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Renormalization Group Invariant (RGI) parameters
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RG equations for running coupling and quark mass (mass-independent scheme)
0 _3 _2 _4
—g (b0+blg —|—b2g +)
g—0

0 _ _
Hag™@)=7()

—g2(do+d1g® +...)

bo, b1, do are universal and b;~1, d;>0 scheme-dependent coeff.s

P. Fritzsch

Lattice’15 Kobe



Renormalization Group Invariant (RGI) parameters
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Renormalization Group Invariant (RGI) parameters

g 9(0)=5(9) 2

~

RG equations for running coupling and quark mass (mass-independent scheme)
1o}
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—5°(bo + b13° + b2g* +...)
g—0

I3 —g2(do + d1g> +...)
integrated over renormalization scale ¢ € 1, o0]

bo, b1, do are universal and b;~1, d;>0 scheme-dependent coeff.s
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defined without relying on perturbation theory

RGI mass independent of renormalisation scheme, (A trivial dep.)
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General strategy
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m; (/lhad) = lim

Capitaniet.al.[1]
compute bare current quark mass at some hadronic scale pthaq, renormalize & take CL
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a—0 | Zp(g3, aftnad) fhad
connect to RGI mass
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using some scale-setting observable fu.a € {fx,
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— X 1M Lhad
M(fthad) (naa)
hadronic computation

RG running factor to ;x = oo (continuum, flavour-independent)
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Previous continuum results ift

... with dynamical non-perturbative O(a) improved Wilson fermions

employing the Schrodinger functional (SF) as intermediate renormalization scheme, = 1/L
N = 2: (plaquette gauge action) Nf = 3: (lwasaki gauge action)

ALPHA [2, 3] PACS-CS, CP-PACS/JLQCD [4, 5]
0.8 — 1 ! -
@ scheme, N= ONP running mass
Wt \ SF scherme. N2 —— PT 2/3-loops
\ — 2/3-loop g 08 -
---1/2-loop
0.6 [ =
306t
&
0.4 r
0.4
0.2 . . .
1 0 1 10 100 1000
Wge
M _ M
) = 1.308(16) =00
Mua Mua = 3.49(34) MeV
M, = 138(3)(1) MeV M, = 109.0(3) MeV
fhaa = fx = 155 MeV fhad = myg = 495.7 MeV
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Previous continuum results

A closer look, error budget

Nr = 2 (plagquette gauge action)

it
M - =
— 7 m(p)
M ey o na) { y

=1.308(16) ,

dra = 1.2%
M = 138(3)(1) MeV
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Previous continuum results

A closer look, error budget
Nr = 2 (plagquette gauge action)
M

M

M (Unhad) x ms(uhad) {
4

s = 1.308(16)
M, = 138(3)(1) MeV
S (2 GeV) = 102(3)(1) MeV 5 =3.1%
PDG'14 : 93.5(2.5) MeV 6 =2.7%
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Previous continuum results

A closer look, error budget

Nr = 2 (plagquette gauge action)

M B M — 1.308(16) , Sra = 1.2%
Ms = —F/ X ms(ﬂhad) mn)
T (fthad) M, =138(3)(1)MeV, dn = 2.3%
I
M3 (2 GeV) = 102(3)(1) MeV | 5 =3.1%
PDG'14:  93.5(2.5) MeV, §=2.7%

=0 < 2%
but hard to quantify today

we expect improvement on the hadronic part, Ny = 3 CLS ensembles (open b.c.),
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Computing M /7 finad )

Compute
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= i% Yp(u,a/L)

_ Zp(90,2L/a)

Zp (g0, L/a)
can be 1-loop improved (plag. action)

Sp(u,a/L) — S5 (u,a/L) =

Yp(u,a/L)
1+ dp(a/L)u

fe(L/2)

V3F1 :|m:0 =c3(0,a/L)
at fixed values of u € {usr, ucr} but vanishing boundary field, 7/L = 1,0 = 0.5
P. Fritzsch Lattice’15 Kobe



But things become more complicated

more accurate results demand even better control of systematics such as
boundary and bulk O(a) improvement

tuning to critical mass and fixed coupling
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But things become more complicated ift
more accurate results demand even better control of systematics such as
boundary and bulk O(a) improvement

tuning to critical mass and fixed coupling

strategy of running coupling (ALPHA'14 [6]) imposes (computational) constraints:
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and requires precise determination of scheme-switching scale piswi = 1/ Lswi
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Lines of constant physics u = const.

UGF : ;s:(.f“(ﬁ), uGF in progress (see previous talk by Stefan Sint)
USF : USF = ug‘F(ﬂ) = B =rk = H‘,Er‘it(;‘g)
fixed coupling usr € {1.110,1.18446, 1.26569, 1.3627, 1.4808, 1.6173, 1.7943, 2.012}
Usy L/a B

SF
Rerit
6

1.1100
1.1100

8.5403(55)
8

0.1323361(12) 1.1100(12)
8.7325(72)  0.1321338(13) 1.1100(15)
1.1100 12 8.995(11) 0.1318617(10) 1.1100(24)
1.4808 6 7.2618(28) 0.1339337(13) 1.4808(11)
1.4808 8 7.4424(38) 0.1336745(11) 1.4808(15)
1.4808 12 7.7299(89) 0.13326299(69) 1.4808(35)
2.0120 6 6.2735(44)  0.1355713(17)
2.0120 8 6.4680(51)
2.0120 12 6.7299(68)
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Step-scaling function | iPRELIMINARY! lf’l’.

