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To	
  study	
  the	
  structure	
  of	
  the	
  nucleus	
  is	
  to	
  study	
  the	
  
quantum-­‐mechanical	
  finite	
  many-­‐body	
  problem	
  	
  

•  In	
  the	
  63	
  years	
  from	
  1900	
  to	
  1963	
  we	
  went	
  “from	
  quantum	
  to	
  
quark”—three	
  fundamental	
  levels	
  of	
  organiza=on	
  of	
  maber	
  
(atomic,	
  nuclear,	
  hadronic).	
  

•  In	
  the	
  63	
  years	
  from	
  1952	
  to	
  2015	
  we	
  went	
  “from	
  the	
  
collec=ve	
  model	
  of	
  the	
  nucleus	
  to	
  the	
  collec=ve	
  model	
  of	
  the	
  
nucleus”-­‐-­‐!?	
  

•  Observa=on:	
  the	
  study	
  of	
  many-­‐body	
  quantum	
  systems	
  is	
  
enormously	
  more	
  complicated	
  than	
  the	
  study	
  of	
  one-­‐body	
  
quantum	
  systems.	
  



Shape	
  Coexistence	
  in	
  Nuclei:	
  	
  
origin	
  of	
  the	
  idea	
  

The	
  6.06-­‐Mev,	
  0+	
  …	
  state	
  in	
  016,…	
  may	
  be	
  deformed	
  …	
  



Where	
  Haruhiko	
  Morinaga	
  liked	
  to	
  go	
  fishing	
  (Hope’s	
  Nose,	
  Torbay,	
  England)	
  
-­‐-­‐JLW	
  recollec=on	
  of	
  a	
  conversa=on	
  with	
  Morinaga-­‐san,	
  	
  

Amsterdam	
  Conference,	
  1974	
  



Solvers	
  of	
  the	
  nuclear	
  many-­‐body	
  problem:	
  
Gordon	
  Research	
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  1981	
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1.9 Shape coexistence in nuclei
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Figure 1.73: The excited states of 16O
showing all known states up to 11.1 MeV
and selected other states. The first ex-
cited state at 6.049 MeV is a 0+ proton-
pair-neutron-pair excitation across the 8-
nucleon shell gaps. Associated with it is
a band of states (shown directly above it)
with spin-parities 2+, 4+, 6+. Their inter-
relationship is supported by gamma-ray de-
cay data for which B(E2) values are given
in Weisskopf units. The close spacing of
the 0+, 2+, 4+, 6+ band members and the
large B(E2) values indicate large deforma-
tion. There is also evidence for a K� = 0�

and a K� = 2+ band. (The states on
the left are believed to be predominantly
non-deformed one-particle-one-hole excita-
tions.) (The data are taken from Tilley
D.R., Weller H.R. and Cheves C.M. (1993),
Nucl. Phys. A564, 1.)
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Figure 1.74: The excited states of 40Ca
showing all known states up to 5.9 MeV and
selected other states. The first excited state
at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a K� = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,�)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21
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Figure	
  from	
  Rowe	
  &	
  Wood	
  

Energies	
  of	
  states	
  are	
  given	
  in	
  keV.	
  
	
  
B(E2)	
  values	
  are	
  given	
  in	
  W.u.	
  
	
  
States	
  on	
  the	
  far	
  len	
  are	
  spherical.	
  
	
  
The	
  beginnings	
  of	
  three	
  deformed	
  
bands,	
  with	
  K	
  =	
  0,	
  0,	
  2,	
  are	
  shown.	
  

