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Outline

Motivation

Hypernuclear No-Core Shell Model

S-Shell Hypernuclei: nnΛ, CSB, ...

P -Shell Hypernuclei

Summary and Outlook



Motivation Methodology Results Summary and outlook

Strangeness in nuclear many-body systems

Interdisciplinary subject connecting particle physics, nuclear physics
and astrophysics.

Related topical questions include:

interaction of (anti)kaons with the nuclear medium

possible existence of deeply-bound K−–nuclear states?
antikaons in dense matter?

interaction of hyperons with the nuclear medium

S=-1 Λ hypernuclei, Σ-hypernuclei?
S=-2 ΛΛ-hypernuclei, Ξ hypernuclei
hyperons in dense nuclear matter and neutron stars?

D. Gazda (NPI Řež, ECT∗ Trento) NCSM Approach to Hypernuclear Structure 3 / 21



Motivation Methodology Results Summary and outlook

Study of hypernuclei

improve understanding of YN interaction

provide important constraints on YN interaction

precise experimental data on hypernuclear spectroscopy

supplement (very sparse) hyperon–nucleon scattering data base

new precision experiments at J-PARC, J-Lab, FAIR, . . .

modern developments of YN interaction

based on SU(3) chiral EFT

require advanced many-body computational methods to
confront with hypernuclear structure measurements
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Motivation Methodology Results Summary and outlook

Ab initio calculations of light hypernuclei

given microscopic NN (+NNN) and YN interactions, calculate
the energy spectra of A-body hypernuclear system with
controllable approximations

calculations so far limited to A=3,4 hypernuclear systems
(Faddeev, Faddeev–Yakubovsky equations)

recent developments in computational many-body methods

Our aim:

develop a method applicable to heavier A≥5 hypernuclei

study available boson-exchange and chiral YN interaction
models
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Motivation Methodology Results Summary and outlook

No-core shell model for hypernuclei

Ab initio

all particles are active (no rigid core)

exact Pauli principle

realistic 2- and 3-body interactions
(accurate description of NN and Y N data)

controllable approximations

Hamiltonian is diagonalized in a finite A-particle harmonic
oscillator basis

NCSM results converge to exact results
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Motivation Methodology Results Summary and outlook

No-core shell model for hypernuclei

two independent NCSM formulations developed:

Slater-determinant HO basis

+ starting with atisymmetrized basis
+ second quantization methods
− c.m. degree of freedom present ⇒ huge basis

relative Jacobi-coordinate HO basis

+ c.m. d.o.f. removed
⇒ smaller basis
⇒ larger model space possible

− the basis has to be antisymmetrized
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Motivation Methodology Results Summary and outlook

Input VNN , VNNN , and VNY potentials

NN+NNN interaction

chiral N3LO NN potential
(Entem, Machleidt, PRC 68 (2003) 041001)

chiral N2LO NNN potential
(Navrátil, FBS 41 (2007) 14)

YN interaction

phenomenological meson-exchange Jülich04 potential
(Haidenbauer, Meißner, PRC 72 (2006) 044005)

chiral LO potential
NLO version recently developed (Haidenbauer et al., NPA 915 (2013) 24)

ΛN − ΣN mixing explicitly taken into account:

VNY =

(
VΛN−ΛN VΛN−ΣN

VΣN−ΛN VΣN−ΣN

)
+

(
0 0
0 mΣ −mΛ

)
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Motivation Methodology Results Summary and outlook

Similarity renormalization group effective interaction

“bare” interactions require large model spaces for reasonable
convergence
series of unitary transformations of the original Hamiltonian H:

Hλ = UλHU
†
λ, H = H∞

implemented as a flow equation in λ:

dHλ

dλ
= −4/λ5[[T,Hλ], Hλ]

low- and high-momentum parts of Hλ being decoupled: ✷
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Figure: SRG evolved 1S0 partial wave of
chiral N3LO VNN . (Bogner, Furnstahl,
Perry, PRC 75, 061001 (2007))



Motivation Methodology Results Summary and outlook

Lee–Suzuki effective interaction

preserves exactly part of the Hamiltonian spectrum
σ(H) = {E1, E2, E3, . . . , EP , . . . , E∞}

