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Introduction

 The QCD (pseudo)critical line can be 
parameterized by a lowest order   Taylor 
expansion in the baryon chemical potential:

T (µB)

Tc(0)
= 1 � 

✓
µB

T (µB)

◆2

Lattice QCD simulations at non zero 
temperature and baryon chemical potential  
to locate the QCD (pseudo)critical line. 

 “Sign problem”  :   possible way out  analytic 
continuation from imaginary chemical 
potential (other methods:  reweighting from 
the ensemble at μB=0, the Taylor expansion 
method, the canonical approach, the density 
of states method).

 Our aim:  Estimate the curvature of the (pseudo)critical line of (2+1) flavor QCD 
using the method of analytic continuation.
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 Highly improved staggered quark action with tree level improved Symanzik gauge 
action (HISQ/tree)  with 2+1 flavors.

We work on a line of constant physics (LCP) determined (*) by fixing the strange quark mass      
to its physical value ms    at each value of the gauge coupling β.   The light-quark mass has 
been fixed at ml = ms/20 .     (Mπ = 160 MeV)  
     (*) as determined in A. Bazavov et al (HotQCD Collaboration), PRD 85, 054503 (2012))

  In the present study we assign the same quark chemical potential to the three quark 
  species: µl = µs ⌘ µ = µB/3

  To perform numerical simulations we used the  MILC code suitably modified in order to   
  introduce an imaginary quark chemical  potential μ=μB/3 .

That has been done by multiplying all forward and backward temporal links entering 
the discretized Dirac operator by  exp(iaμ) and exp(−iaμ), respectively.

  All simulations make use of the rational hybrid Monte Carlo (RHMC) algorithm. 
  (The length of each RHMC trajectory has been set to 1.0 in molecular dynamics time units.)
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TABLE I. Summary of the values of the ratio Tc(µ)/Tc(0)
for the imaginary quark chemical potentials µ considered in
this work. The data for µ = 0 on 243 × 6 lattice, on 323 × 68
lattice and on 483 × 12 lattice have been estimated from
the disconnected chiral susceptibilities reported respectively
on Table X ,Table XI and Table XII of Ref. [1]. The data
for µ = 0 on 403 × 10 lattice have been estimated from
the disconnected chiral susceptibilities reported on Table
XI of Ref. [? ]. The values of Tc(µ)/Tc(0) evaluated using
the lattice scale r1 and the lattice scale fK are reported
respectively in the third and in the fourth column of the table.

lattice µ/(πT ) Tc(µ)/Tc(0) Tc(µ)/Tc(0)
(r1 scale) (fK scale)

163 × 6 0.15i 1.038(13) 1.043(14)
0.2i 1.063(15) 1.070(15)
0.25i 1.085(16) 1.095(18)

243 × 6 0.2i 1.061(9) 1.067(10)
323 × 8 0.15i 1.054(7) 1.059(8)

0.2i 1.066(10) 1.071(11)
0.25i 1.117(10) 1.126(10)

403 × 10 0.15i 1.023(23) 1.024(24)
0.2i 1.075(14) 1.079(15)
0.25i 1.102(15) 1.107(15)

483 × 12 0.20i 1.051(14) 1.052(15)
0.25i 1.094(26) 1.097(25)

TABLE II. Summary of the values of the (pseudo)critical cou-
plings βc for the imaginary quark chemical potentials µ con-
sidered in this work. The data for µ = 0 on 243×6 lattice and
on 323 × 6 lattice have been estimated from the disconnected
chiral susceptibilities reported respectively on Table X and
Table XI of Ref. [1].

lattice µ/(πT ) βc Tc(µ)/Tc(0)
163 × 6 0. 6.102(8) 1.000

0.15i 6.147(10) 1.045(13)
0.2i 6.171(12) 1.070(15)
0.25i 6.193(14) 1.093(17)

243 × 6 0. 6.148(8) 1.000
0.2i 6.208(5) 1.060(10)

323 × 8 0. 6.392(5) 1.000
0.2i 6.459(9) 1.068(11)
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Setting the lattice scale
The lattice spacing can be  determined using the slope of the static quark-antiquark potential  
on zero-temperature lattices or the value of the decay constant fK (we use results of HotQCD 
collaboration (*)).

TABLE XVI. Estimates of the scale setting parameters r0, r1
and the additive renormalization constant r0 ! cð!Þ in the deter-
mination of the potential for the HISQ/tree calculations along the
ml ¼ 0:05ms LCP. See the text for the definition of rfit1 =a and fit
details.

