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Motivation & Outline

ETHziirich

Motivation

= Motivation
m Toy model for testing methods to obtain mass spectrum from lattice simulations after rotation of vacuum
as e.g. in two flavor LQCD with an isospin chemical potential for u > my /2.

m Higgs field in technicolor like models.

m Trivially extendable to O(N) (or CPY~" in terms of U(1) gauged O(2N — 1)).
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Motivation

= Motivation
m Toy model for testing methods to obtain mass spectrum from lattice simulations after rotation of vacuum
as e.g. in two flavor LQCD with an isospin chemical potential for u > my /2.

m Higgs field in technicolor like models.

m Trivially extendable to O(N) (or CPY~" in terms of U(1) gauged O(2N — 1)).

m Outline
m Derivation of flux representation partition function for SU(2)-chiral Lagrangian including an isospin

chemical potential and source terms.

m Improved method to measure arbitrary correlators during worm update.

m Comparison of mass spectrum obtained from lattice simulations and spectrum obtained from saddle
point calculation.
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Lattice Formulation
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Continuum Action

Minkowski space SU(2)-chiral Lagrangian:
2
Loy = fftr[(avz ~ iudyo (03T — T03)) ('E" — 18" (05" — 'og)) |

7o st 9
fztr[i S+sS z],

with:
=2
mY =4 )1—%

T

14i%% e su(2)
m pion fields T = (71,72, 73)

m Pauli matrices 6 = (01,02,03),

m S=s,1+is0
m pion source § = (s,52,53)

m scalar source s4 (< (my + mgy) with quark masses my, my)
m pion decay constant f,

m isospin chemical potential u.
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Lattice Formulation
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Discretization

Wick rotate (x® — —ix4) corresponding action and introduce lattice spacing a :

s 2ad
4

14
Z { -2 Z tr [):I o103y g ¥, g6 Ko dd 4 yie amosday g0 5v.d]
X v=1

+2ufzin] - ofsis sz

with the usual substitutions:
m[d% — a%%
X

B 05T — udyg(0sX — Tog) — 1(eModax, e aosdva _3,)

(in analogy to covariant derivative in adjoint rep.)
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Lattice Formulation
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Discretization

Rewrite in terms of dimensionless parameters / fields:

S[x] = ,KZ{ Ztr{zle"%s"dz AeﬁlﬁaﬁvdJrz? *#038vdz e#GSSVd]

+tr [Z; Sy + 8] ZX] } + const.,
with:
m 2292 5k
m &S — S«
may—pu

T/ fr = W
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Lattice Formulation
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Discretization

Lattice regularized partition function:
Z= /17[):] e SIEl
with:
w DIT] = [Tug(E,) = [] AT
X X

[1-lmef?]

m 1y(X) is SU(2) Haar measure.
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Lattice Formulation
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Discretization

Lattice regularized partition function:

o (T el R

eZ,uSv_d . . e—2,u§v,d .
5 (Tl (W —imS ) + = — (M —im}) () 5+ )

+x “x+v> + 5T + 84/ |1 —|r’cx\2|}>

+
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Lattice Formulation
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Flux Representation

m write §- T, in terms of iso-charge eigenbasis:

o (Sl (T

e21dyv.g . ) e—218yv.d .
5 (i) (Mg —imy o) + = (= im) (T i)

+

sy —1is . sy +is. .
)+ (%) () ind) + () x) -in)

+ s+ s |1f|rm2|})
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Lattice Formulation
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Flux Representation

m split exponential into product of exponentials.

d dn2 A dnd - _
z= /{ n/\n/\n{Hexp(ik\/}1f\nx\2||17|nx+g|2‘>
Jr-me
Ke—zﬂsv‘d

K e?dva 12\ (1 12N (ol .2
op | —5— (my +in3) (M5 — 111:X+v) oxp( ——— (my —ime) (Mg +im2,5)
exp <1<n nx+v> }exp <1< (?) (my+ ini)) exp <K (MTISZ) (my — ini))

exp(kssm3 ) exp (icss |1*|ﬁx|2‘)}

Lattice 2015 T. Rindlisbacher & P. de Forcrand Lattice simulation of the SU(2)-chiral model