σ(Heff) = {E1, E2, E3, . . . , EP }
decoupling condition

QXHX−1P = 0→ Heff = PXHX−1P

P

Q

P QP

H
(n)
eff

QnXnH
(n)X−1

n Qn0

0

n-body cluster approximation (2 ≤ n ≤ A): H
(n)
eff n-body operator

n = 2: takes into account 2-body correlations from outside of the
model space (← repulsive core)
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S-shell hypernuclei: 3
ΛH
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Figure: Ground state energy of 3
ΛH as a function of the size of the model space, with bare chiral LO @

600 MeV interactions.
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Particle-stable nnΛ system?

Figure: Ground state energies of nnΛ and 3
ΛH with scaled VNY potential as a function of

the size of the model space.
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S-shell hypernuclei: 4
ΛH, 4

ΛHe
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Figure: Ground state (blue) and excited state (red) energy of 4
ΛH and 4

ΛHe as a function of the size of
the model space, with chiral LO @ 600 MeV interactions.

D. Gazda (NPI Řež, ECT∗ Trento) NCSM Approach to Hypernuclear Structure 13 / 21
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S-shell hypernuclei: ΛN − ΣN mixing in 4
ΛHe

Figure: The ground state (0+) and excited state (1+) energies of 4
ΛHe with and without

ΛN − ΣN mixing as a function of the size of the model space.
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S-shell hypernuclei: charge symmetry breaking in 4
ΛHe-4

ΛH

Electromagnetic Λ− Σ0 mixing

Physical Λ and Σ0 hyperons have mixed isospin composition in terms of the SU(3) pure
isospin Λ (I=0) and Σ (I=1) hyperons, with mixing angle proportional to
electromagnetic mass matrix element related to isospin-breaking mass differences

〈Σ|δM |Λ〉 =
1√
3

[(MΣ0 −MΣ+)− (Mn −Mp)] = 1.14(05) MeV

(Dalitz, von Hippel, Phys. Lett. 10, 153 (1964).)

Charge symmetry breaking ΛN interaction

Λ N

Λ N

VΛN−ΣN

•δM
Σ

Λ−Σ0 mixing results in effective π0ΛΛ (ρ0ΛΛ) coupling

gπΛΛ = −2
〈Σ0|δM |Λ〉
MΣ0 −MΛ

gπΛΣ = −0.0297gπΛΣ

For models with explicit ΛN − ΣN conversion

〈NΛ|V CSB
ΛN |NΛ >= −0.0297τN3

1√
3
〈NΣ|VΛN−ΣN |NΛ〉

(A. Gal, PLB 744, 352 (2015))
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S-shell hypernuclei: charge symmetry breaking in 4
ΛHe-4

ΛH

Figure: Chiral Y N cutoff Λ dependence of 4
ΛHe−4

ΛH ground state (0+
g.s.) an excited state (1+

exc.)
Λ hyperon binding energy differences calulated without (left) and with VCSB generated by
ΛN−ΣN conversion.

D. Gazda (NPI Řež, ECT∗ Trento) NCSM Approach to Hypernuclear Structure 16 / 21
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S-shell hypernuclei: 5
ΛHe with Lee–Suzuki eff. interaction

Figure: Ground state energy and Λ binding energy in 5
ΛHe with bare and Lee–Suzuki effective

interactions as a function of the size of the model space, with chiral LO @ 600 MeV
interactions.
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P -shell hypernuclei: 7
ΛLi
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FIG. 2. (color online) Absolute and excitation energies of the first
four states of 7

Λ
Li for the LO chiral (b) and the Jülich’04 YN inter-

action (c) compared to the non-strange parent nucleus 6Li (a). For
the LO chiral YN interaction in panel (b) we use the two cutoff val-
ues 600 MeV/c ( ) and 700 MeV/c ( ). Experimental data from
Refs. [1, 53, 54]. All calculations use αN = 0.08 fm4, αY = 0.0 fm4,
and ~Ω = 20 MeV.

The energies for the 0+ ground state obtained from an expo-
nential extrapolation using between 3 and 6 data points for the
largest Nmax are −10.3(1) and −9.5(1) MeV for 4

Λ
H and 4

Λ
He,

respectively, corresponding to Λ separation energies of 2.4(1)
MeV for both nuclei, consistent with Ref. [8]. The excitation
energies of the 1+ excited states, as shown in the lower plots,
also agree very well with previous few-body calculations and
with experiment. Both NCSM approaches agree at the level
of 1 − 5 keV in all model spaces accessible to both, thus vali-
dating the implementations.

