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Introduction: compositeness of hadrons

Near-threshold bound state

Near-threshold resonance
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Is Λ(1405) a KN̅ molecule?

Is Λc(2595) a πΣc molecule?

d is a NN molecule.
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Introduction: compositeness of hadrons

Various excitations of baryons
conventional exotic

en
er

gy

internal 
excitation

B
M

qq̄ pair 
creation

multiquark hadronic
molecule

Exotic structure of hadrons

Physical state: superposition of 3q, 5q, MB, ...
|⇤(1405) i ?

= N3q|uds i+N5q|uds qq̄ i+NK̄N | K̄N i+ · · ·

- What is the appropriate basis?
- How can we interpret the complex weights?

probability?
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Example: Coupled-channel Hamiltonian model

Near-threshold bound state

- Bound state normalization + completeness relation
h | i = 1 1 = | 0 ih 0 |+

Z
d3q| q ih q |

Z, X: real and nonnegative —> probabilistic interpretation

bare state 
contribution
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Compositeness and elementariness
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Near-threshold bound state

Z(B) =
1

1� d
dE

R |h 0 |V̂ | q i|2
E�q2/(2µ)+i0+ d

3q
���
E=�B

⌘ 1

1� ⌃0(�B)

In general, Z is model dependent (~ potential, wave function)
⌃(E) ⇠

- Z can be calculated by employing models.
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Structure and Compositeness of Hadron Resonances

Table 1. Field renormalization constant Z of the hadron resonances evaluated on the resonance
pole. The momentum cutoff qmax is chosen to be 1 GeV for the ρ(770) and K∗(892) mesons,55,59

0.5 GeV for the ∆(1232) baryon, and 0.45 GeV for the Σ(1385), Ξ(1535), Ω baryons.60

Baryons Z |Z| Mesons Z |Z|

Λ(1405) higher pole (Ref. 58) 0.00 + 0.09i 0.09 f0(500) or σ (Ref. 58) 1.17 − 0.34i 1.22

Λ(1405) lower pole (Ref. 58) 0.86− 0.40i 0.95 f0(980) (Ref. 58) 0.25 + 0.10i 0.27

∆(1232) (Ref. 60) 0.43 + 0.29i 0.52 a0(980) (Ref. 58) 0.68 + 0.18i 0.70

Σ(1385) (Ref. 60) 0.74 + 0.19i 0.77 ρ(770) (Ref. 55) 0.87 + 0.21i 0.89

Ξ(1535) (Ref. 60) 0.89 + 0.99i 1.33 K∗(892) (Ref. 59) 0.88 + 0.13i 0.89

Ω (Ref. 60) 0.74 0.74

Λc(2595) (Ref. 56) 1.00− 0.61i 1.17

We summarize the results of the field renormalization constant Z in Table 1. We
also show the absolute values |Z| for reference. In some cases, the result depends
on the cutoff of the loop function, reflecting the scheme-dependent nature of the
field renormalization constant.

The field renormalization constant Z measures the effect of the elementary con-
tribution as the deviation from unity, while it is obtained as a complex number.
A naive prescription for the interpretation is to take the absolute value.55,58,59

Another prescription is to take the real part.60 In the examples shown in Table 1,
two prescriptions provide roughly the same result, thanks to the relatively small
imaginary part.

We should again keep in mind that these numbers are not directly interpreted
as the “probability” of the elementary component. This is clear because the result
sometimes exceeds unity, as seen in the σ meson and the Λc(2595) baryon cases.
On the other hand, it is clear that the magnitude of Z (or ReZ) should reflect the
amount of the elementary component,60 to some extent. It is an important future
project to establish a firm interpretation of the field renormalization constant of
the resonances.

5. Other Approaches to the Hadron Structure

We have been discussing the structure of hadrons from the viewpoint of the com-
positeness. This approach satisfies two conditions for a proper classification scheme
summarized in Subsec. 2.5; the compositeness is defined by the hadronic degrees of
freedom and can be related to experimental observables. On the other hand, the
extension to the resonances is not straightforward and we have not yet established
a satisfactory method, as shown in Sec. 4. In the followings, we review the other
approaches to study the structure of hadrons from different viewpoints. Since the
different approaches shed light on the different aspects of the hadrons, the com-
parison of several approaches will be helpful to elucidate the nature of the exotic
hadrons.

