 679(17)
εα4g/2A(4) − 624.600 44
εα5A(5)

rec 0.006 85
εα6A(6) − 0.820 96
εα7A(7) 0.021 8(36)

Atheor (point nucleus) − 625.392 7(36)(16)
Ref. [23] − 625.401(22)
Aexpt (Ref. [27]) − 625.008 837 048(10)

(Aexpt − Atheor)/Aexpt −614(6)(3) ppm
Ref. [23] (theory) −514(16) ppm
r̃Z 4.07(5)(2) fm
rE (Ref. [28]) 2.519(12) fm

of the matrix elements have been calculated only with
Gaussians. These are the most complicated ones, but they
are numerically less significant than the other terms in A

(6)
N .

The achieved numerical accuracy is sufficiently high that the
main uncertainty comes from estimation of higher-order terms,
such as those in Table IV. All the second-order matrix elements
have been calculated only with Gaussian functions by global
optimization of nonlinear parameters in about 1000 functions,
which are used to represent the sum over intermediate states. In
spite of the fact that Gaussian functions do not satisfy the cusp
condition at the coalescent points, they are flexible enough to
achieve much greater accuracy than with Hylleraas functions
for second-order matrix elements.

Results of the expansion of (dimensionless) hyperfine
constantA in powers of α and the mass ratio for the Be+ ion are
presented in Table III. Leading-order terms, the Fermi contact
interaction, and the mass polarization correction are compared
with previous results by Yan et al. [24]. Our result for A(6)

are in excellent agreement with the relativistic CI calculations
of Yerokhin [23]. It gives us confidence in the theoretical
approach and in the numerical results obtained in this work.
Table IV summarizes the results for the 9Be+ ion. From the
measured hyperfine constant and the magnetic moment, we
determined finite nuclear size effects, which are expressed in
terms of the effective Zemach radius r̃Z . We observed that the
experimentally determined r̃z(9Be) does not agree well with
the approximate nuclear structure calculations in Ref. [23].
Bearing in mind the significant differences in r̃z in Li isotopes,
considerable theoretical work is needed to correctly describe
the finite nuclear size and polarizability effects in the atomic
hyperfine splitting.

V. SUMMARY

We have developed a nonrelativistic QED approach to
the hyperfine splitting in light atomic systems and have
demonstrated that from the comparison to experimental values

032510-6

Að6Þ
R ¼ Að4Þ

!
ln2$ 5

2

"
: (32)

Að6Þ
AN consists of two terms, which are separately divergent

at small ra. We obtained a finite expression by transform-
ing operators in the second-order matrix element by

HA % H0A þ 1

4

X

a

#
Z

ra
; E$H

$
; (33)

4!"3ðraÞ % 4!½"3ðraÞ(0 $
#
2

ra
; E$H

$
: (34)

All singular terms are moved to the first-order matrix
elements, which, when combined, form a well-defined
and finite expression. The calculation of Að6Þ is the main
result of this work. It agrees well with the former calcu-
lations in Refs. [6,10] (see Table II) but is much more
accurate. The higher-order term Að7Þ is obtained directly
from Eqs. (20) and (22). Numerical results for all of the
expansion coefficients are presented in Table II. Final
results are combined together in Table III. The uncertainty
of final theoretical predictions for a point nucleus are
estimated as 25% of the a20 coefficient in Eq. (20), which
is calculated approximately using the hydrogenic result.
The achieved accuracy is sufficient to obtain precise values
of the nuclear structure effect. This is expressed in terms of
~rZ, the effective Zemach radius, the value of which should
not be very different from the charge radius rE. While our
results are in agreement with those of Yerokhin [6] for the
point nucleus, the nuclear structure contribution compares
strangely to the nuclear calculations performed in Ref. [6].
Namely, they agree well for 7Li and strongly disagree for
6Li, for which we do not have conclusive explanation.

Conclusions.—Until now, only H, D, and 3He nuclei
have been studied to a high degree of accuracy, due to
the development in hfs theory of one-electron systems [14].
Here we extend the high-accuracy theoretical predictions
to three-electron atoms (ions). Namely, we have calculated
hyperfine splitting in 6;7Li with an accuracy of a few ppm,
which allows the determination of nuclear structure effects,
expressed in terms of the effective Zemach radius ~rZ.

