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Motivation

Spectrum of QCD: complete 
understanding, discover new 
resonances, exotics …

Aim

Decay properties of the 
known states

‣ multi-body (final state) interactions  
are expected to play a crucial role  
for the hadron spectroscopy 

‣ analysis of the precision exp. data 

‣ test/develop/cross-check tools on  
conventional states → move to exotic 

Lattice (2011) 
Jozef J. Dudek
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not yet experimentally shown

CLAS, WASA, KLOE
number of events: 106 - 107
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Motivation

Slow convergence of ChPT 
(importance of FSI)

⌘,⇡ ⇠

WASA-at-COSY  
(2014)1.2⤫107 decays

New data on η⇾π+π-π0

�⌘!⇡+⇡�⇡0 = 66[LO] + 94[NLO] + ... = 296± 16 eV[Exp]

Slope parameter puzzle for η→3π0

Isospin violating decay: sensitive to 
quark mass difference 

|A⌘!3⇡0 |2 / 1 + 2↵z + ...

KLOE-2  
(2016) 4.7⤫106 events

↵
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First principle constraints

Unitarity: for small s unitarily is “simple”

t

s

Disc fJ(s) = ⇢(s) fJ(s+) fJ(s�)

A(s, t) =
1X

J

(2J + 1)PJ(z) fJ(s)



6

First principle constraints

Unitarity: for small s unitarily is “simple”

t

s

Disc fJ(s) = ⇢(s) fJ(s+) fJ(s�)

Crossing symmetry
‣ the same function A(s,t) should describe different 

processes (rotate the diagram by 90o or flip the leg)

A(s, t) =
1X

J

(2J + 1)PJ(z) fJ(s)



6

First principle constraints

Unitarity: for small s unitarily is “simple”

Analyticity 
‣ relates scattering amplitude at different energies

t

s

Dispersion'relation3
!  Cauchy'theorem3

If'function'3
3
!  Analytic'in'a'cut'plane3

!  Falls'off'sufficiently'fast''on'the'large'3
semi'circle''(otherwise'need'subtractions)3
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First principle constraints

‣ at high energies: asymptotic freedom ⇾ perturbative QCD

‣ at low energies: chiral symmetry

LQCD =
X

f=u,d,s,
c,b,t

q̄f (i�
µ Dµ �mf ) qf � 1

4
G(a)

µ⌫ G
(a)µ⌫

SU(3)L ⇥ SU(3)R ! SU(3)V

NAMBU - GOLDSTONE  
BOSON: 

Spontaneously Broken  CHIRAL  SYMMETRY

fπ = 92.4MeV

PION DECAY CONSTANT

ORDER PARAMETER: 
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π
µ

ν

SYMMETRY 
BREAKING 

SCALE 
MASS 
GAP

Λχ = 4π fπ ∼ 1GeV

PCAC:

m
2
π
f
2
π

= −mq ⟨ψ̄ψ⟩ + O(m2

q
)

Axial current
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Figure 1: Vector (a) and axial-vector (b) spectral functions as given by the
parametrization (12,13) and Appendix, compared with ALEPH data [4] (the
comparison with OPAL data [5] looks very similar).
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First principle constraints

Unitarity

QCD
constraints

Analyticity, Crossing 
symmetry

In practice rigorous implementation of these principles is very hard. However, for a given 
reaction it is possible to kinematically isolate regions where specific processes dominate.

Roy-Steiner: ππ, πK, πN  
Ananthanarayan (2001), 

 Buttiker (2001),  
Ditsche (2012), et al. 
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Reconstruction theorem:  
crossing symmetry, analyticity up to NNLO

Method

P.w. expansion
J
max

ππ scattering 
Fuchs, Sazdjian, 

Stern (1993)
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Reconstruction theorem:  
crossing symmetry, analyticity up to NNLO

Method

Khuri, Treiman 
(1960)  

Aitchison (1977)

P.w. expansion
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max
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ππ scattering 
Fuchs, Sazdjian, 

Stern (1993)
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Unitarity
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Roy analysis (2011) 
R. Garcia-Martin 

at.al.
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Pasquier inversion
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FIG. 3: Left: Integration contour. Right: Part of the Mandelstam plane, where the decay region and s-channel scattering
region are shown.

do not overlap with the cut of the integrand extending
over the positive real axis above t = 4m2

⇡

. As shown
in [28] analytical continuation to the decay region re-
quires that integration is deformed over to follow a path
that does not cross the unary cut of F (t) for t > 4m2