ugp = 2.012 o =p(usr,a/L) | ]
0_9200; sF 850 (ugg, a/L) ] op= 0.9173(11)(19)sys
i ] op= 0.9160(11)(8)ays
09150 T TR ]
R S S
0.9450 ®Sp(usr, a/L)

=12 (ugp, a/L)

op= 0.9426(8)(17)sys

0.9400 op=0.9416(8)(9)sys
0.9350 usp = 1.4808 ;
T T T T Y Y SO
N e e e e e e L B B B B e
0.9650 ®Xp(ugr,a/L)
usp = 1.11 'Z(l)(ugp /L)
P SF — =4 L
0600 op=0.9584(9)(17)sys

op=0.9576(9)(9)sys

0.9550

|

0 0.005 0.01 0.015 0.02 0.025 (a/L)Z

We will add the step L/a = 16 — 32 to neglect coarsest point.
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Step-scaling function |l

statistical accuracy in continuum limit:

statistical error from tuning not propagated yet, but
systematic deviation w.r.t. 2-pt weighted avg.:

iPRELIMINARY! |f’l‘.

Afop] < 1%

6sys 5 1%0
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Step-scaling function iPRELIMINARY! lf’l’.

(op(u) = 1)/u

statistical accuracy in continuum limit: Alop] < 1%
statistical error from tuning not propagated yet, but
systematic deviation w.r.t. 2-pt weighted avg.: Osys < 1%o

SSF: Ny =2vs. Ny =3
N; = 2 data from ALPHA'12 [2]

~0.03 AT

innermost error = statistical
outermost error = stat.+sys.

—0.04 solid line = 2/3-loop PT

—0.05
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Step-scaling function iPRELIMINARY! lf’l’.

statistical accuracy in continuum limit: Alop] < 1%

statistical error from tuning not propagated yet, but
systematic deviation w.r.t. 2-pt weighted avg.: Osys < 1%o
SSF: Ny =2vs. Ny =3

N; = 2 data from ALPHA'12 [2]

~0.03 AT

=Ny =3

innermost error = statistical
outermost error = stat.+sys.

—0.04 solid line = 2/3-loop PT

Ny = 3 data, see previous slide

(op(u) = 1)/u

systematic errors seem better
controlled than for Ny = 2
5 more data points on the way

—0.05
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Step-scaling function iPRELIMINARY! lf’l’.

statistical accuracy in continuum limit: Alop] < 1%

statistical error from tuning not propagated yet, but
systematic deviation w.r.t. 2-pt weighted avg.: Osys < 1%o

SSF: Ny =2vs. Ny =3

T T e I B SR
—0.03 =Ny =3 | N; = 2 data from ALPHA'12 [2]
1 innermost error = statistical
3 ]
~ i outermost error = stat.+sys.
i 4
1 solid line = 2/3-loop PT
004 . P
S 1 N; = 3 data, see previous slide
= ]
& ] systematic errors seem better
] controlled than for Ny = 2
] 5 more data points on the way
—0.05 B
assuming Afop (u;)]total = 2%0 (¢ = 1,..., N) we can naively/conservatively expect:

N
_ 0.49% for N =6 (asfor Ny =2
AlM/m(pnaa)) = [ Alop ()] = VA - 2 = {0_63(7‘; o =
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Recap & next steps

RG running mass in SF-coupling scheme:

current results for op(uép) (small-coupling regime) look very promising
5 remaining values from L/a = 6, 8, 12 within next 2-3 months

better estimate of systematic errors after including L/a = 16 in the long term

... total error in this scheme may become negligble compared to large-couplung regime
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Recap & next steps
RG running mass in SF-coupling scheme:

current results for op (uép) (small-coupling regime) look very promising
5 remaining values from L/a = 6, 8, 12 within next 2-3 months
better estimate of systematic errors after including L/a = 16 in the long term

... total error in this scheme may become negligble compared to large-couplung regime.
RG running mass in GF-coupling scheme:

will share gauge configurations with running coupling project

uncharted waters

~~ correlations need to be taken into account
but data taking along the way almost for free
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simulations get more expensive towards larger volumes / couplings
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... total error in this scheme may become negligble compared to large-couplung regime.
RG running mass in GF-coupling scheme:

will share gauge configurations with running coupling project

uncharted waters
simulations get more expensive towards larger volumes / couplings

but data taking along the way almost for free
1-loop improvement term dp not known
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Recap & next steps

RG running mass in SF-coupling scheme:
current results for op(uép) (small-coupling regime) look very promising
5 remaining values from L/a = 6, 8, 12 within next 2-3 months
better estimate of systematic errors after including L/a = 16 in the long term

... total error in this scheme may become negligble compared to large-couplung regime.
RG running mass in GF-coupling scheme:

will share gauge configurations with running coupling project

uncharted waters

simulations get more expensive towards larger volumes / couplings

but data taking along the way almost for free
1-loop improvement term dp not known
ToDo:

better understanding of NP scheme-switching step on general grounds,
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Summary ift
presented current status of RG running part to compute RGI quark masses in 3-flavour QCD

standard techniques used and systematically improved (Kcrit (8), - . -)

results in SF-scheme at small coupling are very encouraging
an error reduction by 50% compared to Ny = 2 seems possible

other projects, such as HQET (my), will profit directly from accurate estimates of
M /m(pinaa)
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Summary ift
presented current status of RG running part to compute RGI quark masses in 3-flavour QCD

standard techniques used and systematically improved (Kcrit (8), - - -)

results in SF-scheme at small coupling are very encouraging
an error reduction by 50% compared to Ny = 2 seems possible

other projects, such as HQET (my), will profit directly from accurate estimates of
M /m(pinaa)

THANK YOU FOR

YOUR ATTENTION!
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