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QCD factorization

Cross sections can be decomposed into parton distribution function(PDF)

and perturbative hard part.

do = f(z) @6(z,Q)+ O

\ J

Y Y
PDF parton cross section
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PDF is nonperturbative function.

L given by the fitting for experimental data

Universality(process independence) of PDF ensures the pQCD predictive power.




Hadron structure

We can obtain the information about the hadron structure

from the behavior of the nonperturbative functions.

o unpolarized PDF- - - probability distribution of partons inside the hadron

unpol PDF of proton

large-x

small-z

Can we directly calculate PDF by nonperturbative technique 7




Lattice QCD

The most powerful tool to calculate nonperturbative effects.

Hadron mass spectrum

Excellent agreement with

experimental data !
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o weak point

Lattice is formulated in Euclidean space(tg = itys).

Real time simulation is difficult.




Parton distribution function

o definition

o) = [ &y e (o [ at))wo)P

light-cone coordinate 0t = —(a' £ a®)
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PDF depends on the real-time in Minkowski space

Moment of PDF [ dz x2"q(z,u?) gives local matrix element
—— (Calculable by lattice QCD
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Moments Calculation

Moments of PDF give local matrix elements
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Limited moments, difficult to determine x-dependence



Ji’s approach

X. Ji, PRL110 (2013) 262002
o Quasi-PDF X. Xiong et al., PRD90 (2014) 014051

F(a,12, P.) = [ $eiwP-=(Pli(2)y* exp(—ig [ d=' A*(') ) 6(0)| P)

* Quasi-PDF does not depend on real-time in Minkowski space

and it’s measurable on the Euclidean lattice
* Consistent with light-cone distribution when P, — oo

o Matching with light-cone PDF ¢(z, u?)

~ dy 7 A2
et P = [ (2 oty %) +0(2252)

- O( %) corrections

- Factorization based on high-P, effective field theory
Lattice QCD simulation gives independent data points for the PDF fitting




One-loop result X. Xiong et al., PRD90 (2014) 014051
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- dy /x u Adep
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infrared divergences are exactly cancelled
Z(l)(E i) — 0 when P, — o0

1
~ B dy rx B
flz,p?, P, — o0) = /_1 EZ(Q — 1)61(y,u2) = q(z, p?)

Ji’s conjecture has no inconsistency at one-loop order.




First result H. -W. Lin et al., PRD91 (2015) 054510

Improved staggered fermion Ny =2+ 1+1
lattice size: 24 x 64 M, ~ 310MeV L ~ 4fm

P, ~0.3, 0.6, 0.9GeV
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still need more improvement

o high-P, |o matching | o other lattice fermions o physical mass

o anisotropic lattice



Applicability of Ji’s method

Fla, 12, P.) = [ P (Pli(2)y* exp(~ig fyy d2' A*())(0)|P)

The factor e*®F=% rapidly oscillates at large-z region

———  limited range of z (small lattice size)

At small-x region, the oscillation becomes slower

wide range of z (large lattice)

Lattice QCD simulation at 2 = 1072 needs 100times more lattice sites

than the simulation at z = 1.

Ji’s method is available at large-z region.




PDFs at large-x

o Proton
Proton PDF's are not well determined at large-x T T T 1
— CJ12mid l
Some models predict different values at x — 1 g \ —= CT10 ’
TR - MSTWO§
d/u— 1/2 SU(6) spin-flavor symmetry 06
x =1 r‘\,_q\._
d/u—0 scalar diquark dominance ~

04
d/u— 1/5 pQCD power counting

etc. 02

Lattice QCD can give model indenpendent result 00

o Pion
Valence quark distribution should behave as (1 — x)? at x — 1

On the lattice, pion matrix element is the simplest case



AG on the Lattice

o helicity distribution of gluons
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Glue Helicity in Longitudinally Polarized Proton

¥ m_m = 380MeV
X m_m =640 MeV
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Y. Hatta et al., PRD89 (2014) 085030
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Proton Momentum, p