-­‐-­‐Morinaga-­‐san	
  was	
  right!	
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  where	
  we	
  have	
  been	
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Coexistence:	
  Synopsis	
  of	
  this	
  talk	
  	
  

•  An	
  overview	
  of	
  the	
  Pt	
  –	
  Pb	
  (Z	
  =	
  82)	
  region:	
  
	
  	
  	
  	
  	
  ★	
  the	
  region	
  with	
  by	
  far	
  the	
  most	
  widely	
  characterized	
  manifesta=on	
  of	
  	
  shape	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  coexistence	
  in	
  nuclei	
  	
  
	
  	
  	
  	
  	
  	
  	
  ★ a	
  region	
  that	
  demanded	
  development	
  of	
  	
  techniques	
  	
  for	
  rare	
  isotope	
  studies	
  
	
  	
  	
  	
  	
  	
  	
  ★ a	
  region	
  where	
  deformed	
  states	
  “intrude”	
  below	
  the	
  expected	
  spherical	
  states	
  	
  

	
  
•  A	
  view	
  of	
  the	
  32Mg	
  –	
  48Ca	
  (N,	
  Z	
  =	
  20)	
  region:	
  
	
  	
  	
  	
  	
  	
  is	
  the	
  spherical	
  shell	
  at	
  N	
  =	
  20	
  really	
  breaking	
  down?	
  
	
  

•  A	
  brief	
  view	
  of	
  the	
  100Zr	
  region:	
  
	
  	
  	
  	
  	
  	
  	
  	
  when	
  do	
  subshells	
  produce	
  coexistence?	
  



Isotope	
  shins	
  in	
  the	
  Pb,	
  Hg,	
  and	
  Pt	
  isotopes	
  
and	
  the	
  185Hg	
  isomer	
  shin	
  

tion in the droplet model with !2 around 0.1 improves the
agreement with the data for 184–190Pb, but is inconsistent
with spectroscopic properties [3,11,32]. More realistic ap-
proaches that provide a good description of the coexisting

bands in the neutron-deficient lead isotopes are the beyond
mean-field calculations [4,18] and the Interacting Boson
Model [16,33,34].

The model used in [4] mixes mean-field wave functions
all having a different axial quadrupole deformation.
Around midshell where the lead isotopes are soft, the
collective wave function is spread over a large number of
configurations, and the notion of spherical or deformed
becomes ill defined. One can however still measure the
importance of deformed configurations in the collective
wave function by averaging the deformation of the mean-
field wave functions with their weight in the former. A
collective wave function with a distribution of components
symmetric with respect to the spherical configuration will
have a mean deformation close to zero and can be consid-
ered as spherical. This was indeed the case for the ground
state of the lead isotopes studied in [4]. The resulting hr2i
values underestimate the experimental data and decrease
too quickly with decreasing N (Fig. 3).

The global study of the ground-state properties within
the same formalism presented in [18] points at the sensi-
tivity of the isotope shifts to the details of the effective
interaction. We have verified that the Skyrme interaction
SLy4 used in [18] instead of SLy6 used in [4] brings only
marginal changes. By contrast, the slight reduction of the
pairing strength from [4] to [18] has a significant effect on
the precise balance between excited prolate and oblate
configurations but leads only to a very small increase in
the mean deformation of the ground state. As seen in Fig. 3,
this tiny modification leads to strongly different radii
which overestimate the experimental data showing that
isotope shifts are very sensitive to correlations in the lead
ground-state wave functions.

The "hr2i data are also compared to results from the
configuration mixed IBM calculations where explicit mix-
ing between the configurations resulting from regular 0p!
0h and intruder 2p! 2h and 4p! 4h excitations across
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FIG. 2. Mean square charge radii for the lead [22,31,37],
mercury [20], and platinum [21] isotopes, represented by the
circles (ground state) and triangles (isomeric states), compared
to the predictions of the droplet model [32], represented by the
solid lines. The reference isotope for each element is circled. The
error bars on the experimental results are smaller than the
symbol size. The distance between the different chains is chosen
arbitrarily for better display. The new data points from this work
are displayed with full symbols.
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FIG. 3. Difference from the experimental mean square charge
radii (Expt), the beyond mean-field calculations with normal [4]
(MF) and decreased pairing [18] (MF"), and the IBM calcula-
tions (IBM) to the droplet model calculations for a spherical
nucleus. Isodeformation lines from the droplet model at !2 #
0:1 and 0.15 are shown.