The obtained result for ~rZð7LiÞ is about 40% larger than
~rZð6LiÞ, in spite of the fact that the charge radius is smaller
in 7Li; see Table III. This indicates significant differences
in the magnetic distribution of 7Li and 6Li nuclei, which
shall be confirmed by the nuclear theory. This may also
indicate that the standard treatment of finite nuclear size
effects in the evaluation of the hyperfine splitting through
elastic form factors fails in some cases.
In summary, we have shown that through purely atomic

calculations and experiments one can gain valuable
information on the structure of the atomic nucleus, in
particular, the Zemach radius. Similar calculations can be
performed for 11Bewhere one expects a significant neutron
halo [18].
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Contribution Value

Að6Þ
AN 102.134(5)

Að6Þ
B 0.020 50(3)

Að6Þ
C 0.088 89(4)

Að6Þ
R $31:503 95

Að6Þ 70.739(5)
Reference [6] 72.4
Reference [10] 62.(8)
Að7Þ $381:ð48Þ

TABLE III. Contributions in MHz to the hyperfine
splitting constant A in 6;7Li. Used constants are g¼
2:00231930436153ð53Þ, #$1 ¼ 137:035 999 074ð44Þ, the next-
to-last row is a Zemach radius inferred from comparison of
experiment (expt) [4] with theoretical (theor) value for the point
nucleus.
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"#5Að5Þ

rec $0:004 14 $0:001 80
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ðAexpt $ AtheorÞ=Aexpt $368ð3Þ ppm $261ð3Þ ppm
Reference [6]

(nuclear calculations)
$369ð23Þ ppm $368ð60Þ ppm

~rZ 3.25(3) fm 2.30(3) fm
rE 2.390(30) fm 2.540(28) fm
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Laser Cooling of Be+

Requirement for laser cooling 
 quick cycle 

!

      
  
!

 closed cycle (w/ one or a few lasers) 
!

!

!

!

!

!
 available wavelength

Absorption: 41 ns @ 100 mW/cm2 

Emission: 8.8 ns

in one cycle

⇒1 cycle 50 ns

To cool Be+ ~500 m/s @ 300 K ⇒ cooling time > 0.2 ms

dye laser 626 nm ———> 313 nm

2p2P3/2

2s2S1/2

-3/2

+3/2
+3/2-3/2 -1/2 +1/2

+2+10-1-2

SHG

}



HFS Spectroscopy of 7Be+

microwave

K. Okada et al., PRL 101, 212502 (2008) 

F=2

F=1

F=3
mF=+3

mF=-3

mF=-2

mF=+2

σ+

mF=+1

laser

7Be+  (I=3/2)

2p2P3/2

2s2S1/2

mF=-1

3000

3050

3100

3150

3200

3250

3300

72.5 72.6 72.7 72.8 72.9 73

co
un

ts
/b

in

Microwave Frequency − 1400 [MHz]

Laser-Microwave Double Resonance  
1. Optical Pumping to Recyclable State by σ+ or σ- Laser 
2. Laser Cooling  
3. Microwave induces hf transition 
4. Fluorescence detects population 



HFS Spectroscopy of 7Be+

microwave

K. Okada et al., PRL 101, 212502 (2008) 

F=2

F=1

F=3
mF=+3

mF=-3

mF=-2

mF=+2

mF=+1

7Be+  (I=3/2)

2p2P3/2

2s2S1/2

mF=-1
ment, with a 1.5% discrepancy, while the large-basis shell
model calculation [21], the ab initio shell model calcula-
tion [22] by Navŕatil et al., and the variational quantum
Monte Carlo calculations by Pudlinear et al. [23] show
large discrepancies of about 20%. These modern calcula-
tions achieved good agreement for the magnetic moments
of T ¼ 0 isoscalar nuclei, such as 10B, but not for T ¼ 1=2
isovector nuclei. This is due to two-body charge and cur-
rent contributions, which are not included in the calcula-
tions, and are greatly cancelled in the isoscalar nuclei,
while they are noticeable in the isovector nuclei [25].

A prediction by an empirical linear relation between the
nuclear g factors of mirror nuclei found by Buck et al. [24]
showed good agreement in heavier mirror nuclei. However,
a discrepancy of about 5% is seen in 7Be.

An accurate prediction comes from the relation between
the isospin doublet. The spin expectation value has the
relation h!!zi ¼ ð"þ þ"$ $ IÞ=ð"p þ"n $ 1=2Þ (for
notations, see Ref. [26]). The prediction was made with
the single particle value of h!!zi ¼ 1. The spin expecta-
tion values, on the other hand, can be determined from the
present experimental result, completing systematic studies
on T ¼ 1=2 mirror nuclei up to 43Ti [27–29].

In summary, we have shown that high precision laser-
microwave spectroscopy can be performed for radioactive
ions produced at 1 GeV by projectile fragmentation. This
guarantees that many new experiments on unexplored iso-
topes can follow using the same setup.
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TABLE II. Nuclear magnetic moment of 7Be ("N).

