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The Three-Quark Potential and  

Perfect Abelian Dominance in SU(3) Lattice QCD 

Abstract:  

We study the static three-quark (3Q) potential for more than 300 different 

patters of 3Q systems with high statistics in SU(3) quenched lattice QCD. 

For all the distances, the 3Q potential is found to be well described by the  

Y-Ansatz, i.e., one-gluon-exchange Coulomb plus Y-type linear potential.  

Remarkably, quark confinement forces in both QQbar and 3Q systems can 

be described only with Abelian variables in the maximally Abelian gauge, 

which we call “perfect Abelian dominance” of quark confinement. 
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I sincerely thank Prof. Nambu for his interests and  

several valuable suggestions on our confinement studies,  

and also for his many great works in physics.  

Very sadly, Great Professor Yoichiro Nambu  

passed away on 5th July 2015.  



Quark-antiquark static potential in Lattice QCD 
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The inter-quark potential is obtained  

from the Wilson loop in lattice QCD. 

M.Creutz (1979,80) 
 
 

 
 

Summarized lattice QCD data 
G.S.Bali (2001) 

T.T.Takahashi, H.S. et al. (2002) 
JLQCD (2003)  
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Quantitatively, the QQbar  

potential is well described  

by a simple sum of  

Coulomb plus linear.  

Quark-antiquark static potential in Lattice QCD 
M.Creutz (1979,80) 

 
 

 
 

Summarized lattice QCD data 
G.S.Bali (2001) 

T.T.Takahashi, H.S. et al. (2002) 
JLQCD (2003)  

quark anti-quark 



Flux-tube formation for QQbar system in Lattice QCD 

G.S. Bali 

As for the flux-tube formation, it been observed in lattice QCD,  

and such one-dimensional squeezing of color flux leads to  

linear confinement potential.  

Non-perturbative 

Color-Electric Flux Tube 



Historical Overview 

 In 1970’s, Nambu, 't Hooft, Mandalstam proposed Dual Superconductor  

 picture for quark confinement, based on the analogy between Abrikosov 

 vortex in Type-II superconductor and flux-tube/string picture for hadrons.  

Dual Superconductor Picture for Confinement 



In maximally Abelian (MA)  gauge, QCD is reduced into an  

Abelian gauge theory with magnetic monopoles. [G. ’t Hooft, NPB190(1981)] 
 

1. Non-Abelian gauge symmetry SU(3) is reduced into Abelian gauge  

    symmetry U(1)2, i.e., SU(3) → U(1)2.  (maximal torus subgroup of SU(3)) 
 

2. There appear magnetic monopoles from hedgehog singularity,  

    corresponding to the Nontrivial Homotopy Group Π2 (SU(3)/U(1)2)=Z2,  

    similar to the appearance of ’t Hooft-Polyakov or GUT monopoles. 

Monopoles appear around  

hedgehog singularities in gluon field  

in MA gauge (SU(2) Lattice QCD)  

H. Ichie and H.S., NPB574 (2000) 70. 

Thus, in MA gauge, QCD can be dual superconductor theory,  

if Abelian dominance (inactiveness of off-diagonal gluon) and  

monopole condensation are realized.  



Abelian Dominance in SU(2) Lattice QCD 

G.S. Bali, V. Bornyakov, M. Mueller-Preussker, K. Schilling, PRD54 (1996) 2863. 

M.-I. Polikarpov’s Plenary Review Talk at LATTICE 1996.  

Abelian 

SU(2) 

MA projection of Inter-Quark Potential in Quenched SU(2) Lattice QCD  

at b=2.5115 (a≒0.1fm) on 324 (L≒3 fm) 

Abel ≒ 0.92 SU(2) 

Abelian dominance has been studied mainly in SU(2) Lattice QCD.  



Perfect Abelian Dominance for Confinement  

for QQbar Potential in SU(3) Lattice QCD 



Maximally Abelian (MA) Gauge 

 

In lattice QCD, MA gauge is defined by maximizing “Abelian part ”,  
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   After MA gauge fixing, SU(3) link variables are factorized into  

   U(1)2 and SU(3)/U(1)2.  