TABLE I. Isotope shifts "#A;208
exp in atomic transitions and

"hr2iexp in mean square charge radii relative to 208Pb, deduced
from this work. The tabulated errors reflect only the isotope shift
uncertainties; the total errors are 0:025 fm2 for 182Pb, 0:013 fm2

for 183–185Pb, and 0:010 fm2 for 186–190Pb, including errors on
the electronic factor and mass shifts.

Isotope T1=2 [s] I "#A;208
exp [GHz] "hr2iexp [fm2]

190Pb 71 0$ !15:86%10& !0:839%5&
189Pb 51 3!

2 !16:82%15& !0:890%8&
189mPb ' ' ' 13$

2 !17:35%20& !0:918%8&
188Pb 25.1 0$ !17:57%12& !0:930%6&
187Pb 15.2 3!

2 !18:78%12& !0:993%6&
187mPb 18.3 13$

2 !19:37%12& !1:025%6&
186Pb 4.82 0$ !19:81%10& !1:048%5&
185Pb 6.3 3!

2 !20:66%15& !1:093%8&
185mPb 4.3 13$

2 !21:26%15& !1:125%8&
184Pb 0.49 0$ !21:74%10& !1:150%5&
183Pb 0.535 3!

2 !22:95%15& !1:215%8&
183mPb 0.415 13$

2 !23:54%15& !1:246%8&
182Pb 0.055 0$ !24:56%25& !1:299%12&

PRL 98, 112502 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
16 MARCH 2007
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  the	
  even-­‐Hg	
  isotopes:	
  	
  
NOTE	
  characteris=c	
  parabolic	
  energy	
  trend	
  

M. SCHECK et al. PHYSICAL REVIEW C 81, 014310 (2010)
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FIG. 1. (Color online) (a) Energy systematics of odd-spin yrast
states in even-mass Hg isotopes. Please note the 1 MeV offset of the
y axis. (b) Systematics of low-lying positive parity states in even-mass
Hg isotopes. The level energies of states with an assumed oblate
deformation are shown with full (blue) symbols. Level energies of
states with an assumed prolate shape are shown with open (red)
symbols. The data are taken from the NNDC data base [12].

Ref. [19] or Figs. 1 and 2 in Ref. [20]) point toward a rather
low octupole collectivity in this mass region.

For 178Hg [21] and 180Hg [17] candidates for J π = 3−

octupole excitations are proposed. Previous studies of
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FIG. 2. (Color online) Energy differences for states of the odd-
spin band and the even-spin yrast states with a difference of three
units of angular momentum.

182Hg [22] and 184Hg [23] did not propose candidates for
an octupole excitation. A candidate in 186Hg was found at
1228 keV [24], but a second study [25] assigned a spin
and parity of J π = 4+ to this state. From the level-energy
systematics band 8 in Fig. 1 of Ref. [25] exhibits a similar
behavior to the odd-spin bands under investigation. However,
in 186Hg no decay to an octupole candidate was observed.

In 178,180Hg the respective 3− candidates are populated by
decays stemming from 5− states, which is the bandhead of an
odd-spin band. Due to the decay behavior a firm assignment
of negative parity was given to these bands [17]. Considering
the striking similarity of the odd-spin bands of 180Hg and
182Hg, up to spin J π = 15(−) with almost identical transition
energies (see Fig. 2 in Ref. [17] and Fig. 3 in Ref. [22]), a
negative parity of the odd-spin band in 182Hg is probable. As
shown in Fig. 1(a), the excitation energies of the observed
odd-spin bands of even-even 178−186Hg show a similar pattern
to the even-spin yrast states. The excitation energy of a
state of a given angular momentum J π exhibits a slightly
parabolic behavior for isotopes near the neutron midshell at
N = 104. Figure 2 shows the difference of the excitation
energies of the states of a given angular momentum J (−)

