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Introduction

Our method is designed to

> produce a precise, smooth curve for the HVP scalar M(s) in the
important low-momentum region

> be completely model-independent

» extract maximal information from the lattice
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Introduction

Standard method:

P Measure HVP tensor on lattice:

M (@) = 32 720 (JOVC () 110 (x)),

N ~ . 2
with §,, = %sm (—a;“) and q;, = TLm“
m

P Determine HVP scalar

with the Euclidean momentum tensor T, (
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P Convert to a smooth function M5™ (s)

> Integrate

a o s
ghad,LO _ & ds £(s)N5™ (s),
I3 ™ JO i

with the kernel function

m? sZ(s)® (1 — sZ(s)) s —/s?+4m2s
(s) = ———— 55,5 Where Z=-—7"—7—7—.
1+ musZ(s) 2m3 s
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Introduction

Standard method:
P Measure HVP tensor on lattice:

iq(Dxt 2 oc
Muw(3) = 32 T2 (UTVC () 0% (),

X

27ny
Ly

with 4, = 2sin (%) and g, =

~a

P Determine HVP scalar p P
n(s) = n',,,(8)/ Tyuw (3)

with the Euclidean momentum tensor T, (3) = (auay - azsw) and s = 2.

» Convert to a smooth function %™ (s) +— concentrate on this step
> Integrate
oo
azad'LO = g/0 ds f(s)l'lzm(s),

™

with the kernel function

2 3 _ 2 2
m¢,sZ(s)’ (1 — sZ(s s — y/s°+4mis
M where Z— _—_ VYV~ K

1+ misZ(s)2 Qmis

f(s) =
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Use Taylor expansion for M5™(s)

> Determine l(s;) and a sufficient number of its derivatives at some
values of the lattice momentum squared, s;
» Near s;
1d™M
™ (s) = s—s)" = :
() =2 (=) g,

n

Gregory A derivative-based approach for the leading order hadronic con



Derivatives of (s) for s > 0

Determine derivatives of I1,,,, with moments of the correlators. Specifically,

M@ = 30 O E) (OVC ) 1)
X
Tl =il P O )
7521“5;2 = - XX:(AXM + 5"’2”1 )(Axay + 5"%)4‘““*%)<J§VC(XD)J,‘,°C(X)>
"M uw(9) ] Z |:1£[(Axap + M):| eiQ(AX+%@)<JEVC(X0)J}IOC(X)>.
990y -+ 04a, x P 2

But we need derivs WRT s = [72
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Derivatives of (s) for s > 0

Generally, linear expressions relate derivatives of M(s) and M, (q):

LT Z Ale}" (g NLO]
Bqal ce Bqan ’" dsm
with recursion expressions relating the A7 to A‘“,g(q) = Tuv(9q).
n 0
A,{f;}o(q) = Oap 9oy Auvg(a)
= Ba,, "'aal T;u/(‘?)
Tl“,(q) = qudnu — q25,“, forn=10
(apn 8qg1u = 6ual¢7u + ‘Suaqu - 26}.Lan1 forn=1
A (q) = 82 Tuv
ny oo &70‘1,776%‘2 =0pay0vay +0pasdvay +28uv8aqa, forn=2
Ty _

Baay -Odan =0 forn < 2

We also see that

{a}n 2q0, AL e n <3
A (q) = QanAuv 4
BYon 0 forn > 3,

and generally

—1
ALSY" = 2gq,Ale} L Lo, AfS T

m—1 dan pv m
For n > 3 we use a recursive script to calculate needed values of A{ }m
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How do we use it?

For s > 0:

"M,y d™N(s)

dsm

(@) =3 Ak (9)

9qay +* 9qa, 7

P From lattice calculation, with transformations
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How do we use it?

For s > 0:
"My
9qay +* 9qa,

{a}7 dm"'(f)
()7ZAW m( dsim

P> From lattice calculation, with transformations

P Calculate coefficients with script
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How do we use it?

For s > 0:
n d"'l'l(s)

— A{a}
(9) = Z v dsm

6‘7a1 . 8‘7a,—,

P> From lattice calculation, with transformations
P Calculate coefficients with script

m
P Solve system for dTI"LSS)
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How do we use it?