2)(
)1()( Uesu

Hsi









2)(
)1(/)3()( USUesM

Esi







SU(3) link-variable  

Abelian link-variable  

off-diagonal link-variable  

In continuum Euclidean QCD, MA gauge is defined by minimizing  

off-diagonal gluon-field amplitude using SU(3) gauge transformation. 
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Abelian Wilson loop MA-projected quark potential 

Abelian Wilson loop and MA-projected quark potential 

Similar to the extraction of the quark potential from the Wilson loop, 

MA-projected quark potential can be obtained from Abelian Wilson loop. 

 

N.B. The Abelian Wilson loop and  MA-projected quark potential 

        are invariant under residual Abelian gauge transformation. 



Pioneering work in SU(3) Lattice QCD 1 

J.D. Stack, W.W. Tucker, R.J. Wensley, NPB639 (2002) 2013. 
 

The maximal abelian gauge, monopoles, and vortices in SU(3) lattice gauge theory 

Abelian 

SU(3) 

MA projection of Inter-Quark Potential in Quenched SU(3) Lattice QCD  

at b=6.0 (a≒0.1fm) on 164 (L≒1.6fm) 

Z3 

monopole Abel ≒ 0.9 SU(3) 

Analysis with  

Coulomb + linear Ansatz 



Pioneering work in SU(3) Lattice QCD 2 

V.G. Bornyakov et al. (DIK collaboration) PRD70 (2004) 074511. 

Abelian 

SU(3) 

MA projection of Inter-Quark Potential in Quenched SU(3) Lattice QCD  

at b=6.0 (a≒0.1fm) on 163 x 32 (L≒1.6fm) 

Abel ≒ 0.83 SU(3) 

Analysis with  

Coulomb + linear Ansatz 

(They also investigated full QCD and flux-tube formation.) 

Simulated annealing  

algorithm was used to  

avoid Gribov copy effect. 



Numerical condition for QQbar potential calculation 

- SU(3) standard plaquette action at quenched level 
 

- various lattice parameter: b = 5.8~6.4, 

     corresponding to lattice spacing: a = 0.058~0.148fm 
 

- various lattice size: La = 2~3fm for main calculations 
 

- large number (200~600) of gauge configurations  
 

- over-relaxation method  

   for MA gauge fixing 
 

- smearing method for  

  accurate measurement 

Our study 



In our over-relaxation method, the maximized value of R is 

almost the same over 200~600 gauge configurations.  
 

Actually, the converged values of R are 0.7072(6) with 16332 at β=5.8;  

0.7321(11), 0.7322(7), and 0.7318(3) with 12332, 16332, and 324 at β=6.0;  

0.7510(7) with 16332 at β=6.2; and 0.7656(3) with 324 at β=6.4.  

Here, the values in parentheses denote the standard deviation.  

 

In fact, our procedure seems to escape bad local minima, 

where R is relatively small. Then, we expect that the Gribov 

copy effect is not so significant in our calculation. 

MA gauge fixing and Gribov copy effect 

In MA gauge, we maximize  



Abelian Dominance for Confinement in QQbar Potential 

SU(3) potential and Abelian-projected potential in 

MA gauge in lattice QCD with b=6.0~6.4 and 324.  

SU(3) potential V(r) 

Abelian part VAbel(r) 



SU(3) potential and Abelian-projected potential in 

MA gauge in lattice QCD with b=6.0~6.4 and 324.  

SU(3) potential V(r) 

Abelian part VAbel(r) 

SU(3) potential and  

its Abelian part have  

almost the same slope 

at large distance. 

⇒ 

  Abelian Dominance 

    for Confinement 

Abelian Dominance for Confinement in QQbar Potential 
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SU(3) potential V(r) 

Abelian part VAbel(r) 

Fit analysis with  

Coulomb-plus-linear Ansatz 

Quantitative Analysis on Abelian Dominance for Confinement 
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SU(3) potential V(r) 

Abelian part VAbel(r) 

Fit analysis with  

Coulomb-plus-linear Ansatz 

Quantitative Analysis on Abelian Dominance for Confinement 



Abel = SU(3)  

⇒ Perfect Abelian Dominance for Confinement  

SU(3) potential V(r) 

Abelian part VAbel(r) 

Quantitative Analysis on Abelian Dominance for Confinement 
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Fit analysis with  

Coulomb-plus-linear Ansatz 



Quantitative Analysis on Abelian Dominance for Confinement 

VSU(3)(r) − VAbel(r) 
- No string tension in the difference      

   VSU(3)(r) − VAbel(r). 
 