Lattice Formulation
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Flux Representation

m write each exponential as a power series

z= {11 d’f”—ﬂd"s{n(zé (il el )

(nz n:,v! <Ke2;‘5v_d( +img) (Mg — ”5+V>)n”)
(Z ! <$(nlﬁin§) (nl+v+in§+0)>ﬁx'v> <X§ X:V! <Kn nHv)x”)}
<Z ,,:X! (g (st 7i52)(ﬂl+in§))mx> (mz;,ﬁ%,(g (s14i2) (Wl*iﬂi))ﬁu>

= T]x,vl
Y esat)™ ) (L o5 )
Lo (1cssmy Lo ksay/ [1— T[]

Nx.v
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Lattice Formulation
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Flux Representation

m change to spherical coordinates on SU(2) :
7}, = sin(0w ) sin(8x) cos (0x) n = sin(ot ) cos(Bx)
72 = sin(ow ) sin(8x) sin (0x) ug(Ex) = sin?(0ux) sin(Bx)dow, A dOx A ddy,
Knx.v+ﬁx.v+§x‘v+7(x‘v
Mg xmmno} L XV nxﬁv!nx,vléx‘v!Xx,v!
{H (k(s1 —isp))™ (x(s1 +isp))™ (ic55)™ (c54)* }
X

my L my ! ny! oy!

my+mx +§(Tl>nv iy gy o)

{ H/d()tx /dex sin® (i) sin(6y) (% sin(oLy) sin(eX))
X 0 5
(sin(cu) cos(6y)) Mt 2 (v 5y
2n
(COS(CXX)) 0X+§(éx'v+§>‘*v.v) ezﬂ(nx.a _ﬁx.4) / dq)x ei‘Dx (mx*ﬁ)d'Zv (Tbcv —Mx,v *(nx—\iv’ﬁx—\?v))) }
0
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Lattice Formulation
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Flux Representation

m define:
A= Z(nX.,V + My My +ﬁx—0,v)ﬁ Cx = Z(XX,V + Xx—V,v)v By = Z(&X v+ Eax v v)
v v v
and: Mxy —Nxyv =kxv €Z Nxy +MNxy =
My—My =px€Z , my+ My =|px| +20ax € No

m carry out integration:

Kl Kx,v ‘+2/x.v FExv+Haxy
2= Zot g
(KJEx 0} & XV (|kxv‘+lxv)llxv'§xv X!
{H KS \PxH?qx g~ idspx (KSg)"X (Ks4)0x g2ukya
X (Ipx|+ax)! ax! ni! ox!
5(px+z Ky — Ky vv )W(Ax+|px|+ZQX>Bx+OX>Cx+nx)}7
v
W s - D T PSR
=) = P 2 oA/ r(4+AJEB+C) )
and s =|sitisy| , ¢s = arg(st+isz2).

Lattice 2015 T. Rindlisbacher & P. de Forcrand Lattice simulation of the SU(2)-chiral model



Lattice Formulation
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Flux Representation

m define:

Ax = Z(nxﬁv F My +My—vv +ﬁx—V,v)7 Cx = Z(Xx.v + Xx—V,v)a By = Z(gx,v + im‘v)
% A% v

and: Nxy —Nxyv =kyv E€Z Mxv +Nxy :|kx‘v‘ + 2y €Ny
my—my =px €7 mx“l‘mx:lpx"‘l‘ZQXENO

m carry out integration:

Z =

K|kx.v‘+2’x.v+ix.v +FAxv }

{KLE 4.0} { X, (|kxv‘ + va) P! Exv ! Ay !

<

\PxH?flx e~ 10spx (x53)™ (i54)* @2tk 4

{U (lpx] +ax) ! gx! Nyt oy!