belonging to the odd-spin band and the state with (J − 3)+

of the even-spin yrast band. Up to spin J π = 13(−), constant
energy differences at approximately the excitation energy of
the respective octupole candidate are observed. This supports
the suggestion given in Ref. [17] that the bands are based
on an octupole excitation aligned with the even-spin yrast
band. Above spin-13 the energy differences decrease. The
alignment plots (e.g., Fig. 6 in Ref. [17]) show an alignment
of about three units for the low-spin. The band is then crossed
by a shape-driving two-quasiparticle excitation resulting in
an additional alignment gain of five units. However, the
corresponding odd-spin band in 186Hg does not follow the
systematic behavior of the bands observed in the other isotopes
as the energy difference EJ− − E(J−3)+ remains constant.

So far, apart from the J π = 9− state in 180Hg [8], no
lifetimes for low-spin members of these particular bands in
even-even 178–186Hg are known. The observed lifetime in
180Hg results in a similar quadrupole deformation for the
odd-spin state (|β t

2| = 0.27) as observed for the even-spin
yrast states with J ! 4. Measured lifetimes together with
observed branching ratios will allow the extraction of transition
quadrupole moments |Qt | and the degree of quadrupole de-
formation |β(t)

2 | from the intraband transition matrix elements
⟨#(J−)|E2|#(J + 2−)⟩. Furthermore, the transition dipole
moments |Dt | can be determined from the E1 interband
transitions matrix elements ⟨#(J+)|E1|#(J ± 1−)⟩.

In Sec. II a short overview of the experimental setup and
technique is given, the experimental results are presented in
Sec. III and the experimental findings will be discussed in
Sec. IV.

II. EXPERIMENTAL SETUP AND TECHNIQUE

The data presented in this work were obtained as a by-
product of the work published in Ref. [8]. Therefore, only a
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1 Elements of nuclear structure
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Figure 1.13: Low-energy states in odd-mass nuclei adjacent to 208Pb. Excitation energies are in MeV. Levels
are labelled by their spin and parity Jº and, for the odd-mass nuclei, the single-particle quantum numbers
n, l, j are given, together with their particle (+1) or hole (°1) character. Parity is given by (°1)l, where
l = 0, 1, 2, 3, 4, 5, 6, 7 are labelled by s, p, d, f, g, h, i, j. The vertical arrows indicate the presence of higher
energy excited states whose energies are known but are omitted from the figure. (The data are from Nuclear
Data Sheets.)

where ĥi governs the motion of the i’th nucleon. It corresponds to a system of
nucleons moving independently in a spherically symmetric field, commonly referred
to as the single-particle potential. The single-particle potential is chosen to represent
the average interaction of a nucleon with the other nucleons.

In principle the nuclear Hamiltonian can always be expressed as a sum of two
terms as in Equation (1.6). But, such an expression is only useful if Ĥ0 exhibits a
shell structure and if the residual interaction is not so strong that it destroys this
structure.

A simple single-particle Hamiltonian, ĥi, is of the form

ĥi =
p̂2i
2M

+ U(ri), (1.8)

where p̂i (= °i~ri) is the momentum of the i’th nucleon, so that p̂2i = p̂i · p̂i =
°~2r2, M is the mass of a nucleon, ri is its position vector (ri = |ri|), and U is a

16

E(MeV)	
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interaction is approximated by a separable quadrupole-
quadrupole force and using the technique described by
Heyde et al. (1987).

To quote Brown (2002) ‘‘These correlated ground states
might be misinterpreted in terms of shell quenching where the
actual spherical gap vanishes. The gap may become smaller
in these situations, but the essential physics is in the pairing
and deformed correlations.’’