For s > 0:
"My, (@ )_ZA{a}n d™n(s)
9qay *+* 9qa, ’" ds™m
P From lattice calculation, with transformations
P Calculate coefficients with script
m

P Solve system for dTI"LEIs)
P> Usein Taylor expansion to extrapolate to non-lattice values of s.

s 14"

m 2 (s)=> (s —s)" —
n nl ds" ls;
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Special (important!) case: s = 07

"Myw

ayn,  d7N(s)
9qay ++ 9qa,

n
_ {
@=2 AL (—
m=0
For s = 0 complications occur because of the g factors in the coefficients.
0
Apvg(q) = Tuw(q)-

{a}"_l
HY m

n n—1
Ale} = og,,ALO 0 L g, A

HY m HY m—1

Coefficients A‘{Lﬁ}n (q) have (2 — n) 4+ 2m powers of momentum.
So for any value ofmm, n = 24 2m gives a constant coefficient. Then we can solve:

4m™n B 1 6(2+2m)np.u
—0 242 & ps &=
dsm 1s=0 Aﬂﬁ}f,,+ ™ By - - Odag, gy 1470

2
pv g dog Tdep
a1 9*1M,,,,(0)
ds A/{ﬁ}: %0y P40, Pday Oday
an 1 8%n,,,(0)
ds2 A,{ﬁ}g By Dty ey Pty Ve Ot
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Find cases where the constant A7, # 0

Example A3 — T1(0):
For (n =2, m = 0) we have
2
AE@%}O = (‘Salu‘saZV - 25;11/5(11&21/) (1)

2
We see that combinations of the indicies p, v, a1, ap can produce two different non-zero values of Aig}o:

A{Q}Q,{ -2 forp=v,ar=oay oy #p

nyo oo T 1 forp=a,v=a)p#v (©)
A2 label  Neomb  Neg  Nec
-2 A20d0 12 12 12
1 A200d0 24 12 6
total 36 24 18
A20d0 A200d0

o—X

C———x
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Find cases where the constant A7, # 0

Ai‘: 6 permutations of

28agaq (Sagudagy + Sazudary — 28uudagay)

A} label  Ngomb N Nec
-24 A41d0 12 12 12
-8 A41d1 72 12 12
-4 A41d2 72 12 12
+2 A4lod0 288 24 12
+6 Adlodl 96 24 12
total 540 84 60
A41d0 Adldl Ad1d2
KX
%
Adlod0 Adlodl
——x
o0
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Find cases where the constant A7, # 0

Ag: 45 terms, permutations of

480y ar0azay (Sasudagy + Sagudasy — 25uubagag ) -

Ag label Neomb Ney Nec
-360 A62d0 12 12 12
-72 A62d1 360 24 24
-48 A62d2 180 12 12
-24 A62d3 180 12 12
-24 A62d3a 360 4 4
-16 A62d4 1080 12 12
+4 A620d0 2160 12 6
+12 A620d1 3600 48 24
+36 A620d2 240 12 6
+60 A620d3 144 24 12
total 8316 172 124

A620 Acl A A6

A6z A6

A620d0 A620di A62od2 A62003
o——x
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Find cases where the constant A7, # 0

AS:

420 terms like:

830y arazasdasag (Sazudagy + dagudary — 26uwdazag )

Ag label Neomb Ney Nec
-6720 A83d0 12 12 12
-960 A83d1 672 24 24
-720 A83d2 336 12 12
-576 A83d3 840 12 12
-288 A83d4 840 12 12
-240 A83d5 336 12 12
-192 A83d6 5040 12 12
-144 A83d7 10080 12 12
-96 A83d8 5040 12 12
-48 A83d9 10080 4 4
+24 A830d0 604380 24 12
+72 A830d1 26880 48 24
+120 A830d2 9408 48 24
+360 A830d3 1344 24 12
+840 A830d4 192 24 12
total 131580 292 208

Gregory Ad -based approach for the leading order hadronic con




Find cases where the constant A7, # 0

As3d0 As3dl AS3d2

AS03 s34 Asads

[]
L1

As3d6 As3a7 ABds
x
AR
AS3d0 As3odl AS30d2
o——x o——x ——x
AS3od3 AB3od4
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Are different channels consistent?
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Sanity check: tangents
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Sample smooth curves for T(s)
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Use Taylor expansion for M5™(s)