! r0=a r1=a rfit1 =a r0 ! cð!Þ
5.900 1.909(11) 1.23(13) 1.263 %1:441ð15Þ
6.000 2.094(21) 1.386(80) 1.391 %1:639ð28Þ
6.050 2.194(22) 1.440(31) 1.460 %1:748ð28Þ
6.100 2.289(21) 1.522(30) 1.533 %1:828ð27Þ
6.195 2.531(24) 1.670(30) 1.682 %2:072ð31Þ
6.285 2.750(30) 1.822(30) 1.836 %2:257ð36Þ
6.341 2.939(11) 1.935(30) 1.940 %2:440ð14Þ
6.354 2.986(41) 1.959(30) 1.964 %2:498ð49Þ
6.423 3.189(22) 2.096(21) 2.101 %2:653ð27Þ
6.460 3.282(32) 2.165(20) 2.178 %2:706ð36Þ
6.488 3.395(31) 2.235(21) 2.238 %2:808ð37Þ
6.550 3.585(14) 2.369(21) 2.377 %2:946ð17Þ
6.608 3.774(20) 2.518(21) 2.513 %3:070ð27Þ
6.664 3.994(14) 2.644(23) 2.652 %3:251ð16Þ
6.800 4.541(30) 3.025(22) 3.019 %3:675ð31Þ
6.880 4.901(18) 3.246(22) 3.255 %3:896ð18Þ
6.950 5.249(20) 3.478(23) 3.475 %4:077ð40Þ
7.030 5.668(49) 3.728(26) 3.742 %4:439ð47Þ
7.150 6.275(39) 4.177(31) 4.176 %4:791ð37Þ
7.280 6.991(72) 4.705(26) 4.697 %5:210ð89Þ

TABLE XV. Estimates of the scale setting parameters r0, r1
and the additive renormalization constant r0 ! cð!Þ in the deter-
mination of the potential for the HISQ/tree calculations along the
ml ¼ 0:2ms LCP. See text for the definition of rfit0 .

! r0=a r1=a rfit0 =a r0 ! cð!Þ
6.000 2.037(12) 1.410(13) 2.052 %1:622ð17Þ
6.038 2.141(12) 1.473(12) 2.128 %1:678ð28Þ
6.100 2.250(12) 1.544(19) 2.256 %1:834ð44Þ
6.167 2.413(12) 1.659(19) 2.403 %1:965ð66Þ
6.200 2.501(17) 1.722(20) 2.478 %2:008ð26Þ
6.227 2.537(12) 1.745(12) 2.542 %2:094ð52Þ
6.256 2.603(14) 1.798(20) 2.611 %2:124ð53Þ
6.285 2.715(25) 1.813(60) 2.683 %2:167ð32Þ
6.313 2.742(20) 1.848(12) 2.753 %2:274ð39Þ
6.341 2.802(32) 1.910(10) 2.826 %2:299ð54Þ
6.369 2.916(39) 1.983(14) 2.900 %2:331ð66Þ
6.396 2.937(30) 2.016(20) 2.973 %2:420ð61Þ
6.450 3.110(30) 2.132(14) 3.124 %2:546ð84Þ
6.800 4.330(65) 2.962(26) 4.278 %3:458ð73Þ
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0:05ms LCP.
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spacing determined from r1 and fK vs the gauge coupling ! for
the HISQ/tree action. The line corresponds to the difference
calculated from fits to Eqs. (B8) and (B9).
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(*) To estimate Tc(0) on lattices 243×6, 323×8, 403×10, 483×12  we take data for disconnected light chiral susceptibility form 
Table X, XI, XII  of A.Bazavov et al (HotQCD Collaboration) arXiv:1111.1710 Phys. Rev. D 85, 054503 (2012) and from Table XI of 
A.Bazavov et al (HotQCD Collaboration) arXiv:1407.6387 Phys. Rev. D 90, 094503 (2014)

4

TABLE I. Summary of the values of the ratio Tc(µ)/Tc(0) for
the imaginary quark chemical potentials µ considered in this
work. The data for µ = 0 on the 243 × 6, 323 × 68 and 483 ×
12 lattices have been estimated from the disconnected chiral
susceptibilities reported respectively on Tables X, XI and XII
of Ref. [1]. The datum for µ = 0 on the 403 × 10 lattice has
been estimated from the disconnected chiral susceptibilities
reported on Table XI of Ref. [25]. The values of Tc(µ)/Tc(0)
evaluated fixing the lattice scale by r1 and fK are reported,
respectively, in the third and in the fourth column of the table.

lattice µ/(πT ) Tc(µ)/Tc(0) Tc(µ)/Tc(0)
(r1 scale) (fK scale)

