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Motivation

To determine the phase diagram of nuclear matter at finite temperature 7'
and baryon chemical potential pp from first principles. J

Z = /[DxDxDU] e~ Sa XD (m)x /[DU] e 59 det(1D(p, m))

o Sign problem: det(IP(u,m)) is complex-valued, in general, hence it cannot have a
probabilistic interpretation.

@ Our approach: Gauge integration before Grassmann integration.
o Why?

© The sign problem is representation-dependent: in the basis of eigenstates |¥;) of the
QCD Hamiltonian, the sign problem does not exist, by definition:

A 5 5
Z = Tr{e_BH} = Tr{eiWH Z | W) (Tle” N H Z [ W) (%] }
i j
for which (W;]e=BH|W,) > 0, Vi, .

@ A priori gauge integration yields an ensemble color-neutral fermionic states, arguably
closer to the asymptotic eigenstates of QCD (due to confinement).
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Motivation

To determine the phase diagram of nuclear matter at finite temperature 7'
and baryon chemical potential pp from first principles. J

Z = /[DxDxDU] e~ Sa XD (m)x /[DU] e 59 det(1D(p, m))

o Sign problem: det(IP(u,m)) is complex-valued, in general, hence it cannot have a
probabilistic interpretation.
@ Our approach: Gauge integration before Grassmann integration.

@ Goal: Construct and simulate link-less representations of lattice gauge theories with
staggered fermions at a finite chemical potential:

@ Compact lattice QED, Ny =1 V' (today)

@ Compact lattice QED, Ny > 1 X (for the future)
© SU(2) gauge theory, Ny > 1 X (for the future)
@ SU(3) gauge theory, Ny > 1 X (for the future)
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Integrating out the gauge fields

@ Integrating out the link variables directly: only possible for 8 =0

7 = /[DxDS(DU] HenI“Tr{szﬂLxHﬂ7>zm+ﬂU;Mxm} Hegamgmxm

T, T

NI N (N — kyp)! 1
= Z H7(2am) 1> (H £ ) ( U(C))

! 1k | 11C]
{n.k,C} ( i Ng: o kau N! :,1_/
Rossi & Wolff '84, Karsch & Miitter '89
Degrees of freedom: monomers, dimers, loops Admissible SU(3) state:
@ (R Xa)™® ne €{0,...,N} |
z (RoxaXyXy)" Y kyy € {0,..., N}

(ByBy)bv bay € {0,1} |||

Yy
v Y (B By)b»v bey € {0,1} |

Grassmann constraints: |

Tla:“!‘iZ(kxu‘i'Nbxu) :nx+iz(kx“+NBwﬂ) =N |
s u
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Integrating out the gauge fields

o Integrating out the link variables directly: only possible for 3 =0

o Introduce free auxiliary plaquette variables: Quuv, Rapw HV & de Forcrand '14
/DU]H@ ~ ReTr(Up) _/gBQ R H/dU NReTr(JWL U)

G5(Q, R] = [DQDR] e~ 38 Tr(QQ") o= 5y Tr(RED)

JIH = Z(RL %2 V‘,‘Qa: U,vp + Rz,u,u)
vEp

vﬂ/iVA/ﬁyP

4—link 2—link 1—link

V ‘Raup

x

o Advantages:
o Exact linearization of the Wilson plaquette action.
o Straightforward generalization for staggered flavours: 2%(],5” + nwxg;zgw

o Disadvantages: greater complexity, larger autocorrelations...
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Compact lattice QED
Pure gauge sector (Ny = 0)

Bosonic variables Qupv, Rzpw € C decouple the 4 links around the plaquette, reducing
the Boltzmann factor to a product of solvable U(1) one-link integrals:

e(Jt
[ arem i~ s
U(1)

= 0-link representation of the partition function of compact U(1) lattice gauge theory:

2= [l [ = [ 6s1a. 0 T 1o(5122.)

Loop observables in the 0-link representation,

(W(C)) = <TrH Ul> = <TrHL{l>

leC leC

are defined in terms of effective links:

. L(BIA]) i
U= (U = [ dUU PRIV = ZLEIL) 21
=Wy = [avue To(B1:1) T
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Compact lattice QED
Full theory (N = 1)

The O-link representation of the partition function of Ny = 1 compact lattice QED is
easy to obtain:

Z(8,m) = /[dU] H eBRe(Up) H EXwUqu$+;17>_<m+ﬁUlqu H e2amXa Xa
P 1 x
#C
— [GslQ AT HE ) 3 o) T]eam) [T 2Re@(Cy)
x {n,k,C} z i=1
Degrees of freedom: monomers, dimers, loops Admissible configuration:
*® (XaXx2)™® ng € {0,1} | | | | ° | -
® (isz)ZyXy)kwy key € {0,1} L _ __
® (inm)ljzy bzy € {0,1} | I
z y - bay 3 °
(Xa:Xy) v bzy € {0,1} | | o |
. _ |
Grassmann constraints: | ] | 1
Ea7) 7] L : | R
Gauss’s law: Only the zero (even) winding sector contributes J
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Simulating compact lattice QED

The bosonic d.o.f. (Q, R) and fermionic d.o.f. (n,k, C) are updated alternatingly:

o Bosonic updates:

@ Local U(1) heatbath wrt the one-link integral
@ Local Gaussian heatbath of the auxiliary variables Q, R.
© Local Metropolis update, to correct for the (reweighted) electron loops.