⇡

,
i.e. as shown in Fig. 3. It is worth noting that once
kinematical singularities have been removed, the t depen-
dence induced by the partial wave projection, the factor
1 � z2

s

(t, s) in Eq. (21) does not have singularities in t.
In the decay region discontinuity DiscF (s) is a complex
function of s, with singularities arising from cuts in the
barrier factor k(s) c.f. Eq. (4). Guided by the analysis
of triangle diagram in perturbation theory it was shown
that the proper determination of the singularities in k(s)
for s > 4m2

⇡

is given by [25] and the right analytical
structure of k(s) is

k(s) =

8
<

:

+(s) , 4m2

⇡

 s  (M � m
⇡

)2

i(s) , (M � m
⇡

)2  s  (M + m
⇡

)2

�(s) , (M + m
⇡

)2  s  +1
(s) =

1

s
|�(m2

⇡

,m2

⇡

, s)�(M2,m2

⇡

, s)|1/2 . (23)

In the next section we discuss solutions of Eq. (19).

IV. SOLUTION STRATEGIES

From the discontinuity (19) one can reconstruct the
amplitude using a dispersion relation, Eq 20. The solu-
tion is obtained using the Omnes-Muskhelishvili [44? ]
representation,

F (s) = ⌦(s)G(s) (24)

where the function ⌦(s) satisfies the following unitarity
relation for s � s

⇡

= 4m2

⇡

Disc ⌦(s) = ⇢(s) t⇤(s) ⌦(s) + inelastic ✓(s > s
i

) . (25)

with the first term on the right hand side representing the
elastic contribution. The advantage of representation in
Eq. (24), is that one can absorb the homogeneous part,
cf. first term on the right hand side in Eq. (19), into
⌦(s) leaving contribution from the cross-channel in G(s).
Since F (s) and ⌦(s) have only unitary, right hand cuts,
the function G(s) should also the right-hand cuts. Com-
bining Eqs. (19), (24) and (25) we obtain the following
discontinuity relation for G(s)

DiscG(s) =
⇢(s) t⇤(s)

⌦⇤(s)
F̂ (s) + inelastic ✓(s > s

i

) (26)

where the last term is absorbs inelastic contributions
starting with a threshold at s = s

i

. The dispersion rela-
tion for G(s) is given by,

G(s) =

Z 1

s

⇡

ds0

⇡

DiscG(s0)

s0 � s
(27)

where we split the integral into two parts

Z 1

s

⇡

=

Z
s

i

s

⇡

+

Z 1

s

i

. (28)

The first part is determined entirely by elastic scattering
while the second part takes into account inelastic e↵ects.
The inelastic contribution is described by an analytical
function on the s-plane cut along the real axis above
s = s

i

. It is largely unknown, and often parametrized
through an expansion in a conformal variable which maps
the cut s-plane onto a unit disk. Such a mapping is
known to improve convergence of the parametrization [?
].

⌃(s) =
nX

i=0

a
i

!i(s) (29)
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function on the s-plane cut along the real axis above
s = s

i

. It is largely unknown, and often parametrized
through an expansion in a conformal variable which maps
the cut s-plane onto a unit disk. Such a mapping is
known to improve convergence of the parametrization [?
].

⌃(s) =
nX

i=0

a
i

!i(s) (29)

Z +1

�1
d cos ✓ !

Z t+(s)

t�(s)
dt

Bronzan, Kacser 
PR132,2703 (1963)

M2
⌘ ! M2

⌘ + i ✏

12



Pasquier inversion

π

ππ

π

π
Vinput

π

π

π

Vinput

Disc aJ(s) = t⇤J(s) ⇢(s)

 
aJ(s) +

Z t+(s)

t�(s)
dt ...aJ(t)

!

aJ(s) =

Z 1

4m2

ds0

⇡

Disc aJ(s)

s0 � s
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Pasquier inversion

π

ππ

π

π
Vinput

π

π

π

Vinput

Disc aJ(s) = t⇤J(s) ⇢(s)

 
aJ(s) +

Z t+(s)

t�(s)
dt ...aJ(t)

!

aJ(s) =

Z 1

4m2

ds0

⇡

Disc aJ(s)

s0 � s

=

Z

�0
dt

Z s+(t)

s�(t)
ds0 ...