Application to p-shell hypernuclei. The IT-NCSM enables
ab initio calculations for all single-Λ hypernuclei throughout
the p-shell. Here we focus on a representative subset, where
precise experimental data on the spectroscopy is available.
We discuss 7

Λ
Li as one of the best studied p-shell hypernuclei

in both experiment and phenomenological models, 9
Λ

Be for
which the first spin-doublet is degenerate posing a fine-tuning
problem for the interaction, and 13

Λ
C representing the upper p-

shell. In comparison to the well studied s-shell, hypernuclei in
the p-shell probe higher relative partial waves of the YN inter-
action and thus enhance spin-orbit and tensor effects. Based
on these calculations we asses the performance of present YN
interactions, in particular, the Jülich’04 and the LO chiral YN
interactions for cutoff momenta 600 and 700 MeV/c.

We start with the discussion of 7
Λ

Li in Fig. 2. Panel (a)
shows the absolute energies and the excitation energies of
the non-strange parent nucleus 6Li obtained with the chiral

NN+3N interaction with an SRG evolution to αN = 0.08 fm4.
Note that the converged energies are practically independent
of αN in the lower p-shell [21, 22]. The good agreement of ab-
solute and excitation energies with experiment resulting from
the chiral NN+3N Hamiltonian and the good convergence of
the IT-NCSM are evident and a prerequisite for accurate hy-
pernuclear calculations.

When adding a hyperon to the non-strange parent nucleus,
in a simple picture, the weak attractive YN interaction leads
to a lowering of the ground-state energy and to a splitting of
each J > 0 level into a doublet with angular momenta J + 1

2
and J − 1

2 . The energy splitting is directly controlled by and
sensitive to the YN interaction. Both effects are evident in
the IT-NCSM results for 7

Λ
Li in panels (b) and (c) of Fig. 2.

Moreover, the differences between the YN interactions are ev-
ident. For the Jülich’04 interaction employed in Fig. 2(c) the
ground-state energy is in reasonable agreement with experi-
ment, but the level ordering is wrong. The splitting of the
spin-doublet is significantly too large and has the wrong sign,
leading to a systematically reversed level ordering. This de-
ficiency is already visible for the excited states of the A = 4
hypernuclei [8].

The LO chiral YN interactions employed in Fig. 2(b) pro-
vide a consistently better description of the spectra. The
ground-state energies obtained for cutoff 600 and 700 MeV/c
are slightly below and above experiment, respectively. The
excitation energies exhibit a weaker cutoff dependence, with
the cutoff 600 MeV/c yielding slightly lower excitation ener-
gies. If we interpret this dependence on the YN cutoff as an
estimator for the effects of higher-order terms in the chiral ex-
pansion, then we can state that the LO chiral YN interaction
gives ground-state and excitation energies that agree with ex-
periment within the truncation uncertainties.

The IT-NCSM also gives access to spectroscopic observ-
ables such as transition strengths. As an example we con-
sider the B(E2) strength for the 5/2+ → 1/2+ transition in
7
Λ

Li, which has been experimentally determined to B(E2) =

3.6+0.5
−0.5(stat)+0.5

−0.4(syst) e2fm4 [53]. For the LO chiral YN in-
teration with cutoff 600 MeV/c we obtain B(E2) = 2.3(1)
and 2.4(1) e2fm4 for Nmax = 10 and 12, respectively, using
~Ω = 20 MeV. The numbers in brackets indicate the uncer-
tainties of the threshold extrapolation [22]. Obviously, con-
vergence of this long-range observable is problematic and a
systematic study exploiting the frequency-dependence to per-
form extrapolations is needed. A simpler example is the
B(M1) strength for the spin-flip transition 3/2+ → 1/2+. We
obtain B(M1) = 0.31(1) µ2

N for Nmax = 10 and 12, indicat-
ing good convergence. This is in excellent agreement with a
preliminary experimental value reported in [55].

