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Relativistic fermions in cond-mat systems
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Relativistic fermions in cond-mat systems
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Relativistic fermions in cond-mat systems
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Relativistic fermions in cond-mat systems

@ Bismuth
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Mass = Band gap J
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“Mass” manipulation

e Bij_, Sh,
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“Mass” manipulation
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“Mass” manipulation

e Bi;_, Sb,
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@ A massless fermion carries topological charge (a la index thm)
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@ A massless fermion carries topological charge (a la index thm)

Bii_, Sb,
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e Topological number

1
V= Tr (Ad.A+ A3) A: Berry connection
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@ A massless fermion carries topological charge (a la index thm)
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e Topological number
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@ A massless fermion carries topological charge (a la index thm)

vacuum

Y

e Topological number

V= 412 Tr (AdA + ./43)
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@ A massless fermion carries topological charge (a la index thm)

vacuum Bii_; Sb,

--4--2) topological insulator

Y

e Topological number

1
V= Tr (Ad.A—i— .Ag) A: Berry connection

TI surface state = domain-wall fermion J
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Topological insulator

@ BiSb, BiSe [Hsich et al] [Zhang et al]
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Topological insulator

@ BiSb, BiSe [Hsieh et al.] [Zhang et al ]
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o Effective theory for (massless) surface states

D
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o Effective theory for (massless) surface states
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o Effective theory for (massless) surface states

P g

—)p

@ Subtracting the bulk contribution [Neuberger]

Overlap formula

det Dopen

Zeff =
¢ det D period

= det Deff
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Overlap properties

Ginsparg—Wilson relation

V5D + Dvs = aDvysD
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Overlap properties

Ginsparg—Wilson relation

V5D + Dvs = aDvysD

e Discretization effect (finite a)
5D 4+ DI's =0 W/ F5:’Y5(1—CLD)

— particle-antiparticle (hole) asymmetry (d =3+ 1)
[Liischer]

I
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Another expression

D+ D' =aD'D (75D75 — pf )

1
e Asolution: D=—-(1-V), Vi=y-l
a
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Another expression

D+ D' =aD'D (751775 — pf )

1
a

e Asolution: D=—-(1-V), Vi=y-l

o Particle-hole asymmetry ind =2+ 1
[Bietenholz-Nishimura] [Kikukawa-Neuberger]

Y = iRVY, ¢ — iYyR
or ¥ — iRy, Y — iYVR
e R : reflection operator (z,y,z) — (—z,—y,—2)

RDR = Df
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How to detect it?

@ Magneto-optical conductivity
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How to detect it?

@ Magneto-optical conductivity [Tabert—Carbotte]

E,/NB=10.4 meVAT
EyB=1.1 meV/T
B=IT, g=0
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How to detect it?

@ Magneto-optical conductivity [Tabert—Carbotte]

J

Asymmetric shift only for zero modes

E,AB=104 meVAT
Ey/B=1.1 meV/T

B=IT, g=0

A=0.5 meV
— =0
——— u=-14 meV
u=14 mev

)
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@ What's the role of dimensions and symmetry?

e d=3+1 — chiral anomary
e d=2+1 —— parity anomary

T. Kimura (Keio U) July 2015 11 /15



Classification of topological phases

@ Periodic table [Schnyder et al] [Kitaev]

(cf. [Altland-Zirnbauer] )

TRS PHS SLS d=1 d=2 d=3
Standard A (unitary) 0 0 0 - VA -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - -
AII (symplectic) -1 0 0 7y 7y
Chiral AIII (chiral unitary) 0 0 1 VA - VA
(sublattice) BDI (chiral orthogonal) +1 +1 1 VA - -
CII (chiral symplectic) -1 -1 1 Z - Zy
BdG D 0 +1 0 7y VA -
C 0 -1 0 - VA -
DIII -1 +1 1 7, 7, A
CI +1 -1 1 - - VA
@ Dimensions: d =0,1,2,3,...
e Symmetry: T/CP, C, chiral
T. Kimura (Keio U) July 2015
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Classification of topological phases

