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1.  Introduction to nucleon spin decomposition problem 

Although one might think it a little ñacademic problemò, to get a complete 

decomposition of nucleon spin is a fundamentally important homework of QCD. 

Unfortunately, this is an extremely delicate problem, which has rejected a clear 

answer for more than 20 years since the first extensive analysis in the paper by 

In fact, if our research ends up without accomplishing this task, a tremendous 

efforts since the first discovery of nucleon spin crisis would go up in smoke.  

Recently, two reviews appeared to overview controversial status of the problem : 

Å  E. Leader and C. Lorcé, Phys. Rept. 541, 163 (2014)  [arXiv : 1309.4235].  

Å  M. Wakamatsu, Int. J. Mod. Phys. A29, 1430012 (2014)  [arXiv:1402.4193]. 

Å  R.L. Jaffe and A.V. Manohar, Nucl. Phys. B337, 509 (1990). 



Central questions in the nucleon spin decomposition problem 

Can the total gluon angular momentum be gauge-invariantly decomposed into 

the spin and orbital parts without causing conflict with the textbook negative 

statement on the similar question on the total photon spin ? 

Are there infinitely many decompositions of the nucleon spin ?  If not, what 

physical principle favors one particular decomposition among many candidates ? 

Among the two different decompositions, i.e. the ñcanonicalò type decomposition 

and the ñmechanicalò type decomposition, which can we say is more physical ? 

More ñphysicalò here means that it is closer to direct observation. 

1) 

2) 

3) 

Concerning the first two issues, a clear answer was given in our latest paper. 

Å  M. Wakamatsu, arXiv:1409.4474 [hep-ph]. 

Key factors are :  

The existence of a particular spatial direction in DIS physics, i.e. 

the direction of parent nucleon momentum.  

Lorentz-boost-invariance of PDFs along this direction. 

The third issue was discussed in some detail in our aforementioned review. 



two popular decompositions of the nucleon spin 

Each term is not separately gauge-invariant ! No further GI decomposition !      

common 



two popular decompositions of the nucleon spin  :   - continued - 

different 

An especially annoying observation here was that, since  

one must inevitably conclude that 



Now we know the answer of this puzzle. 

Å  M.W. , Phys. Rev. D81 (2010) 114010.  

potential angular momentum 

           characterizes the difference between                and                  .  



The recent intensive dispute began with Chen et al.ôs papers. 

Å  X.-S. Chen et al., Phys. Rev. Lett. 103, 062001 (2009) ; 100, 232002 (2008).  

basic idea 

Their decomposition is given in the following form :  

In fact, each term is separately gauge-invariant !   

which is a sort of generalization of the familiar decomposition of  photon field in 

QED into the transverse and longitudinal components : 

- GI version of Jaffe-Manohar decomp. - 



Soon after, we noticed that the way of gauge-invariant decomposition of nucleon 

spin is not necessarily unique, and proposed another G.I. decomposition :  

where 

The QED correspondent of           is the orbital angular momentum carried by 

electromagnetic potential, appearing in the famous Feynman paradox. 

ñpotential angular momentumò 

An arbitrariness of the spin decomposition arises, because this potential angular 

momentum term is solely gauge-invariant !  Shifting it to the quark OAM part 

Å  M.W. , Phys. Rev. D81 (2010) 114010.  

Ji J-M or Chen 



We are thus left with two gauge-invariant decompositions of the nucleon spin : 

ñcanonicalò decomposition ñmechanicalò decomposition 

with with 

[Word of caution]  

These decompositions are based on the familiar transverse-longitudinal 

decomposition of the gauge field. 

However, the transverse-longitudinal decomposition is given only after fixing 

the Lorentz-frame of reference.      ( - breaks Lorentz-covariance - ) 



Å  M.W. , Phys. Rev. D83, 014012 (2011) 

ñcanonicalò decomposition ñmechanicalò decomposition 

2.  The role of Lorentz-invariance in the GI nucleon spin decomposition problem 

The most general forms of gauge-invariant complete decomposition of the nucleon 

spin, which have ñseeminglyò covariant appearances, was given in  

where where 



To obtain the these ñseeminglyò covariant complete decompositions, we need to 

impose very general conditions only :  

and 

Actually, these conditions are not enough to fix the decomposition uniquely ! Å  

Å  It is nevertheless true that one of our decompositions, i.e. the ñcanonicalò 

type decomposition contains the LC-gauge motivated Bashinsky-Jaffe (or 

Hatta) decomposition as well as the Coulomb-gauge motivated Chen 

decomposition, after a suitable choice of the Lorentz frame. 

Basis decomposition of gauge potential 



It was criticized by several researchers that our formal decomposition of the gauge 

field into its physical and pure-gauge components is not unique at all and there are 

in principle infinitely many such decompositions, which in turn leads to infinitely 

many decomposition of the nucleon spin. 

According to 

Å  X. Ji, Y. Xu, and Y. Zhao, arXiv : 1205.0156 [hep-ph]. 

the arbitrariness of the decomposition comes from the path-dependence of the 

Wilson line, which is necessary for explicitly fixing the decomposition of the 

gauge field into the physical and pure-gauge components. 

Another argument in favor of the existence of infinitely many decomposition of 

the nucleon spin was advocated by 

Å  C. Lorcé, Phys. Lett. B719, 185 (2013). 

based on what-he-call the Stueckelberg symmetry, which changes both of             

and             , while leaving their sum intact. 

[critiques to non-uniqueness nature] 



In a recent paper 

Å  X. Ji, J.-H. Zhang, and Y. Zhao, Phys. Rev. 111 (2013) 112002. 

with 

(2)  Next, they showed that the above operator is just the IMF limit of 

Ji et al. argued that the total gluon helicity in a polarized proton is shown to be 

large momentum limit of a gauge-invariant operator                 , with 

being the usual transverse component of the gauge potential.  

(1)  First, they pointed out that, for the abelian case, the gluon spin operator       ,      

which corresponds to DIS measurements, can be expressed in the form : 