As a second case we discuss the spectrum of 9
Λ

Be as de-
picted in Fig. 3. The nucleonic parent nucleus 8Be is un-
bound with respect to decay into two α-particles, but still
the IT-NCSM provides a good description of the ground- and
excited-state energies in a bound-state approximation. The
addition of the hyperon binds the 9

Λ
Be hypernucleus. Again

Figure: Calculations of 7
ΛLi with chiral LO @ 600@MeV (solid lines) and 700 MeV (dashed lines) and

Jülich04 YN interactions.
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P -shell hypernuclei: 9
ΛBe
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FIG. 3. (color online) Same as Fig. 2, but for 9
Λ

Be and 8Be.

the LO chiral YN interactions for cutoff 600 and 700 MeV/c
yield different ground-state energies that bracket the experi-
mental value. A peculiarity of 9

Λ
Be is that the spin-doublet re-

sulting from the 2+ state in 8Be is practically degenerate, with
the higher-J state being at slightly lower excitation energy ex-
perimentally, contrary to the other light hypernuclei. The LO
chiral YN interactions reproduce the excitation energy of the
doublet and the near degeneracy within threshold extrapola-
tion and convergence uncertainties. In contrast, the Jülich’04
interaction gives a significant splitting of the spin doublet in
contradiction to experiment.

As a final example from the upper p-shell we discuss 13
Λ

C
in Fig. 4. The SRG-evolved chiral NN+3N interaction at
αN = 0.08 fm4 gives a ground-state energy of the nucleonic
parent 12C about 6 MeV below experiment. This overbinding
is related to the emergence of SRG-induced 4N interactions in
the upper p-shell that are not included in the present calcula-
tions (see Refs. [21, 22]). The absolute energies of 13

Λ
C inherit

this overbinding, however, taking this into account, the chiral
LO interactions are consistent with the experimental ground-
state energies within the cutoff uncertainty. Also the excited
spin-doublet appears at a slightly too low excitation energy,
since the 2+ excited state in 12C is already too low. The split-
ting of the spin doublet is predicted by the LO chiral YN in-
teractions to be 650 to 700 keV for the largest model spaces.
Again, the Jülich’04 YN interaction predicts the opposite level
ordering for the doublet. Note that the 5/2+ state was not yet
observed experimentally, but cluster-model calculations [13]
put it below the 3/2+ state in contrast to the LO chiral YN
interaction. We also calculated the lowest doublet of unnatu-
ral parity states, shown in the lower panels of Fig. 4, which
are dominated by a hyperon in a p-orbit. Neither the chiral
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FIG. 4. (color online) Same as Fig. 2, but for 13
Λ

C and 12C. Note the
change of scale in the lower panels.

nor the Jülich’04 YN interaction can reproduce the near de-
generacy of the 1/2− and 3/2− states as observed experimen-
tally. This hints at deficiencies in higher partial waves, which
are strongly affected by sub-leading contributions to the chiral
YN interactions.

Conclusions. We have performed the first ab initio cal-
culations for single-Λ p-shell hypernuclei using NCSM ap-
proaches with explicit hyperons. After a validation for s-shell
hypernuclei, we have studied selected p-shell hypernuclei us-
ing Jülich’04 and the LO chiral YN interactions. Within the
expected cutoff dependence the LO chiral YN interactions re-
produce the experimental data up to the mid-p-shell, whereas
the Jülich’04 YN interaction systematically gives wrong or-
derings and splittings of the spin-doublet states. For 13

Λ
C the

situation is unclear as the 5/2+ state is not known experi-
mentally. Neither of the YN interactions describes the first
negative-parity doublet correctly, which hints at deficiencies
in the higher relative partial-waves. This illustrates the poten-
tial of systematic ab initio studies of p-shell hypernuclei for
improving our understanding of the YN interaction. In this
context, the inclusion and validation of the chiral YN interac-
tions at NLO is highly desirable. At the same time the impact
of SRG-induced and initial chiral YNN interactions needs to
be investigated.

We thank A. Nogga and J. Haidenbauer for useful dis-
cussions and for providing us with the YN interaction
codes. This work is supported by DFG through SFB 634,
by the Helmholtz International Center for FAIR (HIC for
FAIR), by the BMBF (06DA7047I), by the GACR Grant No.
203/12/2126, by the EU initiative FP7, HadronPhysics3, un-
der the SPHERE and LEANNIS cooperation programs, and

Figure: Calculations of 9
ΛBe with chiral LO @ 600@MeV (solid lines) and 700 MeV (dashed lines) and

Jülich04 YN interactions.
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P -shell hypernuclei: 13
ΛC
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FIG. 3. (color online) Same as Fig. 2, but for 9
Λ

Be and 8Be.

the LO chiral YN interactions for cutoff 600 and 700 MeV/c
yield different ground-state energies that bracket the experi-
mental value. A peculiarity of 9

Λ
Be is that the spin-doublet re-

sulting from the 2+ state in 8Be is practically degenerate, with
the higher-J state being at slightly lower excitation energy ex-
perimentally, contrary to the other light hypernuclei. The LO
chiral YN interactions reproduce the excitation energy of the
doublet and the near degeneracy within threshold extrapola-
tion and convergence uncertainties. In contrast, the Jülich’04
interaction gives a significant splitting of the spin doublet in
contradiction to experiment.