Present experimental value $1:399 28ð2Þ
Shell model

Cohen-Kurath (8-16)POT [20] $1:3787
Large-basis shell model [21] $1:132
Ab initio noncore shell model [22] $1:138

Quantum Monte Carlo
Variational quantum Monte Carlo [23] $1:110ð2Þ

Empirical
Linear relations #p ¼ $#n þ % [24] a $1:462
Isospin doublet (h!!zi ¼ 1) $1:377

a#n ¼ "ð7LiÞ=I ¼ þ3:256 462 5ð4Þ=ð3=2Þ [19] is used.

TABLE I. Resonance frequencies &þ and &$ at two different
magnetic fields. Each frequency is the result of the fitting from 3
or 4 measurements, and the magnetic fields are obtained together
with the hfs constant A from the fitting of the four frequencies to
the Breit-Rabi formula.

Quantity Icoil ¼ 12 A Icoil ¼ 14 A

B (mT) 0.6106 1(13) 0.7127 7(4)
&þ (MHz) 1472.745 4(32) 1470.613 1(13)
&$ (MHz) 1498.413 8(46) 1500.577 1(13)
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⌫� ⌫� = �A+ 1
2

p
4A2 � 2Ab(�1 + �) + b2(�1 + �)2 � 1

2b(1 + �)

) A = �742.772 28(43) MHz(5 · 10�7)

⌫+ = �A+ 1
2

p
4A2 � 2Ab(�1 + �) + b2(�1 + �)2 + 1

2b(1� 5�)

A ) µI = �1.39928(1) if |7�9| < 10�5

b = gJµBB

Breit-Rabi formulae
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10 Comparison with Theory
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Time Sequence of 11Be Experiment

1.Trapping for 40 s 
2. Laser cooling (frequency chirping) in a few seconds 
3. Spectroscopy: 2s scan x ~20 
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Laser cooling by only one laser 
⇒11Be is difficult to optically pump because its hfs is larger than others?
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A ) µI = �1.68166(11) n.m. if |9�11| < 10�4



Systematic Errors for 11Be+ HFS A

 Light shift? 
     

 Magnetic field? 
!

!

 Microwave synthesizer? 
!

 AC Stark shift due to rf voltage?

No. Laser is chopped off. 

Measured from 9Be+ HFS 
Feedback control to <10 ppm

Locked to GPS 

quadratic Stark shift

second-order Doppler shift
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Magnetic Field Determination

HFS spectroscopy of 9Be+
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Precision of hfs constant A for RI 
(hfa-measured nuclei)
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Results of Be HFS Spectroscopy

Be-7 Be-9 Be-11

HFS constant -742.77228(43) -625.0088370529(11) -2677.302988(72)

Nuclear Mag. Moment [n.m] -1.177432(3) (-)1.6816(8)

{deduced from {  -1.39928(1)  } {  -1.68166(11)  }

Our	
  Works

9�11 =
A9/(µ9/I9)

A11/(µ11/I11)
� 1 = 2.2(47)⇥ 10�4
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● More than one order of magnitude 
better accuracy for μI is required. 

!
● More seriously, β-NMR method 

cannot be applied to Be-7. 
!

→ How to measure it ?

9�11 =
A9/(µ9/I9)

A11/(µ11/I11)
� 1 = 2.2(47)⇥ 10�4



HFS spectroscopy under a higher magnetic field

then,

• g-factor measurement 
of 11Be with a 
combined trap

• Mass spectrograph

Less beam time
Less resources

....

Superconducting Helmholtz Magnet ~1 T
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planar ion trap
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pulsed cavity(30kV)

spectroscopy
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Super Cond. Magnet

Bunched 11Be+ ions

photon counting camera

then,

• g-factor measurement 
of 11Be with a 
combined trap

• Mass spectrograph

Less beam time
Less resources

....
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A = −625 008 835.23 (75) Hz
# g I / gJ =  2.134 780 33 (28) ×  10-4

Pumped State by
σ+ Laser

Pumped State by
σ- Laser

Zeeman Splittings of the Ground-State Hyperfine Structure of 9Be

€ 

WF (mJ ,mI ,b) = −
A
4
− (mJ + mI )γb

                      + mJ A2 ( 1
2 + I)2 + 2A(mJ + mI )(γ −1)b + (γ −1)2b2

                        b = gJµBB0 / h,   γ = gI $ / gJ

Breit-Rabi's Formula:
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Accurate and Independent Measurement of μI and A
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