6(px+z Ky — Ky 5y )W(Ax+|px|+ZQXva+0x;Cx+nx)}7
v

m note: due to delta function constraint: ¥ py = 0 = [, e'®sPx =1 (if ¢s =const.).
X
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Lattice Formulation
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Flux Representation

m absorb summation over g, n, o into new weight :

il | +2heyHExy ey
- £ { |
{kJExp} XV (‘kx,vl + Ix,v) ! Ix,v! ax,v ! Xx.v!
{ HS(PX JFZ(kx,v - kx—V,v)) ks w(Ax, Bx, Cx, Px; 5, 0s, 53, 347‘()}7
X %
with

(x5) /P29 g=10sP (1 55)" (ic 54)°

w(A,B,C,p,s,0s,53,54,K) = Y,
q

.n,0=0 (|P\+q)!q! nlo!
14 (=1)CH" 14 (—1)BF0 [(148Hn) [ (1iBro) (2EATplT2q)
2 2 o(2+A+Ip|+24) 2 r(w) .

m w(A,B,C,p,s,0s,53,54,K) pre-computed at beginning of a simulation.
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Lattice Formulation
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Simulation Method

m Updates in Monte Carlo simulation are subject to two constraints :

K| Kx,v |+2/x.v Hoxv v
= I |
(kigxp Lxy (‘kx,vl + /x.v) Vv Ewn  xy !
{HS(pX +Z(kX~V - kx—Qv)) P W(A)m By, Cx~,Px§57¢S7537547K)}7
X v
with

o lplH29 L—iosp n o
KSs e KS: KS.
WAB,C.p.5.05,50,50.K) = Y, ) (o) (xcox)

ity (Ipl+q)!g!nto!
1+(71)C+n 1+(71)B+o r(1+<23+n) r(‘+§+°) r(2+A+2\p\+2<J)
2 2 o(2+A+Ipl+23) 2 r(4+A+|P|+2Q+B+0+C+n) ’
2

m Jocal charge conservation for the py and ky y variables = update by charged worm (closed)

m evenness constraint for the combinations By + ox and Cx + ny = update by neutral worm
(closed)

m no constraints for Iy variables = sampled by local Metropolis.
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Lattice Formulation
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Charged Wo

m ldea: update kyy variables without violating constraints by proposing insertion of external
source/sink pair and sample their distribution instead of Z itself.
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Lattice Formulation
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Charged Worm

m ldea: update kyy variables without violating constraints by proposing insertion of external
source/sink pair and sample their distribution instead of Z itself.

= Motivation:
m charged correlator

1 &log(Z HUS H
() = - <39(+) _ [ 2Upd=p)+a g(lpy|+liy)+Qy + const,
K2 0s; ds) K Sy Ksy

with s§ o s} = is2 being source for a charged pion T at site x.
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Lattice Formulation
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Charged Worm

m ldea: update kyy variables without violating constraints by proposing insertion of external
source/sink pair and sample their distribution instead of Z itself.

= Motivation:
m charged correlator

1
<T[ TEJr — 1 azlog( ) _ %(‘px‘_lzx)'i‘QX E(lpyl""ﬁy)""qy + const.,
®2 sy ds; KSx Ky

with s§ o s} = is2 being source for a charged pion T at site x.
(pxl-p)tax 3 (|oy|+py)+ay

m shift py, p, such that 2 — s T get absorbed into weight factors at x, y:
X Ksy

< +> 1 { K"‘ZN [+2lzv+Ez v +xzv }
T, T = =
i z {k1ExP} N 2V (‘kz.vl + lz,v) ! Iz.v!iz,v ! Xz,v!

{HS zx+61y+z Koy — )) ez W(Az+82.x+Sz.y,~Bzvcz:pz;5~¢sass734~'()} -+ const.,
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Charged Worm

m ldea: update kyy variables without violating constraints by proposing insertion of external
source/sink pair and sample their distribution instead of Z itself.

= Motivation:
m charged correlator

1 &log(Z HUS H
() = - <39(+) _ [ 2Upd=p)+a g(lpy|+liy)+Qy + const,
K2 0s; ds) K Sy Ksy

with s§ o s} = is2 being source for a charged pion T at site x.
(pxl-p)tax 3 (|oy|+py)+ay

m shift py, p, such that 2 — s T get absorbed into weight factors at x, y:
X Ksy

< +> 1 { K"‘ZN [+2lzv+Ez v +xzv }
T, T = =
i z {k1ExP} N 2V (‘kz.vl + lz,v) ! Iz.v!iz,v ! Xz,v!