1330045-31

[55] F. Aceti, E. Oset, Phys. Rev. D86, 014012 (2012), [56] T. Hyodo, Phys. Rev. Lett. 111, 
132002 (2013), [58] T. Sekihara, T. Hyodo, Phys. Rev. C 87, 045202 (2012), 
[59] C.W. Xiao, F. Aceti, M. Bayar, Eur. Phys. J. A49, 22 (2013), [60], F. Aceti, et al., Eur. 
Phys. J. A50, 57 (2014).

Model-independent determination?

Z in model calculations
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Near-threshold bound state

a : scattering length, re : effective range
R = (2μB)-1/2 : radius <— binding energy
Rtyp : typical length scale of the interaction

a =
2(1� Z)

2� Z
R+O(Rtyp), re =

�Z

1� Z
R+O(Rtyp),

Z of weakly-bound (R ≫ Rtyp) s-wave state <— observables.
S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)

- Deuteron is NN composite (a~R≫re), only from observables,
  without referring to the nuclear force/wave function.

T. Sekihara, T. Hyodo, D. Jido, PTEP2015, 063D04 (2015)
Y. Kamiya, T. Hyodo, arXiv:1509.00146 [hep-ph]

- Derivation by 1/R expansion of the scattering length

Weak binding limit

(
a ⇠ Rtyp ⌧ �re (elementary dominance),

a ⇠ R � re ⇠ Rtyp (composite dominance).
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Appropriate basis for bound states

Conditions for model-independent formula: 

Applicability:

Near-threshold bound state

- stable s-wave bound state near threshold

- Deuteron only!

Application to exotic hadrons
—> Generalization to unstable particles

composite Xelementary Z
- uududd - NN(s-wave)
- ΔΔ - πΝN - …

Short summary for bound states
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Near-threshold resonances

Z(B) =
1

1� ⌃0(�B)

Compositeness of bound states

complexcomplex

<— Normalization of resonances
- Problem of interpretation (not probability!)

Naive generalization to resonances:
T. Hyodo, D. Jido, A. Hosaka, Phys. Rev. C85, 015201 (2012)

Z(ER) =
1

1� ⌃0(ER)

hR |R i ! 1, h R̃ |R i = 1

complex

| R̃ i ⌘ |R⇤ i

|R i

E

T. Berggren, Nucl. Phys. A 109, 265 (1968)

1 = h R̃ | 0 ih 0 |R i+
Z

dph R̃ |p ihp |R i

h R̃ | 0 i = h 0 |R i 6= h 0 |R i⇤

Generalization to unstable states
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Near-threshold resonances

Weak binding limit for bound states

- Model-independent (no potential, wavefunction, ... )
- Related to experimental observables

What about near-threshold resonances (~ small binding)?

p± =
i

re
± 1

re

r
2re
a

� 1

Effective range expansion

T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013)

f(p) =

✓
�1

a
+

re
2
p2 � ip

◆�1

Resonance pole position —> (a, re) —> elementariness

E

Near-threshold resonances
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E = 0.67 MeV, � = 2.59 MeV p± =
p
2µ(E ⌥ i�/2)

Near-threshold resonances

Pole position of Λc(2595) in πΣc scattering
- central values in PDG

a =� p+ + p�

ip+p�
= �10.5 fm, re =

2i

p+ + p�
= �19.5 fm

- deduced threshold parameters of πΣc scattering

<— substantial elementary contribution other than πΣc
      (three-quark, other meson-baryon channel, or ... )

Λc(2595) is not likely a πΣc composite

πΣcΛc(2595)

Application: Λc(2595)

- Elementariness Z=1-0.6i cannot be interpreted.