163 × 6 0.15i 1.038(13) 1.043(14)
0.2i 1.063(15) 1.070(15)
0.25i 1.085(16) 1.095(18)

243 × 6 0.2i 1.061(9) 1.067(10)
323 × 8 0.15i 1.054(7) 1.059(8)

0.2i 1.066(10) 1.071(11)
0.25i 1.117(10) 1.126(10)

403 × 10 0.15i 1.023(23) 1.024(24)
0.2i 1.075(14) 1.079(15)
0.25i 1.102(15) 1.107(15)

483 × 12 0.20i 1.051(14) 1.052(15)
0.25i 1.094(26) 1.097(25)

(* Che significa “from βc”? *) Within our accuracy,
cutoff effects on Rq are negligible, so that a constant fit
works well over the whole region (χ2

r = ...), thus including
also the smallest 243 × 6 lattice. Our final result for the
continuum extrapolation of the curvature κ is

κ = 0.020(3) . (5)

CONCLUSIONS AND DISCUSSION

We have studied QCD with nf = 2 + 1 flavors dis-
cretized in the HISQ/tree rooted staggered fermion for-
mulation and in the presence of an imaginary baryon
chemical potential, with a physical strange quark mass
and a light-to-strange mass ratio ml/ms = 1/20, and
µ = µl = µs.
We have estimated, by the method of analytic con-

tinuation, the continuum limit of the curvature of the
(pseudo)critical line in the temperature - baryon chemi-
cal potential, defined in Eq. (1). The observable adopted
to identify, for each fixed µ, the crossover temperature
has been the disconnected part of the (renormalized) sus-
ceptibility of the light quark chiral condensate, in units
of the squared temperature. This observable is conve-
nient for many reasons: it dominates, for small enough
quark masses, the whole light chiral susceptibility, which
would be much harder to implement; it undergoes only
a moltiplicative renormalization; it is strongly sensitive
to the transition, thus allowing precise determinations of
the (pseudo)critical temperatures.
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FIG. 2. Determinations of the curvature Rq on the lattices
243×6, 323×8, 403×10, 483×12, and from the two different
methods to set the scale, versus 1/L2

t . The dashed horizontal
line represents gives the result of the fit to all data with a
constant; the solid horizontal lines indicate the uncertainty
on this constant.

We have found that, within the accuracy of our deter-
minations, cutoff effects on the curvature are negligible
already on the lattice with temporal size Lt = 6. Our
determination of the curvature parameter, κ=0.020(3),
is indeed compatible with the value quoted in our previ-
ous paper [18], κ=0.018(4), without the extrapolation to
the continuum.
It is interesting to extrapolate the critical line as de-

termined in this work to the region of real baryon density
and compare it with the freeze-out curves resulting from
a few phenomenological analyses of relativistic heavy-
ion collisions. This is done in Fig. 3, where we report
three different estimates. The first is from the analysis
of Ref. [3], based on the standard statistical hadroniza-
tion model, where the freeze-out curve is parametrized
as

Tc(µB) = a− bµ2
B − cµ4

B , (6)

with a = 0.166(2) GeV, b = 0.139(16) GeV−1, and
c = 0.053(21) GeV−3, from which we have derived the
κ value reported in the figure. The second estimate is
based on the freeze-out points given in Table I of Ref. [4],
resulting from a modified statistical reanalysis of exper-
imental data, which includes the effects of inelastic col-
lisions taking place after freeze-out. The third is from
Ref. [26] and is based on the analysis of susceptibilities
of the (conserved) baryon and electric charges.

Tc(µ)/Tc(0)
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Summary & Conclusions

We have studied QCD with 2+1 flavors discretized in the HISQ/tree staggered fermion 
formulation and in the presence of an imaginary chemical potential, with a light-to-strange 
mass ratio ml/ms = 1/20 and quark chemic potentials μ=μl=μs .

We have estimated by the method of analytic continuation the curvature of the 
(pseudo)critical line in the temperature - baryon chemical potential. The observable adopted 
to identify, for each fixed μ, the crossover temperature is the disconnected part of the 
(renormalized) susceptibility of the light quark condensate.

We have found that, within the accuracy of our determinations, cutoff effects on the curvature 
are negligible (used lattices with temporal size Lt=6,8,10,12):

 = 0.020(4) this work  = 0.018(4) our previous paper

The extrapolation of the critical line as determined in this work to the region of real baryon 
density compares quite well with the freeze-out curves resulting from a few 
phenomenological analyses of relativistic heavy-ion collisions.