Pasquier et al.  
Phys. Rev. 170, 1294

P. Guo, I.D.,  
A. Szczepaniak 

EPJA 2015

Z 1

4m2
⇡

ds0

⇡

Z t+(s)

t�(s)
dt ...
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P. Guo et al (JPAC)  
PRD92 5 054016

η⇾π+π-π0 (WASA-at-COSY fit)

WASA-at-COSY  
PRC90 4 045207 
1.2⤫107 decays

x / (t� u)

y / (sc � s)

no 3b 
effects

with 3b 
effects

data

no 3b with 3b

(L,I)=(0,0), (1,1)
1 real par.

1,45 0,96

(L,I)=(0,0),(1,1),
(0,2)
2 real par.

0,94 0,9

�

2
/d.o.f.

14

Fit to WASA



(preliminary)

η⇾π+π-π0 (KLOE-2 fit)

KLOE-2  
arXiv:1601.06985 
4.7⤫106 events

x / (t� u)

y / (sc � s)

no 3b 
effects

with 3b 
effects

data

no 3b with 3b

(L,I)=(0,0), (1,1)
1 real par.

10,4 2,61

(L,I)=(0,0),(1,1),
(0,2)
2 real par.

1,21 1,29

�

2
/d.o.f.

15

Fit to KLOE-2



(preliminary)

η⇾π+π-π0 (KLOE-2 fit)

KLOE-2  
arXiv:1601.06985 
4.7⤫106 events

x / (t� u)

y / (sc � s)

no 3b 
effects

with 3b 
effects

data

no 3b with 3b

(L,I)=(0,0), (1,1)
1 real par.

10,4 2,61

(L,I)=(0,0),(1,1),
(0,2)
2 real par.

1,21 1,29

�

2
/d.o.f.

15

no 3b with 3b

(L,I)=(0,0), (1,1)
1 real par.

9,5 1,64

(L,I)=(0,0),(1,1),
(0,2)
2 real par.

1,54 1,61

�

2
/d.o.f.

Combined fit: WASA & KLOE-2

Fit to KLOE-2



Dalitz plot expansion:

η⇾3π0

|A⌘!⇡+⇡�⇡0 |2 / 1 + a y + b y

2 + d x

2 + f y

3 + ...

16

|A⌘!3⇡0 |2 / 1 + 2↵z + ...



Dalitz plot expansion:

η⇾3π0

Prediction:

↵ = �0.025± 0.004

↵PDG = �0.0317± 0.0016

|A⌘!⇡+⇡�⇡0 |2 / 1 + a y + b y

2 + d x

2 + f y

3 + ...

16

|A⌘!3⇡0 |2 / 1 + 2↵z + ...



Matching to ChPT

1

Q2
=

m2
d �m2

u

m2
s � m̂2

We described Dalitz distribution  
normalised to unity at x=y=0

fix overall normalisation

�exp

⌘!⇡

+
⇡

�
⇡

0 /
Z

|A
⌘!⇡

+
⇡

�
⇡

0 |2 / N2

Q4

|A⌘!⇡+⇡�⇡0 |2 / 1 + a y + b y

2 + d x

2 + f y

3 + ...
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Matching to ChPT

1

Q2
=

m2
d �m2

u

m2
s � m̂2

We described Dalitz distribution  
normalised to unity at x=y=0

fix overall normalisation

�exp

⌘!⇡

+
⇡

�
⇡

0 /
Z

|A
⌘!⇡

+
⇡

�
⇡

0 |2 / N2

Q4

|A⌘!⇡+⇡�⇡0 |2 / 1 + a y + b y

2 + d x

2 + f y

3 + ...

Match individual (I, J) components of the full 
amplitude near Adler zero s=4/3 mπ

2

A(s, t, u) =
J
maxX

J

...aJ(s) +
J
maxX

J

...aJ(t) +
J
maxX

J

...aJ(u)

A�PT (s, t, u) = � 1

Q2

m2
K(m2

K �m2
⇡)

3
p
3m2

⇡f
2
⇡

 
J
maxX

J

...a�PT
J (s) + ...

!