Difference between SU(3) potential VSU(3) and Abelian part VAbel 



Quantitative Analysis on Abelian Dominance for Confinement 

VSU(3)(r) − VAbel(r) 
- No string tension in the difference      

   VSU(3)(r) − VAbel(r). 
 

 

 

- The difference  

  VSU(3)(r) − VAbel(r) can be well fitted    

  by pure Coulomb potential. 

Difference between SU(3) potential VSU(3) and Abelian part VAbel 



Quantitative Analysis on Abelian Dominance for Confinement 

VSU(3)(r) − VAbel(r) 
- No string tension in the difference      

   VSU(3)(r) − VAbel(r). 
 

 

 

- The difference  

  VSU(3)(r) − VAbel(r) can be well fitted    

  by pure Coulomb potential. 
 

 

 

⇒ This also suggests  

     perfect  Abelian dominance for   

     confinement 

Difference between SU(3) potential VSU(3) and Abelian part VAbel 



Quantitative Analysis on Abelian Dominance for Confinement 

Physical spatial-size dependence of σAbel / σSU(3)  

When physical spatial size La is larger than 2 fm,  

Perfect Abelian dominance σAbel / σSU(3) ≒1 is realized. 

~One of key quantities is the physical spatial volume. 

perfect  Abelian dominance  



Perfect Abelian Dominance for Quark Confinement in SU(3) Lattice QCD 

Summary of 1st part: We study MA projection of Q-Qbar potential  

in SU(3) quenched lattice QCD with large physical-volume lattices,  

and find almost perfect Abelian dominance of quark confinement. 

SU(3) potential 

Abelian part 

SU(3) potential and the Abelian part in MA gauge 

in lattice QCD at b=6.0~6.4 and 324. They have  

almost the same slope at large distance. 

Difference between SU(3) potential and  

the Abelian part is almost pure Coulomb 

form, which suggests perfect Abelian 

dominance of confinement. 
Reference:  

[1] N.Sakumichi and H.S., Physical Review D90 Rapid Communication 111501 (2014), 

     “Perfect Abelian Dominance of Quark Confinement in SU(3) QCD”.  



Baryonic Three-Quark Potential and  

Perfect Abelian Dominance for Confinement 

The 3Q potential is responsible to baryon properties.  
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Similar to the QQbar potential, the 3Q potential can be calculated with  

the 3Q Wilson loop defined on the contour of three large staples as    

 The 3Q Wilson loop physically means that  

gauge-invariant 3Q state is created at t = 0 and is annihilated at t = T  

with the three quarks spatially fixed in R3 for 0 < t < T. 

Baryonic Three-Quark Potential in QCD 

T.T.Takahashi, H.S. et al. PRL 86 (2001) 18. 

T.T.Takahashi, H.S. et al. PRD65 (2002)114509.  



Baryonic Three-Quark Potential in Lattice QCD 

V3Q(r) 

Lmin ：total length of string  

        linking three valence quarks 

one-gluon-exchange 

Coulomb potential 

Y-type  

linear potential  

quark 

quark 

quark 

conf 

color electric flux 

T.T.Takahashi, H.S. et al. PRL 86 (2001) 18. 

T.T.Takahashi, H.S. et al. PRD65 (2002)114509.  

T.T.Takahashi, H.S. Phys. Rev. Lett. 90 (2003).  

F.Okiharu, H.S. et al., PRD72 (2005) 014505.  
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The 3Q potential is well described by Y-Ansatz, i.e., sum of  

one-gluon-exchange Coulomb and Y-type linear potential.  



Y-shaped Flux-tube formation for 3Q systems in Lattice QCD 

For 3Q systems, Y-shaped flux-tube formation has been 

observed in lattice QCD, and such one-dimensional squeezing 

of color flux leads to Y-type linear confinement potential.  

H. Ichie et al., Nucl. Phys. A721, 899 (2003). 

V.G. Bornyakov et al., PRD70, 054506 (2004). 