For s between two lattice momenta values s; < s < sj;1, make “lower” and "upper” estimates,

14"
low n
n s) = s—s;) —
@=S 69" 0,
1 d"n
nP(s) = s—siy1)" —
© ;( i+1) n! ds" Isiiq

Combine with a weighted average:

N'o% (s)w!°W (s) + NP (s)w P (s)

wlow (s) 4+ wup(s)

nyt(s) =

with
1 1

WV ()= ————  and w%P(s) =
(s —siy1) o (%

o (%) is a proxy for the uncertainty in niow/up,

R

5i+1>
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5™ (s) systematics

Different values of interpolation parameter p
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Integrand: nya.x Systematics

Dependence on maximum Taylor expansion order nmax:
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Preliminary results

2-HEX (N; =2+ 1)

amh’;re amb’are volume # cfgs M, (GeV)
B =35 a 1 =2131GeV
-0.05294 -0.0060 643 x 64 1060 0.130(2)
-0.04900 -0.0120 323 x 64 216 0.250(2)
-0.04900 -0.0060 323 x 64 110 0.258(2)
B =3.61,a | =2.561 GeV
-0.03650 -0.003 643 x 72 560 0.120(1)
B =37 a 1 =3.026 GeV
-0.02700 -0.00 643 x 64 208 0.182(2)
8608 —— . . . . . .
7e~08; '3 ;
e8| i
5608 - O B=35 a'=2.131GeV -
[ O p=361 a'=2561GeV ]
[ A B=37 4’=3.026GeV T 5
E ‘ *_NLO calc from e'e->hadrons ‘ ‘ R
B —"Gor ooz o003 o0& 005 006 007
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Conclusions

» Using all available index combinations increases the precision of
estimate of I(s) near s =0

» No added inversion cost

> No models needed!

» Can be used in combination with other techniques

> Nmax = 3 seems to be a sufficient number of derivatives of I(s)

> Need a more thorough examination of systematic uncertainties
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Spare slides
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Importance of s = 0 point

Is it the only important point?
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Preliminary results

2-HEX (N; =2+ 1)

amh’:re amb’are volume # cfgs M, (GeV)
B =35 a 1 =2131GeV
-0.05294 -0.0060 643 x 64 1060 0.130(2)
-0.04900 -0.0120 323 x 64 216 0.250(2)
-0.04900 -0.0060 323 x 64 110 0.258(2)
B =3.61,a | =2.561 GeV
-0.03650 -0.003 643 x 72 560 0.120(1)
B =37 a 1 =3.026 GeV
-0.02700 -0.00 643 x 64 208 0.182(2)
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Dependence on maximum Taylor expansion order npax
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Aside: transform g — G

Remember, q # §!

Invert g, = %sin (32”) and take derivatives:
2 . doa
do = ; arcsin 72
dqs _ 6ap
dap doa 2
1- (%)
a9 Sopdoraic
da,dgr 40212 3
1- (%)
d%q a\2 352 a° 1
z = Sopdordor (7> z + 3
2 3

e (- () (- ()

3)
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Aside: transform g — G

Then we can convert using the chain rule:

dn dn d
f“/ = L i no sum over « (4)
dga dga dga
Ny PNy dgo dag N dNuw  d?ga 5 )
ddadag dgadqs dio dag dge ddadig p
d*M,, _ d*Myy  dao dag day
dgadgpday dqadqpdgy dga dgp day
PNy ((Paa dag o daa Pag dga d*qy
P > > Yay ~ =~ 3 =~ ~
dgadqg \ da2 dag dgo da? LAFTNIPT I
dMuw d3qa
8080 6
dger d&i apBay ( )
™
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Derivatives of (s) for s > 0

Linear expressions relate derivatives of 1(s) and I,,(q), e.g.,

Nyw(q) = Tpw(g)N(s)

My
P (q) = 84411 Tuv (g)N(s) + T,uuaqal n(s)
1
dri(s)
= 8‘7(11 Tuv(@)N(s) + 2‘7041 Tpy ——
ds
%My dn(s) d?(s)

m(q) = 940y 990, Tuv(@)N(s) +2 (5a1,a2 Tuv + qaq (8(7(12 Tul/)) s +49a; 9oy Tpw T2

(§ — q for simplicity.)
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