Matching point 

Matching to ChPT

17



Q-value predictions

Quark mass 
double ratio:

1

Q2
=

m2
d �m2

u

m2
s � m̂2

Quark masses

m̂ =3.42± 0.09 MeV

ms =93.8± 0.24 MeV

Lattice, FLAG, 
(Nf=2+1), 2014

mu =2.04± 0.14 MeV

md =4.80± 0.08 MeV

18



ω, φ⇾3π

π

ππ

π

π
Vinput

π

π

π

Vinput

Disc aJ(s) = t⇤J(s) ⇢(s)

 
aJ(s) +

Z t+(s)

t�(s)
dt ...aJ(t)

!

aJ(s) =

Z 1

4m2

ds0

⇡

Disc aJ(s)

s0 � s

ω/φ is spin 1 particle:

19



ω, φ⇾3π

π

ππ

π

π
Vinput

π

π

π

Vinput

Disc aJ(s) = t⇤J(s) ⇢(s)

 
aJ(s) +

Z t+(s)

t�(s)
dt ...aJ(t)

!

aJ(s) =

Z 1

4m2

ds0

⇡

Disc aJ(s)

s0 � s

s w

4m2
⇡ si

=

Z si

4m2
⇡

...+

Z 1

si

...

inelastic contributions  
parametrize with a conformal  

mapping expansion

Coefficients Ci play the role of subtraction 
constants in conventional approach

 Niecknig, Kubis, 
Schneider (2012)

ω/φ is spin 1 particle:
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ω, φ⇾3π

! ! 3⇡

ω⇾3π:  fit event by event g12  
CLAS data in progress

φ⇾3π:                     = 1.11 (no 3b)  
                                = 1.09 (with 3b)

�

2
/d.o.f.

KLOE Collaboration / Physics Letters B 561 (2003) 55–60 57

Fig. 1. Distributions of Mmiss (top), Mγ γ , and cos θγ γ (bottom
left and right) for a sample of selected events. The rms widths
of the Mmiss and Mγ γ distributions are 5.5 MeV and 17 MeV,
respectively. The solid lines are Gaussian fits.

tracks with opposite sign of curvature and polar an-
gle θ > 40◦ which intersect the interaction region.
The acollinearity cut (#θ < 175◦) removes e+e−γ
events without incurring an acceptance loss for the
signal. We then compute the missing mass, Mmiss =
√

(Eφ − Eπ+ − Eπ−)2 − |p⃗φ − p⃗π+ − p⃗π− |2 where
E and p⃗ are laboratory energies and momenta. Mmiss
is required to be within 20 MeV of the π0 mass. This
requirement corresponds to an effective energy cut of
! 20 MeV on the total energy radiated because of ini-
tial state radiation (ISR). Two photons in the calorime-
ter are also required. A photon is defined as an en-
ergy deposit larger than 10 MeV with 21◦ < θ < 159◦

and an arrival time compatible with a particle trav-
eling at the speed of light, within 5σ (t). The two-
photon opening angle in the π0 rest frame must satisfy
cos θγ γ < −0.98.
Fig. 1 shows the distributions of the missing mass

Mmiss, of the γ γ invariant mass, and of cosθγ γ for
a sample of selected events. Due to the large cross
section3 for this final state with respect to other

3 Here and in the following we consider visible cross sections,
not corrected for the effect of the radiative corrections.

Fig. 2. Distribution of the number of events corrected for the
efficiency and divided by |p⃗∗+ × p⃗∗−|2. The gray scale is in
arbitrary units. The plot contains 1.98 millions events in 1874 bins
8.75 × 8.75 MeV2 each. Three broad bands corresponding to the
three ρ states are indicated. The kinematical boundary is also shown.

processes (σφ × BR(φ → π+π−π0) = 460 nb) and
to the clean signature, the background to this process
after the selection described is! 10−5. The Dalitz plot
variables x and y are evaluated using the measured
momenta of the charged pions, boosted to the center
of mass system: x = E∗

+ − E∗
− and y = E∗

φ − E∗
+ −

E∗
− − Mπ0 = Tπ0 . Eφ and p⃗φ are measured run by

run using Bhabha scattering events. ISR lowers the
mean π+π−π0 total energy by ∼ 130 keV. This value
is used in the analysis with negligible effect on the
results. The resolution on x and y is about 1 MeV over
the full kinematical range.
The Dalitz plot density distribution is shown in

Fig. 2. In the plot the number of events corrected for
the efficiency is shown divided by |p⃗∗

+ × p⃗∗
−|2. Three

bands corresponding to the three ρ states are clearly
evident. The two-dimensional distribution is plotted in
8.75×8.75MeV2 bins. There are 1874 bins within the
kinematic boundary. The bin width is larger than the x

and y resolution, but is small compared to the density
variations of the Dalitz plot as can be seen in the x and
y projections shown in Fig. 3. Smearing effects due to
the resolution are negligible.
Trigger and selection efficiencies have been evalu-

ated as functions of x and y . A full Monte Carlo sim-
ulation of the detector has been used with corrections
based on control samples of data. Corrections to the
detection efficiency for low energy photons have been