#C
G51Q, B [T fo(Blzul) [T 12Re@(C))]

T, =1

Heatbath Metropolis
@ Fermionic updates:
Worm algorithms provide an efficient way to update constrained combinatorial

system, e.g. monomer-dimer-loop configurations of compact lattice QED:

o “Meson” worm a|g0rithm Prokof’ev & Svistunov '01

. Adams & Chandrasekharan '03
@ Electron worm algorithm ams randrasexharan

Chandrasekharan & Jiang '06
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“Meson” worm algorithm

Alternating sequence of active and passive updates along a worm path, which updates
“mesonic” d.o.f., i.e. monomers and dimers at 5 = 0.

w = H(Qam)"”” Hfik”

z z,p

__

| — 11
——
ORI
b
—
— 1
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“Meson” worm algorithm

Alternating sequence of active and passive updates along a worm path, which updates
“mesonic”’ d.o.f., i.e. monomers and dimers at 8 = 0.

+p

Tq Zp
Active transitions:
Pss(xa) = P/,Ls(xa) = Nz
Psy(za) = Py,u(ma) = kl‘au
Passive transitions:

(2am)?
(2am)2+3, €3 65 (ap+A)

PSS(IP) = P,us(xp) =

— — 55 So(zptv)
Pa(@p) = P (@0) = G5, @ se @i n
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Electron worm algorithm

Alternating sequence of active and passive updates along a worm path, which updates
dimers and electron loops at 8 > 0.

w = Hf%” H |2Re((Cy))|

=1
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Electron worm algorithm

Alternating sequence of active and passive updates along a worm path, which updates
dimers and electron loops at 8 > 0.

by #C
w = H Hf%x”“MI“ <2Eg:jﬁi:)) H |2 cos(V9(Ch))|

Tq +p

The ratio 2L =ul) oromotes deletion of loops at small , and their creation at large f:
Io(B[Jap) P P g
w
o (2)
o
0 I F bordodgod
= =1 =1 o0 coa by
— _..;n..n_;
e e} s o8 ipmam g dem
Ll mm g (. | bamgog b d
l....lll 04 I..‘,..II__I
RS Ty
H "-JII (o] 02 -—lllll-'ii--
| R 1 (IRl
— - . [ TS P |
0 2 4 6 8 10 ’
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Electron worm algorithm

Alternating sequence of active and passive updates along a worm path, which updates
dimers and electron loops at 8 > 0.

Zklzw‘H’xu (ﬁ|JIM| G i
= [TtITe G [T 12coso(Co)]

Tq +p

Active transitions:

Pss(xa) = Ng
I [ 2%+ b
: Pyy(zq) = Zezetlbonl
1
1
_ by
Pus(za) = g095, 0
1
1
i _ 2kgut|baul
—_— bomm Puv(za) = 2—2kqy—bap]
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Electron worm algorithm

Alternating sequence of active and passive updates along a worm path, which updates

dimers and electron loops at 8 > 0.

p ba;“ #C
w= [T e =" (%) [T 12cos@(C2))]

Tq +p i=1

Passive transitions:

§uri;iqw (1*"x+y;)

Puy(zp) =
HV TP 1—2q, ) T—2(qep—1)
Z gkrl,mkx (1 _"g;+5\) +Eu7‘1,mu
AFv
o
] 1-2(qzp—1)
! Puy(zp) = SuT1ap
1 Hp\tp) — lfgqx)\ 1 1_2(‘1$H_1)
D AT o Tt i) T ap
X#£v
(Bl Jzpl)
dop = 2kay + bay rop = TJW\)
0Bl Jap
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Consistency checks

Bosonic updates in 2d

Partition functions and vevs of loop operators are known exactly in the pure gauge sector
for periodic d = 2 lattices, which only depend on the spacetime volume V' and the area A
enclosed by the loop operator,

1 —
Zv(B) = I (8) WO = 725 SO LTI (B)
(Up)
1.0r
0.8}
06}
04f
— 2x2 lattice
v 7',,// 16x16 lattice
. ‘ 8
0 2 4 6 8
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Consistency checks

Meson worm algorithm on a 4 X 4 lattice

Partition functions of compact lattice QED at § = 0 can be computed exactly in small 2d
lattices, by enumerating perfect matchings in the excluded volume of monomer sites.
Z(g,m) = 16 (&16 +46"2 4768 4 agt +1) + (2am) 10 16 (6% + 1) @am) ™ + 8 (136 + 24¢ +13) (2am)'?
(5 + 1) (115 +17e2 + 11) (2am)10 +8 (8358 + 25660 + 354¢% + 25662 + 83) (2am)®

+64 (115 +37¢8 + 6360 + 636* + 3762 + 11) (2am)8

(135 440610 4 8168 4 9660 1 816 4 4062 + 13) (2am)*
+64 (62 + 1) (2612 + 260 + 863 + 560 4 8¢ + 2¢% + 2) (2am)?