3. Heavy nuclei: The Sn (Z ¼ 50) and Pb (Z ¼ 82) regions

It is clear that, even though the nuclear shell model con-
tains the correct ingredients to describe the balance between
closed shells, low-lying intruder states, and even inversions of
np-nh configurations relative to the 0ℏ! closed-shell con-
figuration, such calculations cannot be carried out for nuclei
heavier than mass A ¼ 80 in the framework of the nuclear
shell model because the model spaces are too large.
Inevitably, one has to restrict the model spaces, however,
keeping the essential physics content, if one intends to
progress and reach the Sn and Pb nuclei in which, in particu-
lar, for the latter region and during the last decade, a major
step forward has been made in studying the neutron-deficient
isotopes (see Sec. III).

In this section, we discussed a truncation of the full shell-
model space to the use of nucleon pairs, built from realistic
collective J ¼ 0 (S pair) and J ¼ 2 (D pair) pairs, only. This
truncation allows one to concentrate on low-lying quadrupole
excitations. We also discuss the fact that one needs to include
pair excitations across (sub)shells in order to describe shape
coexistence in heavy nuclei. Along this line, we present a
schematic model that accounts for the generic nucleon num-
ber N (or Z) dependence of intruder 0þ excitations. The

interacting boson model (IBM) serves as a phenomenological
approach to describe both regular and intruder states on equal
footing. Applications to Cd and Pb nuclei, using the IBM
approach, are also presented.

a. Shell-model truncation: S and D pair shell model and the sd
interacting boson model

One of the major problems in keeping with the standard
shell-model approach is the fact that all possible partitions of
the number of active protons and neutrons over the chosen
model space have to be considered. A crucial step is to
truncate the shell-model basis into a subspace that allows
us to treat low-lying quadrupole excitations and intruder
excitations moving across closed shells (or subshells). An
approach that starts from a nucleon-pair approximation
to the full shell-model space, i.e., the nucleon-pair shell
model (NPSM), was proposed by Chen (1997). Here the
building blocks of the model are realistic collective pairs
with J ¼ 0; 2; . . . .

What remains difficult, even in the NPSM, is the way to
introduce np-nh nucleon-pair excitations across the known
closed shells. In Secs. II.A.1 and II.A.2, it was shown that
these across-shell excitations are essential to describe in-
truder states and shape coexistence. Extending the model
space brings the NPSM to its limits. It is, in particular, the
fact that the Pauli principle has to be treated exactly, since we
are using fermions, which causes the calculation time to grow
quickly with the number of valence particles and np-nh
excitations.

The interacting boson model, on the other hand, approx-
imates the quadrupole collective subspace of the full shell-
model space by using s and d bosons only. This has been
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FIG. 4 (color online). The different energy terms, contributing to the energy of the lowest proton 2p-2h 0þ intruder state for heavy nuclei.
On the right-hand side, a schematic view of the excitation is given. On the left-hand side, the unperturbed energy, the pairing energy, the
monopole energy shift, and the quadrupole energy gain are presented, albeit in a schematic way.
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A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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Sorlin and Porquet (2008)]. A comparison with the extensive
data for even and odd nuclei in the Z! 20, 50, and 82
regions, a sample of which is given in Fig. 43(b), suggests
that these isotopic pairs possess structures that can be placed
in a unified framework involving intruder states and their
connection to shape coexistence. Thus, the excited 0þ states
in these even isotopes are all due to neutron- (proton-) pair
excitations across neutron (proton) closed shells, and they are
lowered in energy by the enormous gain in energy resulting
from proton-pair–neutron-pair correlations.

The unified view provided above indicates that shape
coexistence in these neutron-rich regions should occur for a
spread in mass numbers. There is gathering evidence that this
view is correct, albeit often realized only in the face of
considerable experimental difficulties. Figure 44 shows the
systematic features of low-lying excited states in the N ¼ 20
isotones. The nucleus 32Mg has long been known (Détraz
et al., 1979) to have a low-energy 2þ first-excited state. Lack
of detailed spectroscopy has left this picture essentially un-
changed for 30 years. Progress has been made in the neigh-
boring isotopes 31Mg and 33Mg, where the characterization of
ground-state spins and magnetic moments (Neyens et al.,

2005; Yordanov et al., 2007) provide strong evidence for
intruder configurations becoming the ground state. The rec-
ognition that shape coexistence may be occurring in the
neutron-rich N ! 28 region is much more recent (Sarazin
et al., 2000).