F. Bissey et al., Phys.Rev.D76,114512 (2007). 

Y-shaped Flux Tube 



Numerical condition for 3Q potential calculation 

- SU(3) standard plaquette action at quenched level 
 

 

 

 

 

 

 

 

 

 

 

 

- lattice parameter: b = 5.8, 6.0, 

     corresponding to lattice spacing: a = 0.148, 0.102fm 
 

- lattice size: La = 2.37, 2.05fm 
 

- large number (2000, 1000) of gauge configurations  
 

- over-relaxation method for MA gauge fixing 
 

- smearing method for accurate measurement 

 

Our study 



SU(3) Lattice QCD calculation for 3Q potential 

For more than 300 different patterns of 3Q systems,  

      (101 3Q-systems at b = 5.8,  211 3Q-systems at b = 6.0) 
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The 3Q potential is well described by Y-Ansatz, i.e., a sum of  

one-gluon-exchange (OGE) Coulomb and Y-type linear potential.  

Y-Ansatz: 

Lmin ：total length of string linking three valence quarks 



3Q Potential and Abelian Dominance 

3Q potential V3Q(r) 

Abelian part VAbel(r) 3Q 

3Q potential and Abelian-projected 3Q potential plotted against minimal  

linking length Lmin in MA gauge in SU(3) lattice QCD with b=5.8, 16332.  



3Q Potential and Abelian Dominance 

3Q potential and Abelian-projected 3Q potential plotted against minimal  

linking length Lmin in MA gauge in SU(3) lattice QCD with b=5.8, 16332.  

3Q potential V3Q(r) 

3Q potential and  

its Abelian part have  

almost the same slope 

at large distance. 

⇒ 

  Abelian Dominance 

    for Confinement 

Abelian part VAbel(r) 3Q 



Fit analysis with Y-Ansatz for 3Q potential 

Quantitative Analysis on Abelian Dominance for 3Q Confinement 
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Y-Ansatz: Lmin ：total length of string  

linking three valence quarks 

3Q potential V3Q(r) 

Abelian part VAbel(r) 3Q 



Fit analysis with Y-Ansatz for 3Q potential 

Quantitative Analysis on Abelian Dominance for 3Q Confinement 
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Y-Ansatz: Lmin ：total length of string  

linking three valence quarks 

string  

tension 

Coulomb  

coefficient 

irrelevant  

constant 

3Q potential V3Q(r) 

Abelian part VAbel(r) 3Q 



Fit analysis with Y-Ansatz for 3Q potential 

Quantitative Analysis on Abelian Dominance for 3Q Confinement 

CL
rr

AV
ji ji

QQ 


 


min33

1


Y-Ansatz: Lmin ：total length of string  

linking three valence quarks 

Abel
 =  ⇒ Perfect Abelian Dominance for 3Q Confinement  

3Q potential V3Q(r) 

Abelian part VAbel(r) 3Q 



- No string tension  

  in the difference      

   V3Q(r) − VAbel(r). 

 

- The difference V3Q(r) − VAbel(r)  

  can be well fitted by  

  2-body pure Coulomb potential. 

 

⇒ This also suggests  

     perfect  Abelian dominance  

     for 3Q confinement 

V3Q(r) − VAbel(r) 

Difference between 3Q potential V3Q and Abelian part VAbel 

Quantitative Analysis on Abelian Dominance for 3Q Confinement 

3Q 

3Q 

3Q 

3Q 



3Q potential and Perfect Abelian Dominance for 3Q Confinement 

Summary of 2nd part: 3Q potential is well described by Y-Ansatz, 

i.e., OGE Coulomb plus Y-type linear potential.  

In MA gauge, the Abelian part of 3Q potential has almost the 

same string tension (perfect Abelian dominance). 

3Q potential 

Abelian part 

3Q potential and its Abelian part obtained  

from SU(3) lattice QCD at b=5.8, 6.0. 

They have almost the same slope  

at large distance. 

Difference between 3Q potential and  

the Abelian part is well described by   

pure Coulomb form, which suggests  

perfect Abelian dominance for 3Q 

confinement. 

V3Q(r) − VAbel(r) 
3Q 
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We have studied the static three-quark (3Q) potential for 

more than 300 different patters of 3Q systems with high 

statistics in SU(3) quenched lattice QCD. 
 

For all the distances, the 3Q potential is found to be  

well described by the Y-Ansatz, i.e., one-gluon-exchange 

Coulomb plus Y-type linear potential.  
 

As a remarkable fact, quark confinement forces in both 

QQbar and 3Q systems can be described only with Abelian 

variables in the maximally Abelian (MA) gauge, which we call 

“perfect Abelian dominance” of the quark confinement. 

Summary and Conclusion  



Thank you! 