As a final example from the upper p-shell we discuss 13
Λ

C
in Fig. 4. The SRG-evolved chiral NN+3N interaction at
αN = 0.08 fm4 gives a ground-state energy of the nucleonic
parent 12C about 6 MeV below experiment. This overbinding
is related to the emergence of SRG-induced 4N interactions in
the upper p-shell that are not included in the present calcula-
tions (see Refs. [21, 22]). The absolute energies of 13

Λ
C inherit

this overbinding, however, taking this into account, the chiral
LO interactions are consistent with the experimental ground-
state energies within the cutoff uncertainty. Also the excited
spin-doublet appears at a slightly too low excitation energy,
since the 2+ excited state in 12C is already too low. The split-
ting of the spin doublet is predicted by the LO chiral YN in-
teractions to be 650 to 700 keV for the largest model spaces.
Again, the Jülich’04 YN interaction predicts the opposite level
ordering for the doublet. Note that the 5/2+ state was not yet
observed experimentally, but cluster-model calculations [13]
put it below the 3/2+ state in contrast to the LO chiral YN
interaction. We also calculated the lowest doublet of unnatu-
ral parity states, shown in the lower panels of Fig. 4, which
are dominated by a hyperon in a p-orbit. Neither the chiral
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FIG. 4. (color online) Same as Fig. 2, but for 13
Λ

C and 12C. Note the
change of scale in the lower panels.

nor the Jülich’04 YN interaction can reproduce the near de-
generacy of the 1/2− and 3/2− states as observed experimen-
tally. This hints at deficiencies in higher partial waves, which
are strongly affected by sub-leading contributions to the chiral
YN interactions.

Conclusions. We have performed the first ab initio cal-
culations for single-Λ p-shell hypernuclei using NCSM ap-
proaches with explicit hyperons. After a validation for s-shell
hypernuclei, we have studied selected p-shell hypernuclei us-
ing Jülich’04 and the LO chiral YN interactions. Within the
expected cutoff dependence the LO chiral YN interactions re-
produce the experimental data up to the mid-p-shell, whereas
the Jülich’04 YN interaction systematically gives wrong or-
derings and splittings of the spin-doublet states. For 13

Λ
C the

situation is unclear as the 5/2+ state is not known experi-
mentally. Neither of the YN interactions describes the first
negative-parity doublet correctly, which hints at deficiencies
in the higher relative partial-waves. This illustrates the poten-
tial of systematic ab initio studies of p-shell hypernuclei for
improving our understanding of the YN interaction. In this
context, the inclusion and validation of the chiral YN interac-
tions at NLO is highly desirable. At the same time the impact
of SRG-induced and initial chiral YNN interactions needs to
be investigated.
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203/12/2126, by the EU initiative FP7, HadronPhysics3, un-
der the SPHERE and LEANNIS cooperation programs, and

Figure: Calculations of 13
ΛC with chiral LO @ 600@MeV (solid lines) and 700 MeV (dashed lines) and

Jülich04 YN interactions.
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Summary and outlook

Calculations of light hypernuclei within NCSM

no indication of particle-stable nnΛ system
electromagnetic Λ− Σ0 mixing generates substantial contributions to the CSB

reliable ab initio calculations of p-shell hypernuclei with microscopic
interactions are now possible
systematic study of p-shell hypernuclei improves understanding of YN
interactions
LO chiral YN interactions are consistent with measured low-lying energy levels
of light hypernuclei
indication of deficiencies for higher relative partial waves of LO chiral YN
interactions

Gazda, Mareš, Navrátil, Roth, Wirth, Few-Body Syst. 55, 857 (2014).

Wirth, Gazda, Navrátil, Calci, Langhammer, Phys. Rev. Lett. 113, 192502 (2014).

Outlook

benchmark calculations
study chiral NLO NY interaction
lattice NY interactions, S=− 2 systems, . . .
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