Large negative effective range
a ⇠ Rtyp ⌧ �re (elementary dominance)
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Near-threshold quasi-bound state

Generalized formula for quasi-bound state
Generalization by Effective Field Theory

Y. Kamiya, T. Hyodo, arXiv:1509.00146 [hep-ph]

ν

c.f. spectral density/unitary transformation
V. Baru, et al., Phys. Lett. B 586, 53 (2004)
Z.H. Guo, J.A. Oller, arXiv:1508.06400 [hep-ph]

a = R

(
2X

1 +X
+O

⇣���Rtyp

R

���
⌘
+

s
µ03

µ3
O
⇣�� l

R

��3
⌘) μ

μ’
R = 1/

p
�2µEQB , l = 1/

p
2µ⌫

- Formula is valid for complex a, R and X
Interpretation of Z +X = 1, Z,X 2 C

Z̃ ⌘ 1� |X|+ |Z|
2

, X̃ ⌘ 1� |Z|+ |X|
2

, U ⌘ |Z|+ |X|� 1

Z̃ + X̃ = 1, Z̃, X̃ 2 [0, 1]

probabilities uncertainty
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Near-threshold quasi-bound state

Application: Λ(1405)
Recent analyses of Λ(1405) with SIDDHARTA (χ2/dof ~ 1)

Λ(1405) is dominated by the KN̅ composite component.

4

Ref. EQB (MeV) a0 (fm) XK̄N X̃K̄N U |re/a0|
[43] −10− i26 1.39− i0.85 1.2 + i0.1 1.0 0.5 0.2
[44] − 4− i 8 1.81− i0.92 0.6 + i0.1 0.6 0.0 0.7
[45] −13− i20 1.30− i0.85 0.9− i0.2 0.9 0.1 0.2
[46] 2− i10 1.21− i1.47 0.6 + i0.0 0.6 0.0 0.7
[46] − 3− i12 1.52− i1.85 1.0 + i0.5 0.8 0.6 0.4

TABLE I. Properties and results for Λ(1405). Shown are the
eigenenergy EQB , K̄N(I = 0) scattering length a0, the K̄N
compositeness XK̄N and X̃K̄N , uncertainty U , and the ratio
of the effective range to the scattering length |re/a0|. The
scattering length is defined as a0 = −f(E = 0).

same with the pole counting argument [40, 41], as dis-
cussed in Refs. [18, 21, 35].
Applications to exotic hadrons.— We have shown that

the compositeness X of the quasi-bound state can be
model-independently evaluated by Eq. (21) when the cor-
rection terms are small and the eigenenergy EQB and the
scattering length a0 are given. Now we apply this frame-
work for the structure of near-threshold exotic hadrons.
The Λ(1405) resonance is a negative parity excited

baryon which lies close to the K̄N threshold and de-
cays into the πΣ channel. The threshold parameters of
Λ(1405) have recently been determined by the detailed
studies of the experimental data around the K̄N thresh-
old with the chiral effective theories [42–46] in which the
eigenenergies are found in the region |R| ! 2 fm. The
correction terms are found to be small, |Rtyp/R| " 0.12
and |l/R|3 " 0.16, where the K̄N interaction range is es-
timated by the ρ meson exchange. From EQB and a0 in
these analyses, we obtain the K̄N compositeness as sum-
marized in Table I.3 We find that X̃ is close to unity in all
cases, indicating the K̄N composite structure of Λ(1405).
Although some results are associated with U ∼ 0.6, the
ratio |re/a| < 1.5 is consistent with the K̄N composite
dominance. The quantitative difference of the results is
due to the systematic error in determining EQB and a0
from experimental data.
Near the K̄K threshold, there are two scalar mesons,

a0(980) and f0(980) with the isospin I = 1 and I = 0,
respectively. The decay channel of a0(980) [f0(980)] is
πη (ππ). As summarized in Ref. [47], recent experimen-
tal data around the K̄K threshold has been analyzed by
Flatte parameterization [48–58], from which EQB and
a0 can be determined. Except for Ref. [48], the ob-
tained eigenenergies satisfy |R| ! 1.5 fm. Estimating
Rtyp by the ρ exchange, we find |Rtyp/R| " 0.17 and
|l/R|3 " 0.04 for both mesons (With Ref. [48], we ob-
tain |Rtyp/R| ∼ 0.25 and |l/R|3 ∼ 0.13). The evaluated

3 The scattering lengths of Refs. [43, 45] are obtained from the
isospin averaged amplitude. Others are evaluated at the K−p
threshold by a0 = (aK−p + aK̄0n)/2.