{HS zx+61y+z Koy — )) ez W(Az+82.x+Sz.y,~Bzvcz:pz;5~¢sass734~'()} -+ const.,

m sample y with respect to x by worm algorithm, i.e. propose updates y — y +V, Kyy — Ky v 21 until
y — y+V = x and removal of source/sink pair is accepted.
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Lattice Formulation
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Charged Worm

m ldea: update kyy variables without violating constraints by proposing insertion of external
source/sink pair and sample their distribution instead of Z itself.

= Motivation:
m charged correlator

1 &log(Z HUS H
() = - <39(+) _ [ 2Upd=p)+a g(lpy|+liy)+Qy + const,
K2 0s; ds) K Sy Ksy

with s§ o s} = is2 being source for a charged pion T at site x.
(pxl-p)tax 3 (|oy|+py)+ay

m shift py, p, such that 2 — s T get absorbed into weight factors at x, y:
X Ksy

< +> 1 { K"‘ZN [+2lzv+Ez v +xzv }
T, T = =
i z {k1ExP} N 2V (‘kz.vl + lz,v) ! Iz.v!iz,v ! Xz,v!

{HS zx+61y+z Koy — )) ez W(Az+82.x+Sz.y,~Bzvcz:pz;5~¢sass734~'()} -+ const.,

m sample y with respect to x by worm algorithm, i.e. propose updates y — y +V, Kyy — Ky v 21 until
y — y+V = x and removal of source/sink pair is accepted.

m = well defined even if source terms are zero.
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Lattice Formulation
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Neutral Worm

m Similarly: update &y v, Xxv variables by insertion of pairs of external sources and sample their
distribution:

m for ),y update use:

K‘ kzv|+2lzv+Ezv+izy
n ==
< x y> z {kvl-i-x.p}{ zZv (‘szv| +/zAv)”z.v!r;z.v!Xz.v! }

{Hﬁ(pz +Z(kzv Ky vv) ZHkZA W(AZsBz-Cz+az.x+Sz.y-Pz?5-,¢‘5s53754-,K)} -+ const.,

m for &, update use:

K‘ kzv|+2lzv+Ezv+Hizy
b ==
< x y> z (kv/-i-x-ﬂ}{ zZv (‘szvl +/z$v)”z.v!‘gz.v!Xz.v! }

{H5 pz+z Koy =k, 5y)) €324 W(A;, B, + 8,4+, Cz,D2: 5, 05, S, 54, K)} + const..

m sample y with respect to x by worm algorithm.
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Lattice Formulation
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Neutral Worm

m Similarly: update &y v, Xxv variables by insertion of pairs of external sources and sample their
distribution:

m for ),y update use:

K‘ kzv|+2lzv+Ezv+izy
n ==
< x y> z {kvl-i-x.p}{ zZv (‘szv| +/zAv)”z.v!r;z.v!Xz.v! }

{Hﬁ(pl +Z,(kzv Ky vv)) 2ukz 4 W(AZsBz-Cz+az.x+Sz.y-Pz?S-,¢‘5,Ss,S4,K)} -+ const.,

m for &, update use:

NI =

(mmy) =

K‘ kzv|+2lzv+Ezv+Hizy
(kE1.p) { zZv (‘szvl + /zﬁv) Moy Eay! Xz }

{H5 pz+z Koy =k, 5y)) €324 W(A;, B, + 8,4+, Cz,D2: 5, 05, S, 54, K)} + const..
m sample y with respect to x by worm algorithm.

m again: well defined even if corresponding source terms are zero.
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Lattice Formulation
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Crosscheck of Code

m For d = 1, compare result from Monte Carlo simulation with exact result:

0.50

04 = Monte Carlo = Monte Carlo

— analytic

— analytic

0.45

Ok xLog @)

0.40

-1

0.35

oob. v e —— - - -
0.2 0.4 06 0.8 1.0 0.2 04 06 08 1.0

= Monte Carlo

[ — analytic

Ny=2,u=0.0
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Crosscheck of Code

m For d =1, compare result from Monte Carlo simulation with exact result:

= Monte Carlo — Monte Carlo

0.8

— analytic — analytic

S
S

Ni'axLog@)

02 0.4 0.6 0.8 1.0 0.2 04 06 08 1.0

— Monte Carlo

[ — analytic

3.0F H

Ny=2,u=05

0.2 0.4 06 0.8 1.0
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Crosscheck of Code

m For d = 3 scaling analysis at u = 0 consistent with known results v = 0.7377, K, = 0.93590
[e.g. Engels & Karsch, arXiv:1105.0584]:

0.94

a b
092 ] KPcr(L) = Ker + m (1 + L1/V>

£ 090 ] = K¢ ~ 0.94forv = 0.7377

(rather small lattices)
0.88
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Improved Estimators for General Correlators

m Consider e.g. "radial correltaor" (radial in 7ts-T2-plane):

1 9%log(Z2 2 2
() =1 9(2) _ [lpd+2a Iyl 2\
K2 0s40sy K Sy KSy
where sy = s, =s= |s1 +isz|, as before.
m Bad observable in this form: m source term required to be well defined

m can only be measured in between worm updates

m Obtain improved estimator by splitting:
Ipx| +2ax = (3(Ipx|+px) +ax) + (2 (Ipx| — Px) + ax) and shifting variables (as has been
done for the charged correlator), such that

< r ,> 1 { K‘kZ-V‘+2/zAv+§z,v+XzAv }
nT,) = =
Y z o1,00e{+} {k1Ex.p} \ ZV (Ikz‘,v‘ + Iz,v) ! /z,v! E.-z,v!Xz,v!

{ H&(Pz +018,x + (5252,}, + Z(kz,v _ kZ*V‘V)) e2Hkz4
‘ v

W(Az +Sz,x +Sz,y7 Bz,Cz,pz; S,¢S,33,S4,K)} -+ const.,
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Lattice Formulation

ETHziirich

Improved Estimators for General Correlators

m Improved estimator:

;
(M) = Z

K‘kz.v‘+2’z.v+§z.v+)(z.v }

o1.02e{x} {kIExpP} { ZV (|kz.v‘ + /z,v) Moyt iz,v!Xz‘v!

{ Hﬁ(pz + 01 524,)( + 6252,y + Z(kz,v - kZ*V«,V)) 92sz'4
z v
W(Az +52,x +8z,y7 B;,Cz,pz; 5-,¢57537347K)} + const.,

m two pieces with 61 # G2 can be sampled during charged worm.

m the pieces with 61 = 6> contribute only if source s is non-zero; can be sampled during worm
after insertion of two equally charged monomers:
m instead of proposing worm update y — y +V, Kyv — kv =1, propose a jump y — z, p, — p, =1,
p, — p; =1, with the same sign for the shift +=1 at y and z, such that in order to satisfy the
delta-function constraint at z, the charge of the external source would have to change (opposite sign +1
for the shifts at y and z lead to disconnected piece for the charged correlator itself).

m same trick works for arbitrary cross correlators, such as (mt, x5 ) or (m{n%). They can be

measured by starting with (1,7}, ) or ({7} ), then letting the worm jump and change its head
by inserting appropriate monomers.
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ETHziirich Results

Chiral Symmetry breaking in 4D

m Symmetry breaking transition also exists in 4D.

pion masses vs K at u =0, s4 = 0.01

° LI
e

= mass splitting at K = K¢ ~ 0.605

L
* oy

® Ay
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Results

Chiral Symmetry breaking in 4D

m Symmetry breaking transition also exists in 4D.