The close energy relationship between intruder states ad-
jacent to closed shells and excited 0þ states in the neighbor-
ing singly closed shell nuclei, noted already for Z ¼ 82, 50,
can be demonstrated also for N ¼ 19, 20, 21 and is shown in
Fig. 45. We emphasize that it is the correlated pairs that
appear to quantitatively explain the energy systematic.
Clearly, the critical test of this picture will be the observation
of low-energy excited 0þ states in 32Mg and 34Si, the former a
spherical state and the latter a deformed state (with an
associated rotational band). Recently, an excited 0þ state at
an excitation energy of 1058 keV has been observed in 32Mg
using a two-neutron transfer reaction in inverse kinematics at
REX-ISOLDE (Wimmer et al., 2010), giving support to the
proposed picture. Ibbotson et al. (1998) suggested that the 2þ1
state in 34Si is a !ð2p-2hÞ configuration. It is this relationship
which suggests that caution is needed in the language used to
describe the structure at N ! 8, 20, and 28: These structures
are not due to a breakdown of the shell model, which is an
independent-particle model; they are due to the correlation
energies involved when pair excitations across closed shells
occur. The term island of inversion refers to the fact that the
2p-2h states are below the 0p-0h closed-shell state. This
implies inversions of states, in which phenomena are no
different to the long known and widely characterized shape
coexistence occurring in heavier nuclei and in 16O, 40Ca, and
their neighbors. We add some discussion of evidence for
shape coexistence in this region, with a measure of caution
regarding what we point to being well established: The
spectroscopy is difficult and progress in establishing a clear
view of the structures involved is not smooth.
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Shape	
  coexistence	
  at	
  shell	
  and	
  subshell	
  gaps:	
  	
  
the	
  suppression	
  of	
  collec=vity—THE	
  MESSAGE	
  

typical few-nucleon excitations in a consistent way,
extended model spaces such as 1p1=2;3=2-2s1=21d3=2;5=2,
2s1=21d3=2;5=2-2p1=2;3=21f5=2;7=2, and 1f5=22p1=2;3=21g9=2
have been considered. Here one is close to reaching the
present limits of computing possibilities. Benchmark calcu-
lations for, e.g., 40Ca (Caurier et al., 2007) and 56Ni (Horoi
et al., 2006) have given rise to a consistent description of the
lowest-lying spherical states, deformed states, and even
superdeformed structures that appear at low excitation en-
ergy. Even though large-scale shell-model calculations can
produce low-lying collective states [energy, BðE2Þ values,
Q moment], an obvious insight is hampered because of the
complexity of the shell-model wave functions. Still, effective
charges are needed with typical values of e! ¼ 1:5e and e" ¼
0:5e. A relation to quasi-SU(3) and to quasipseudo-SU(3) has
been addressed (Caurier et al., 2005) but has not been
developed in a systematic way.

Uncovering symmetries present within the huge shell-
model Hilbert space should allow for an extraction of the
collective dynamics, starting from microscopic effective
nucleon-nucleon forces.

Theoretical prediction of shape coexistence in nuclei has
largely evolved using separate descriptions of their intrinsic
and collective structure, i.e., intrinsic structures have been
calculated using constrained HF(B) theory and collective
structure has been imposed (either by fiat or by beyond-
mean-field techniques). However, a unified description is
available using the symplectic shell model (Rosensteel and
Rowe, 1977; Rowe, 1985, 1996). We say that, in reflecting on
the substance of this review, experiment has ‘‘caught up’’ to
the symplectic shell model which provides the fundamental
theoretical framework for understanding shape coexistence in
atomic nuclei. We suggest that this time lag has been because
it has taken 30 years to move the experimental perspective of
shape coexistence from an exotic rarity to a near-universal
property of nuclei.