KLOE Coll.
PLB 561 55-60

� ! 3⇡

I.V. Danilkin et al 
(JPAC)  

PRD91 9 094029

 Carlos Salgado,  
Volker Crede, Chris 

Zeoli, etc.

d2�

ds dt
/ |~p+ ⇥ ~p�|2|A(s, t)|2
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Discontinuity relation: ω/φ⇾π0γ*

l+

l−

V

π

π

π

Disc fV ⇡(s) =
⇢3(s) s

128⇡
F ⇤
⇡ (s)

Z 1

�1
dz0(1� z02)F (s, t0, u0)

ω/φ→3πpion vector form factor

0.2 0.4 0.6 0.8 1.0
0

10

20

30

40

50

s @GeV2D
»F p

2

Belle 
(2008)

s w

4m2
⇡ si

fV ⇡(s) =

Z si

4m2
⇡

ds0

⇡

Disc fV ⇡(s0)

s0 � s
+

NX

k=0

bk (!(s))
k
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ω⇾π0γ*

b0 fixed from Γexp(ω→πγ)

NA60: Nature of the steep 
rise?

N=0 curve is consistent 
with [preliminary] MAMI 
data 
 

Exp. analysis of φ→πγ is 
very important

l+

l−

V

π

π

π

11

FIG. 8: The Electromagnetic form factor for ! ! ⇡

0
�

⇤ (left panel), the di↵erential decay rate ! ! ⇡

0
e

+
e

� (top right) and the
di↵erential decay rate ! ! ⇡

0
e

+
e

� (bottom right). Data for the form factor is taken from [55], while for the single-di↵erential
decay rate were calculated using Eq.(45). The dotted line is the VMD approach (50), while the solid, dash-dotted and dashed
lines correspond to a truncation in the expansion (49) at order 0, 1, 2 respectively.

to the NA60 data (dashed curve in Fig. 8). The re-
sulting parameters are b

1

= �23.7 and b
2

= 484.4 with
�2/N w 1.15. As you can see, the fit suggests the signif-
icant change of parameter b

1

(even di↵erent sign), which
we do not find very reliable. In order to disentangle
the nature of the steep rise, the experimental analysis
of � ! ⇡0l+l� is needed.

Figure 9 shows the results for the � meson decays.
Since there is no experimental measurements, we keep
only one terms in the conformal expansion (49) and
fix it from the experimental rela-photon decay width
�exp

�!⇡

0
�

= 5.41 keV [1]. It yields the following branch
ratios

Bth(� ! ⇡0e+e�) = 1.45 · 10�5

Bexp(� ! ⇡0e+e�) = (1.12 ± 0.28) · 10�5 (54)

and

Bth(� ! ⇡0µ+µ�) = 3.9 · 10�6 , (55)

where we found satisfactory agreement for � ! ⇡0e+e�

and unfortunately there is no data available for � !
⇡0µ+µ�. In Fig. 9 we also show the sensitivity to the
three-body e↵ects. We confirm the findings of [61], that
the there is a two-pion threshold enhancement when you
turn on cross-channel rescattering e↵ects in V ! 3⇡ am-
plitude.

VI. CONCLUSIONS

In this paper we have analyzed three-pion decays and
electromagnetic form factors of !/� within a dispersive
formalism that is based on the generalized isobar decom-
position and sub-energy unitarity. The important input
is the p-wave ⇡⇡ scattering amplitude that is available
from [19]. By means of the dispersion relation we sepa-
rated the contribution from the elastic and inelastic chan-
nels. The latter was modeled by a series in a suitable
conformal variable and the coe�cients of this expansion
play the role of the subtraction constants. This is an al-
ternative way for incorporating three-body e↵ects with-
out assuming any high energy asymptotic behavior of
the two-body amplitude. The unknown coe�cients can
be either fitted to the data or determined from the Lat-
tice of EFT-based studies. We note that the solution of
dispersive integrals is not unique and this has to do with
asymptotic behavior. When the p.w. expansion is trun-
cated, the high energy behavior is spoiled. To cure the
high-energy behavior one has to apply Regge theory and
smoothly connect it to the low energies. This analysis is
clearly far beyond the scope of the present paper.