&xx)
04

1 Olog Z(&, m)

o) = 15 "5 2am)
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Consistency checks

Electron worm algorithm on a 2 X 2 lattice

The partition function of compact lattice QED for any 8 and m can be computed exactly
on a 2 x 2 lattice,

Z(8,m) = ((2am)* + 8(2am)* +8) Y _I1(8) +8Y_ I (B)Ini1(B) +4  IA(B)I711(B)

a(xx) = m@am)(@am)? OO

&x)
030
sl — B=00
020F — (=0.1
0415} — B=1.0
o10H — B=30
0.05

é 1‘% é é 1‘0 2am
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Sign problem

Bosonic sign and fermionic sign

The sign s has a fermionic or and a bosonic op contribution:

#C [ i
o= (71)N_(C)+wT(C)+1 H Nep X sign H 2Re(U(C})) ! ° E .
(z.m)€C i=1 : i
® | I ——
or(C) op(C) —_
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Sign problem

on a 2 X 2 lattice

The sign s has a fermionic or and a bosonic op contribution:
#C

1
. 1 'O
s — (71)N—(C)+"—UT(C)+1 H Ny X sign H 2Re(U(C})) I ' (
(z,p)EC i=1 ! H
@ lemmimm—
op(C) op(C)
which behave very differently...
(total sign) (o(C)
20~ T T T ul 20 T -
[ 1.0
15- 1 15 08
[ 06
. 4 E
2 x 2 lattice g g
04
0.5; ] 0.5 02
L 9 o
00- ' (R . I f f - ] 0.0 f PR B B - - T
0 1 2 3 4 0 1 2 3 4
B B
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Sign problem

on a4 x 4 lattice

The sign s has a fermionic or and a bosonic op contribution:

#C i H
. 1 )
s = (=)= (O+wr(O)+1 H Nep X sign H 2Re(U(C})) Uoe
1
(z,p)eC i=1 ! .
| S ——
op(C) op(C)
which behave very differently...
(total sign) (a(C))
20 " 20p T
1.0
15- - 156 0.8
0.6
H 4 E
4 x 4 lattice g &
0.4
05+ A ] 05 0.2
] 0
0.0 HEEEEE T “ ] 0.0H P — B T
o 2 3 4 0 1 2 3 4
B B
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Sign problem

on a6 X 6 lattice

The sign s has a fermionic or and a bosonic op contribution:

#C R
s = (=)= (O+wr(O)+1 H Nep X sign H 2Re(U(C})) ' o |
(@.w)eC i=1 ; :
@ e
op(C) op(C) _
which behave very differently...
(total sign) {a(C)y
20 T T Z.Dj

06

6 X 6 lattice

04

05+ 0z

Hélvio Vairinhos Diagrammatic Monte Carlo for QED Kobe, 16 Jul 2015 12 /13



Sign problem

on a 8 X 8 lattice

The sign s has a fermionic or and a bosonic op contribution:

#C A
s = (—1)1\]—(0)4'“’7(0)4'1 H Nep X sign H 2Re(U(C})) E o | C
(z,p)eC i=1 1 .
P S S
or(C) op(C) _
which behave very differently...
(total sign) 20- {a(C)

06
8 x 8 lattice

04

02
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Sign problem

Eliminating the bosonic sign problem (?)

@ Problem: Electron loop holonomies fluctuate very close to zero near 8 = 0, which
artificially enhances the bosonic sign.

@ Solution: (?) Integrate bosonic d.o.f. numerically a priori, use exact loop expansion
of det I) to weight electron loops = only o would survive:

#C
Z(B,m) = Zyg(8) > o—F(c>H(2am>"szi’“W< 2Re<U(ci)>>
1 g

{n,k,C} z 1

1=

>0

(total sign) {o(C)

06

2am
)

8 x 8 lattice

04

02
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Conclusions

@ The representation of lattice gauge theories without link variables provides a
diagrammatic representation of compact lattice QED (and non-Abelian gauge
theories) amenable to Monte Carlo simulations with worm-like algorithms.

@ We simulate a monomer-dimer-loop representation of compact lattice QED Ny =1
as a toy model for the non-Abelian and/or multi-flavor case.

o We benchmarked our simulation algorithm with simple analytical results

@ The sign problem has both a bosonic and a fermionic origin, in which the former
becomes severe at 3 = 0.

@ A possible solution to the bosonic sign problem may reside in either:

e the numerical integration of the bosonic d.o.f. for any 3

o the analytic integration of the bosonic d.o.f. in a strong coupling expansion
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