Ref. EQB (MeV) a0 (fm) XK̄K X̃K̄K U |re/a0|
[48] 31− i70 −0.03− i0.53 0.2− i0.2 0.3 0.1 4.8
[49] 3− i25 0.17− i0.77 0.2− i0.2 0.2 0.1 6.5
[50] 9− i36 0.05− i0.63 0.2− i0.2 0.2 0.1 7.2
[51] 14− i 5 −0.13− i2.19 0.8− i0.4 0.7 0.3 0.5
[52] 15− i29 −0.13− i0.52 0.1− i0.2 0.1 0.1 13

TABLE II. Properties and results for a0(980). Shown are the
eigenenergy EQB , K̄K(I = 1) scattering length a0, the K̄K
compositeness XK̄K and X̃K̄K , uncertainty U , and the ratio
of the effective range to the scattering length |re/a0|.

Ref. EQB (MeV) a0 (fm) XK̄K X̃K̄K U |re/a0|
[53] 19− i30 0.02− i0.95 0.3− i0.3 0.4 0.2 2.6
[54] − 6− i10 0.84− i0.85 0.3− i0.1 0.3 0.0 5.4
[55] − 8− i28 0.64− i0.83 0.4− i0.2 0.4 0.1 2.1
[56] 10− i18 0.51− i1.58 0.7− i0.3 0.6 0.1 0.7
[57] −10− i29 0.49− i0.67 0.3− i0.1 0.3 0.0 4.0
[58] 10− i 7 0.52− i2.41 0.9− i0.2 0.9 0.1 0.2

TABLE III. Properties and results for f0(980). Shown are the
eigenenergy EQB , K̄K(I = 0) scattering length a0, the K̄K
compositeness XK̄K and X̃K̄K , uncertainty U , and the ratio
of the effective range to the scattering length |re/a0|.

K̄K compositeness are summarized in Table II (III) for
a0(980) [f0(980)] where we find that the uncertainty U
is small for all cases. The results of a0(980) show that X̃
is small and |re/a0| is much larger than 1.5, except for
Ref. [51]. Given the large uncertainty of the parameters
in Ref. [51] (see Ref. [47]), we conclude that the struc-
ture of a0(980) is dominated by the non-K̄K component.
On the other hand, the results of f0(980) are scattered
and not conclusive, as a consequence of the uncertainties
of the Flatte parameters. We should also note that the
isospin breaking effect may become important near the
threshold. The generalization of the present work for this
case is in progress [59].

The K̄N compositeness of Λ(1405) and the K̄K com-
positeness of the scalar mesons have been evaluated in
Refs. [34, 47] with explicit model calculations, which are
in good agreement with the present model-independent
results. The K̄N composite dominance of Λ(1405) is
supported by the recent lattice QCD calculation [15] and
the realistic K̄N potential [16]. In the present study, this
conclusion is drawn by the model-independent relation,
eigenenergy and the scattering length.

We have demonstrated that the generalization of the
model-independent weak-binding relation to quasi-bound
states is a powerful tool for unveiling the structure of ex-
otic hadrons. Once the scattering length and the eigenen-
ergy are determined, the same method can be applied to
the exotic hadrons in the heavy sector [9, 10]. To this
end, it is important to determine the threshold param-

[43] Y. Ikeda, T. Hyodo, W. Weise, Phys. Lett. B706, 63 (2011); Nucl. Phys. A881 98 (2012), 
[44] M. Mai, U.-G. Meissner, Nucl. Phys. A900, 51 (2013), [45] Z.H. Guo, J.A. Oller, 
Phys. Rev. C87, 035202 (2013), [46] M. Mai, U.-G. Meissner, Eur. Phys. J. A 51, 30 (2015)

- Correction terms and U are small |Rtyp/R| . 0.17, |l/R|3 . 0.04

- KN̅ compositeness: close to unity 

a = R

(
2X

1 +X
+O

⇣���Rtyp

R

���
⌘
+

s
µ03

µ3
O
⇣�� l

R

��3
⌘)
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Structure of near-threshold bound state:

Near-threshold resonance: 

Near-threshold quasi-bound state:

Model-independent aspect of compositeness

Summary

Summary

- Observables (B, a) —> structure

- (Pole position, a) —> structure
- Λ(1405) is a KN̅ molecule.

T. Hyodo, Phys. Rev. Lett. 111, 132002 (2013)

Y. Kamiya, T. Hyodo, arXiv:1509.00146 [hep-ph]

- Pole position —> (a, re) —> structure
- Λc(2595) is not a πΣc molecule.

S. Weinberg, Phys. Rev. 137, B672 (1965)