@ Periodic table [Schnyder et al] [Kitaev]  (cf. [Altland-Zirnbauer| )

TRS PHS SLS d=1 d=2 d=3
Standard A (unitary) 0 0 0 - VA -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - -
AII (symplectic) -1 0 0 7y 7y
Chiral AIII (chiral unitary) 0 0 1 VA - VA
(sublattice) BDI (chiral orthogonal) +1 +1 1 VA - -
CII (chiral symplectic) -1 -1 1 Z - Zy
BdG D 0 +1 0 7y VA -
C 0 -1 0 - VA -
DIII -1 +1 1 7, 7, A
CI +1 -1 1 - - VA
@ Dimensions: d =0,1,2,3,...
e Symmetry: T/CP, C, chiral — additional: crystal structure
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Symmetry-Protected Topological (SPT) phase

@ Topological crystalline insulator [Liu-Duan-Fu]
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o Symmetry: x & y-reflection, Cs rotation

@ Q. Overlap? Ginsparg—Wilson relation?
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http://arxiv.org/abs/1304.0430

Reflection symmetry

o x-reflection operator:

Rz D(z,y,2) Ry = D(—z,y,2)

@ Invariant surface:

Ry D(x,y,2) Ry = D(z,y,z) at =0

Ginsparg—Wilson relation

o Chiral operator: I'y, = i, R,
— I'yD+ DU, =aDI',D

o Topological class: Zs (parity) — Z (chiral)
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Summary

e Mass = Band gap

—— Domain-wall & overlap on the surface

@ Ginsparg—Wilson relation and its consequence

—— particle-hole asymmetry

@ Ginsparg—Wilson formalism for the additional symmetry

—— reflection symmetry and classification Zo — Z

@ Many possible applications

—— index thm, admissibility
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What is the topological phase?

@ (Thermodynamic) phases — bulk property

o ex.) HyO : ice/water/vapor

e Phase transition : free energy singularity

@ Topological phases — boundary property

2
o ex.) QHE : oy = y%, v € Z (topological num.)

e Phase transition : topology change
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What is the topological phase?

@ ex.) Quantum Hall state
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What is the topological phase?

@ What is the effective field theory for QHE?

e Dimensiond=2+1
o Parity broken (due to B)

Chern—=Simons theory

Scs = ﬁ / AdA
47

e Current: J, = (55£ = ﬁew,p@”A’) — Ju =

JEY
SAE o7 ‘n

2

k(e e?
Oxe =0, azy:%<ﬁ)= " (k € 7)
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What is the topological phase?

@ Topological terms in QFT

1
3272

/ d*z 0(x) €pppo FM FP7 —> d=3TI

2
199 /d T €uyp Tr [w“@“w" + Sw“w Wl = d=2TSC

1
153472

/ d'x0(x) €upo R REL7 —> d=3TSC
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Wavefunction topology

@ ex.) Massive Dirac fermion in d =1
m — ik
(k) = ( m + ik >

e Topological #: the base (k-space) to the Hilbert space

v [ A = %Sgn(m) w/ Ay = o

21 J_

@ Topology change: Av=4+1 at m=0
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Wavefunction topology

@ ex.) Wilson fermion in d = 4

4 4
D(k)=m+ Z ivusink, +r Z(l —cosky,)
p=1 pn=1

e Topological #: the base (Brillouin zone) to the Hilbert space
1/—/ trFAF  w/  A=vyldy
BZ

@ Topology change:
Av=+41,-4,46,—4,41 at m=0,—2r, —4r, —6r, —8r
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Wavefunction topology

@ Topological #: the base to the Hilbert space

@ Massless point —— topology change

e cf.) Atiyah—-Bott—Shapiro, ADHM/Nahm, K-theory, etc.
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