2 2
)

Ni(<n?>-<n>

.3

isospin susceptibility vs k at u =0, s4 =0

0.12

o
°
R

0.02

0.00

Ls=4, Ly=4
Ls=5, L;=5
Ls=6, Li=6
Ls=7, Ly=7
Ls=8, Li=8
Ls=10, L;=10

B isospin density itself is zero at u = 0 for all ¥

m isospin susceptibilitiy becomes non-zero for
K > Kper

m scaling analysis consistent with v = 0.5,
kK. =0.615

0.1

0.2 0.3
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ETHziirich Results

Chiral Symmetry breaking in 4D

m Symmetry breaking transition also exists in 4D.

isospin susceptibility vs k at u =0, s4 =0

B isospin density itself is zero at u = 0 for all ¥
0128 — =4, Ly=4 3 . . o
[ m isospin susceptibilitiy becomes non-zero for
0.10 S=9 L= g
<« — Ls=6, L4=6 g K > Kper
A
§ 008 — LeeT L7 m scaling analysis consistent with v = 0.5,
o 006 Lg=8, L1=8 Ko = 0.615
L — Ls=10, Lt=10
=
o 0.04
%
0.02
10,00 e 1 . . ]
0.1 0.2 0.3 04 05 0.6 0.7

I3

m Possibility to define continuum limit although perturbatively non-renormalizable theory in 4D.
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ETHziirich Results

Mass Spectrum

m Mass spectrum as a function of u as obtained from our simulations (k = 1.0 > Kper, 54 = 0.5):

m isocharge eigenbasis: 20/ ® ™ 3 .
Ty = T3, - - .
+ ; . .
nt =7 Finp . . L
.
m preferred basis for u < my /2 but no . R o
longer tangential to SU(2) after Eofe o o o o o @
vacuum has rotated away from 1. . s
05 - A4 *
- T 1
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ETHziirich Results

Mass Spectrum

m Mass spectrum as a function of u as obtained from our simulations (k = 1.0 > Kper, 54 = 0.5):

m cylindrical coordinates: 20} @ 70 s
Tp = T3, " é
1 = rcos(9), Wl ¢
h an
Ty = rsin(9), P
T4 Eoje g o o o o @ °
m T4 not tangential to SU(2) for .
n<mg/2, ) -
m T, not tangential to SU(2) for u > my /2 " e 8 e w e o .
ool . . AR AR
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ETHziirich Results

Mass Spectrum

m Mass spectrum as a function of u as obtained from our simulations (k = 1.0 > Kper, 54 = 0.5):

m spherical coordinates: 20/ ® ™ .
Tp = T3, " o =
my = sin(a) cos(9), R Lo
T, = sin(a) sin(¢), . .
TC4ZCOS((X) 'r“o g © o o o o hd .

m all excitations tangential to SU(2) .

L d
0. . -
.
.

m polar coordinates for sources:
Sx4 = 5xC0S(0sx), Sx3 = Sxsin(0lsx)cos(0sx), Sx = 8xsin(ttsx)sin(Osx).

1
K8y d0ls x

1 0Z
+ cos(0s.x)

= cos(as‘x)<sin(95.x)la—z <Js
X,3

K 08y

where the appropriate values of 85 and o5 to be used in the "ny, correlator" are determined
from the ratios of the condensates measured along with the full correlator.

> — sin((xsvx)l 0Z

K 0Sx4’
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ETHziirich Results

Mass Spectrum

m Compare with mass spectrum obtained by solving equations of motion at minimum of effective
potential [Son & Stephanov, hep-ph/0011365]:

m for u < my/2: isocharge eigenstates

m foru>mg/2: —
ot oy, 15
B continuation of ™ has no fixed orientation

in isospin space but rotates in 71 -T2-plane
as function of time.
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ETHziirich Results

Mass Spectrum

m Mass spectrum from Hessian of effective potential :
m spherical coordinates: e
Ty = T3,
7 = sin(a) cos(9), 15
T, = sin(a) sin(¢),
74 = cos(at)

m looks similar to corresponding plot
obtained from our simulations
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ETHziirich Results

Conclusion & Outlook

m Conclusion

m Possible to simulate SU(2) (or O(4)) 6-model (so far the non-linear case, but linear case is also
possible) with a chemical potential and various source terms.

m Improved observable to measure full (cross) correlator.

m Measurement of mass spectrum in symmetric and broken phase + difficulties / ambiguities in the latter
case.

m Outlook

m Generalization to O(N) o-model (linear and non-linear) straight forward.

m New lattice formulation for CP¥~" models in terms of U(1) gauged O(2N — 1) models.
m Including Higher order terms from %-PT expansion.

m Other symmetry groups?
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