We presented the single-di↵erential and Dalitz plot dis-
tributions, where we found non negligible three body ef-
fects. We also found our results very similar to ones of

VMD

N=1

N=2

N=0
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fV ⇡(s) =

Z si

4m2
⇡

ds0

⇡
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+

NX

k=0

bk (!(s))
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φ⇾π0γ*

l+

l−

V

π

π

π

b0 fixed from Γexp(φ→πγ)
 

Grey: no 3b effects 
 

Our prediction [2014] is 
consistent with new  
KLOE data [2016]

VMD

prediction
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fV ⇡(s) =

Z si

4m2
⇡

ds0

⇡

Disc fV ⇡(s0)

s0 � s
+

NX

k=0

bk (!(s))
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Summary and Outlook

‣ Fundamental principles (unitarity, analyticity and crossing symmetry) are very important:  
  dispersion relations allow to take into account all rescattering effects 

‣ 3b effects are not negligible  
 

‣ Upcoming high statistic data from CLAS, WASA-at-COSY
 

‣ Extend to more complicated cases like:  JP(arbitrary spin) ⇾3π, N*⇾Nππ, D⇾Kππ, …  

‣ The codes are available for downloading as well as in an interactive form online 
http://www.indiana.edu/~jpac/

thank you!
24



spare slides
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η⇾π+π-π0

|A⌘!⇡+⇡�⇡0 |2 / 1 + a y + b y

2 + d x

2 + f y

3 + ...
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Typical Data analysis

1

2

3

2

1

3

1

2

3

1

2

3

ρ ρ
ρ

3 BW + background term

ω/φ→3π
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Typical Data analysis

1

2

3

2

1

3

1

2

3

1

2

3

ρ ρ
ρ

3 BW + background term

Shortcomings: unitarity is not satisfied  

In view of the upcoming high statistic data (CLAS, KLOE, ..) 
                                           → precision amplitude analysis is needed  

Need to take into account final state interactions in a systematic way 

ω/φ→3π
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(Generalized) isobar decomposition 

ω/φ is spin 1 particle:
Niecknig, Kubis  
Schneider (2012)

H = i ✏µ⌫↵� ✏
µ(p,�) p⌫1 p

↵
2 p�3 F (s, t, u)

=
1X

J=1,3,...

(2J + 1) dJ�0(✓s) f
J(s)
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(Generalized) isobar decomposition 

ω/φ is spin 1 particle:

p.w. expansion for F(s,t,u) F (s, t, u) =
1X

J=1,3,...

(p(s) q(s))J�1P 0
J(zs)FJ(s)

Niecknig, Kubis  
Schneider (2012)
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(Generalized) isobar decomposition 

ω/φ is spin 1 particle:

p.w. expansion for F(s,t,u) F (s, t, u) =
1X

J=1,3,...

(p(s) q(s))J�1P 0
J(zs)FJ(s)

remove
kin. singular. !!!

Niecknig, Kubis  
Schneider (2012)

H = i ✏µ⌫↵� ✏
µ(p,�) p⌫1 p
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Truncate the partial waves

(Generalized) isobar decomposition 

ω/φ is spin 1 particle:

p.w. expansion for F(s,t,u)

1X

J

!
J
maxX

J

F (s, t, u) =
1X

J=1,3,...

(p(s) q(s))J�1P 0
J(zs)FJ(s)

remove
kin. singular. !!!

Niecknig, Kubis  
Schneider (2012)

H = i ✏µ⌫↵� ✏
µ(p,�) p⌫1 p

↵
2 p�3 F (s, t, u)

=
1X

J=1,3,...

(2J + 1) dJ�0(✓s) f
J(s)
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Truncate the partial waves

(Generalized) isobar decomposition 

ω/φ is spin 1 particle:

p.w. expansion for F(s,t,u)

1X

J

!
J
maxX

J

F (s, t, u) =
1X

J=1,3,...

(p(s) q(s))J�1P 0
J(zs)FJ(s)

So-called reconstruction 
theorem:

remove
kin. singular. !!!

F (s, t, u) =
J
maxX

J=1,3,...

...FJ(s) +
J
maxX

J=1,3,...

...FJ(t) +
J
maxX

J=1,3,...

...FJ(u)

Niecknig, Kubis  
Schneider (2012)

H = i ✏µ⌫↵� ✏
µ(p,�) p⌫1 p

↵
2 p�3 F (s, t, u)

=
1X

J=1,3,...