From a symplectic perspective, configurations associated
with spherical shapes are just a small subset of a large number
of possible nuclear configurations. This suggests that we can
invert the intruder parabolas to emphasize that the occurrence
of spherical structures at doubly and singly closed shells is the
manifestation of just a few of the many possibilities for
structures in such nuclei. We depict this new perspective in
Fig. 51.

Figure 52 gives a schematic view of the way in which the
Hilbert space of a nucleus is viewed from a symplectic
Spð3; RÞ model perspective: Each ‘‘tower’’ in Fig. 52 is a
symplectic irrep or collective band labeled by the quantum
numbers #, $ of the Spð3; RÞ subgroup, SU(3). Symplectic
(2ℏ!) raising and lowering operators, acting within each
Spð3; RÞ irrep are indicated. This ‘‘vertical’’ perspective re-
flects a remarkable and fundamental property of Spð3; RÞ: It
contains the Bohr model as a submodel. Indeed, at its in-
ception (Rosensteel and Rowe, 1977), Spð3; RÞ was the result
of a search for the microscopic shell-model basis of the Bohr
model. It is the configurations contained in the towers that are
necessary to microscopically generate the large collective
strengths observed at low energy in nearly all nuclei.

From a shell-model perspective, one views the Hilbert
space of a nucleus in terms of a valence energy shell together

with a few shells below and above, i.e., from a ‘‘horizontal’’
perspective. Most of this review used this perspective to
organize data. Microscopic, shell-model based theory fol-
lowed this way of looking at nuclear collectivity. However,
one cannot describe the highly deformed states of rotational
nuclei in a conventional spherical shell-model basis without
using unphysically large effective charges.

From a mean-field perspective, the observed deformations
of nuclei can be generated from the Hilbert space when major
shell mixing is allowed. However, the details of the intrinsic
structure of each of these deformed minima is obscured
because beyond-mean-field methods impose the collective
dynamics, i.e., the view of nuclear collectivity that results is
limited.

From a symplectic perspective, each SU(3) irrep ð#;$Þ is
an intrinsic state with # and $ values determined by the
number of oscillator quanta N carried by the collectively
active nucleons in the nucleus. A simple way to make this
connection is via the partitioning of the N quanta over nx, ny,
and nz, and the relationships N ¼ nx þ ny þ nz, # ¼ 2nz %
nx % ny, and $ ¼ nx % ny. The values of # and $ are related

to the Bohr model parameters % and & (Rowe, 1985;
Castanos, Draayer, and Leschber, 1988).

Collectivity can emerge from a ð#;$Þ irrep directly as an
SU(3) dynamical symmetry through a nucleon-nucleon inter-
action of the quadrupole-quadrupole type of the Elliott

suppressed
collectivity

suppressed
collectivity

(a)

(b)

(c)

suppressed
collectivity

doubly-closed
shell

doubly-closed
shell

ygren
E

FIG. 51. A schematic view of the intruder-state ‘‘parabolas,’’
shown to dramatize the way that shells and subshells suppress the
emergence of low-energy collectivity in nuclei. (a) The situation
where deformed structures intrude to become the ground state at the
middle of a singly closed shell, e.g., 32Mg; (b) where the ground
states for a sequence of singly closed shell nuclei remain spherical,
but deformed structures form excited intruder bands, e.g., the Sn and
Pb isotopes; (c) where a subshell may suppress intrusion of a
deformed structure from becoming the ground state or a low-lying
excited band, e.g., N ¼ 50, 82.
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Shape	
  coexistence:	
  Conclusions	
  

★  Shape	
  coexistence	
  probably	
  occurs	
  in	
  all	
  nuclei.
★  Shape	
  coexistence	
  can	
  occur	
  at	
  low	
  energy	
  in	
  the	
  regions	
  
	
  	
  	
  	
  	
  	
  of	
  shell	
  energy	
  gaps	
  and	
  subshell	
  energy	
  gaps.	
  