Kei-Fei’s talk in SPIN2014



Matching of the quasi-PDFs between continuum and lattice

based on the work with : Tomomi Ishikawa (RBRC)
Jianwei Qiu (BNL)



Two matching procedures

« PDF has the renormalization scheme dependence
* Precise determination of quasi-PDF requires the matching between

different schemes

X. Xiong et al., PRD90 (2014) 014051

Y. -Q. Ma and J. Qiu, arXiv:1404.6860
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Minkowski space

M (@) = fO (@) - SJ( )

Q(CU7I~L2) fcont(a:a/vﬁypz) fldt( 70,7 )

Euclidean space

This talk




Lattice QCD

Lattice QCD is formulated in the descretized Euclidean space

57 = a3 [o- SB@)Uue)b(@ + a) — Bl + aiy U ()b @) + mi () @)
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0 T, U

Uy(x) = e=9oT" A5 +D)
Boundary condition is imposed on each field in finite volume system

Momemtum space is restricted in finite Brillouin zone {—Z, %

a’ a

UV finite theory
Lattice action is not unique, above action is the simplest one

Many improvements have been proposed to reduce discretization error



Feynman rules of lattice PT (Feynman gauge)

ogluon propagator
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Doubling problem

Naive discretized fermion shown in previous slide is useless for numerical

simulation because of the doubling problem.

quark propagator

Z Vu sin(aky, )5._
Z sin?(ak,)

> sin®(ak,) = 0 at (ko, k1, k2, k3) = (0,0,0,0), (7,0,0,0) - - - (7, 7, 7, )

Pole of the propagator gives dispersion relation of the particle.

» 16 fermions !

Some lattice fermions have been proposed to avoid the problem.

o Wilson o domain wall o overlap

But we first use naive discretized fermion to demonstrate the cancelation

of the infrared divergence in the matching.



Discretized quasi-PDF

f(a, 12, P.) = [ =2 (Plih(2)77 exp(—ig [y d='A%(2') )(0)| P)

» Discretized operator is not unique

- We use the simplest discretized operator

$(z) exp(—ig f; d2'A%(2") )(0)
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Diagrams in Feynman gauge

Only appear in LPT(Tadpole diagrams)



Feynman rule for Wilson line
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Cancelation of the soft divergence is manifested in Feynman gauge




Calculation technique

0@ ) g Tl P P T

E ad
:a4/_£ (;ﬁ§45(§;%)4p 7 Py P )

H. Kawai, NPB189 (1981) 40
S. Capitani, Phys. Rept. 382 (2003) 113
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One-loop result of continuum quasi-PDF

UV-cutoft
d*k / dkg / dks : dk? f do
IR-cutoft
flak () collinear divergence
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L finite terms linear UV divergence
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One-loop result of lattice quasi-PDF

1
()

same collinear divergence
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Wilson fermion

Introduce the Wilson term to avoid the doubling problem

Sw=ra'd 0 ~ [ U@yl + o) + §(z + o) Uf (2)b(x) — 20(@) ()]

r: Wilson parameter

— a?“/d4zc (x)D*Y(x)
a— 0 O(a) breaking of chiral symmetry

quark propagator with Wilson fermion
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Doublers decouple at small lattice spacing a



Feynman rules with Wilson fermion

oquark propagator
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One-loop calculation with Wilson fermion

Lattice fermions give O(a) correction to naive fermion

in continuum limit.

———  collinear divergent part does not change

At one-loop order, UV divergence comes from the Wilson line

self-energy diagram.

No quark-gluon vertex, no quark propagator

—— UV divergent part does not change

Lattice fermions just give finite correction to the matching factor




Summary

« We discussed the calculation of discretized quasi-PDF in momemtum space

based on the lattice perturbation theory and demonstrated how the infrared
divergences are canceled through the matching.

- Matching factor is conventionally calculated in the coordinate space
because direct observable on the lattice is matrix element itself.

Tomomi has done.

Future work

» Consistency between the results in coordinate space and momentum space

» Numerical simulation for proton PDF at large-x

- Application to other PDFs

o pion PDF o polarized proton PDFs