(2J + 1) dJ�0(✓s) f
J(s)

ππ scattering
Fuchs, Sazdjian, Stern (1993)
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Truncate the partial waves

(Generalized) isobar decomposition 

ω/φ is spin 1 particle:

p.w. expansion for F(s,t,u)

1X

J

!
J
maxX

J

F (s, t, u) =
1X

J=1,3,...

(p(s) q(s))J�1P 0
J(zs)FJ(s)

So-called reconstruction 
theorem:

remove
kin. singular. !!!

F (s, t, u) =
J
maxX

J=1,3,...

...FJ(s) +
J
maxX

J=1,3,...

...FJ(t) +
J
maxX

J=1,3,...

...FJ(u)

crossing, analyticity 

Niecknig, Kubis  
Schneider (2012)

H = i ✏µ⌫↵� ✏
µ(p,�) p⌫1 p

↵
2 p�3 F (s, t, u)

=
1X

J=1,3,...

(2J + 1) dJ�0(✓s) f
J(s)

ππ scattering
Fuchs, Sazdjian, Stern (1993)
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Integral equation

Dispersion relation

DiscF (s) = t⇤(s) ⇢(s)
⇣
F (s) + F̂ (s)

⌘
+ inelastic ✓(s > si)

F (s) =

Z 1

4m2
⇡

ds0

⇡

DiscF (s0)

s0 � s
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For practical reason we  
decompose
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Integral equation

Dispersion relation

For practical reason we  
decompose

F (s) = ⌦(s)G(s)

Disc⌦(s) = ⇢(s) t⇤(s)⌦(s) + inelastic ✓(s > si)

DiscF (s) = t⇤(s) ⇢(s)
⇣
F (s) + F̂ (s)

⌘
+ inelastic ✓(s > si)

Solve integral equation  
for G(s)

Omnes (1958)

parametrize with conformal  
mapping expansion
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⇡
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Integral equation:

Dispersion relation

G(s) =

Z 1

4m2
⇡

ds0

⇡

DiscG(s0)

s0 � s
=

Z si

4m2
⇡

ds0

⇡

DiscG(s0)

s0 � s
+

1X

k=0

ak (!(s))
k

30



Integral equation:

w(s) is the conformal map of  
                inelastic contributions  

Dispersion relation

!(s) =

p
si �

p
si � s

p
si +

p
si � s

Yndurain (2002)

G(s) =

Z 1

4m2
⇡

ds0

⇡

DiscG(s0)

s0 � s
=

Z si

4m2
⇡

ds0
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DiscG(s0)
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+
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k=0

ak (!(s))
k

si = 1GeV2

s w

4m2
⇡ si
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On going fitting of CLAS g12 data

Data: g12 experiment

Reaction: 

Incoming photon energies: 
1.1 - 3.8 GeV (Florida group: Volker Crede, Chris Zeoli, …)
>3.6 GeV (JLab: Carlos Salgado, …) 

Files: data, reconstructed Monte Carlo, generated Monte Carlo 

4-vector format: <pi+ 4-vec: Px, Py, Pz, E;>, … 
incl: Q-value: likelihood for event being signal

�p ! p! ! p⇡+⇡�⇡0
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FIG. 6: The Dalitz plots for ! ! 3⇡ (left-hand panel) and � ! 3⇡ (right-hand panel) decays. The distributions are divided
by the p-wave phase space P and normalized to 1 at x = y = 0. This is a parameter free result, because we kept only one term
in the conformal expansion (29) which is responsible for the overall normalization. See main text for details.

TABLE I: Dalitz Plot parameters and
p

�̄

2 of the polynomial parametrization (40) for ! ! 3⇡. In addition to our results
we also show the selected results from Niecknig et al. [37] (dispersive study with incorporated crossed-channel e↵ects) and
Terschlusen et al. [19] (Lagrangian based study with the pion-pion rescattering e↵ects).