★  In	
  order	
  to	
  move	
  towards	
  a	
  unified	
  (and	
  complete)	
  view	
  of	
  the	
  

collec=ve	
  model	
  of	
  the	
  nucleus,	
  experimental	
  and	
  theore=cal	
  work	
  
on	
  shape	
  coexistence	
  is	
  essen=al.	
  

★  CONTENTION:	
  deforma=on	
  is	
  the	
  universal	
  norm	
  of	
  all	
  nuclei	
  
	
  	
  	
  	
  	
  	
  (sphericity	
  is	
  a	
  special	
  case	
  of	
  “deforma=on”).	
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Odd-­‐mass	
  intruder	
  states	
  and	
  their	
  associa=on	
  
with	
  low-­‐energy	
  excited	
  0+	
  states	
  

Sorlin and Porquet (2008)]. A comparison with the extensive
data for even and odd nuclei in the Z! 20, 50, and 82
regions, a sample of which is given in Fig. 43(b), suggests
that these isotopic pairs possess structures that can be placed
in a unified framework involving intruder states and their
connection to shape coexistence. Thus, the excited 0þ states
in these even isotopes are all due to neutron- (proton-) pair
excitations across neutron (proton) closed shells, and they are
lowered in energy by the enormous gain in energy resulting
from proton-pair–neutron-pair correlations.

The unified view provided above indicates that shape
coexistence in these neutron-rich regions should occur for a
spread in mass numbers. There is gathering evidence that this
view is correct, albeit often realized only in the face of
considerable experimental difficulties. Figure 44 shows the
systematic features of low-lying excited states in the N ¼ 20
isotones. The nucleus 32Mg has long been known (Détraz
et al., 1979) to have a low-energy 2þ first-excited state. Lack
of detailed spectroscopy has left this picture essentially un-
changed for 30 years. Progress has been made in the neigh-
boring isotopes 31Mg and 33Mg, where the characterization of
ground-state spins and magnetic moments (Neyens et al.,

2005; Yordanov et al., 2007) provide strong evidence for
intruder configurations becoming the ground state. The rec-
ognition that shape coexistence may be occurring in the
neutron-rich N ! 28 region is much more recent (Sarazin
et al., 2000).

The close energy relationship between intruder states ad-
jacent to closed shells and excited 0þ states in the neighbor-
ing singly closed shell nuclei, noted already for Z ¼ 82, 50,
can be demonstrated also for N ¼ 19, 20, 21 and is shown in
Fig. 45. We emphasize that it is the correlated pairs that
appear to quantitatively explain the energy systematic.
Clearly, the critical test of this picture will be the observation
of low-energy excited 0þ states in 32Mg and 34Si, the former a
spherical state and the latter a deformed state (with an
associated rotational band). Recently, an excited 0þ state at
an excitation energy of 1058 keV has been observed in 32Mg
using a two-neutron transfer reaction in inverse kinematics at
REX-ISOLDE (Wimmer et al., 2010), giving support to the
proposed picture. Ibbotson et al. (1998) suggested that the 2þ1
state in 34Si is a !ð2p-2hÞ configuration. It is this relationship
which suggests that caution is needed in the language used to
describe the structure at N ! 8, 20, and 28: These structures
are not due to a breakdown of the shell model, which is an
independent-particle model; they are due to the correlation
energies involved when pair excitations across closed shells
occur. The term island of inversion refers to the fact that the
2p-2h states are below the 0p-0h closed-shell state. This
implies inversions of states, in which phenomena are no
different to the long known and widely characterized shape
coexistence occurring in heavier nuclei and in 16O, 40Ca, and
their neighbors. We add some discussion of evidence for
shape coexistence in this region, with a measure of caution
regarding what we point to being well established: The
spectroscopy is difficult and progress in establishing a clear
view of the structures involved is not smooth.
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