↵⇥ 103 � ⇥ 103 � ⇥ 103 � ⇥ 103
p

�̄

2 ⇥ 103

This paper (F̂ = 0) 136 - - - 3.5

This paper (full) 94 - - - 3.2

Niecknig et al. [37] 84...96 - - - 0.9...1.1

Terschlusen et al. [19] 202 - - - 6.6

This paper (F̂ = 0) 125 30 - - 0.74

This paper (full) 84 28 - - 0.35

Niecknig et al. [37] 74...84 24...28 - - 0.052...0.078

Terschlusen et al. [19] 190 54 - - 2.1

This paper (F̂ = 0) 113 27 24 - 0.1

This paper (full) 80 27 8 - 0.24

Niecknig et al. [37] 73...81 24...28 3...6 - 0.038...0.047

Terschlusen et al. [19] 172 43 50 - 0.4

This paper (F̂ = 0) 114 24 20 6 0.005

This paper (full) 83 22 1 14 0.079

Niecknig et al. [37] 74...83 21...24 0...2 7...8 0.012...0.011

Terschlusen et al. [19] 174 35 43 20 0.1

postpone the comprehensive data analysis to the future
and for now only consider the application to electromag-
netic (EM) transition form factors of !/�. In partic-
ularly, the transition ! ! ⇡�⇤ is of interest since the
existing data in the time-like region seems to be incom-
patible with the vector meson dominance model (VMD)
[60, 61].

B. !/� ! ⇡�

⇤

In this section we discuss the EM transition form fac-
tors of the ! and � mesons. The Dalitz decay of the
vector mesons into pion and a lepton pair

h⇡0(p0) l
+(p+) l�(p�) |T |V (p

V

,�)i =

(2⇡)4 �(p
V

� p0 � p+ � p�)H
V ⇡

, (42)
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l�
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⇡

FIG. 7: Schematic representation of the discontinuity for the
electromagnetic transition form factor.

can be described by the following amplitude [62]

H
V ⇡

= ✏µ(p
V

,�)f
V ⇡

(s) ✏
µ⌫↵�

p⌫0 q
↵

ie2

s
ū(p�,��) �� �(p+,�+), (43)

which describes the product of the hadronic current, the
photon propagator and the lepton current. In addition to
a kinematical factor, the hadron current is given in terms
of the form factor f

V ⇡

(s). In (43) q is the momentum of
the virtual photon with the invariant mass s = q2 =
(p+ + p�)2 and ū, � stand for Dirac spinors of the two
leptons. The single di↵erential decay rate normalized
by real photon decay width is given by �

V!⇡�

, can be
written as

1

�
V!⇡�

d�

ds
=

e2

12⇡2
|F

V ⇡

(s)|2
r

1 � 4m2
l

s

✓
1 +

2m2
l

s

◆

1

s

"✓
1 +

s

M2 � m2

◆2

� 4M2s

(M2 � m2)2

#3/2

(44)

where e = 0.303 =
p

4⇡ ↵
em

is the electric charge, m
l

is
the lepton mass,

�
V!⇡�

=
e2 (M2 � m2

⇡

)3

96⇡M3
|f

V ⇡

(0)|2 , (45)

and F
V ⇡

(s) is the hadronic form factor normalized to
unity at the photon point s = 0,

F
V ⇡

(s) =
f
V ⇡

(s)

f
V ⇡

(0)
. (46)

In the elastic approximation, illustrated in Fig. 7 the
discontinuity of the EM transition form factors across
the ⇡⇡ cut [63] is proportional to the V ! 3⇡ decay
amplitude (see Eq. (3)) and the pion vector form factor
F
⇡

(s),

Disc f
V ⇡

(s) =
⇢3(s) s

128⇡
F ⇤
⇡

(s)

Z 1

�1
dz0(1 � z02)F (s, t0, u0)

(47)
The dispersion relation for the form factor can therefore

be written as,

f
V ⇡

(s) =

Z
s

i

s

⇡

ds0

⇡

Disc f
V ⇡

(s0)

s0 � s
+ ⌃̃(s)

⌃̃(s) =
1X

i=0

b
i

!i(s) (48)

where we separated the elastic and inelastic contribu-
tions in a similar fashion as for the V ! 3⇡ amplitude.
The inelastic contribution is defined by a map of the s-
plane cut above s = s

i

and is thus given by the same
function !(s), cf. Eq. (30). However, the coe�cients,
b
i

, specify the form factor and are di↵erent from those
in Eq. (29). We remove the unphysical discontinuity
at s = s

i

using the procedure outlined in the previous
section, cf. Eq. (36). As for the pion vector form fac-
tor, we employ the parametrization that was used by the
Belle collaboration [64], which we refer to as FBelle(s).
In order to satisfy the Watson theorem [65], however,
we modify FBelle(s) and for the vector form factor use
F
⇡

(s) = |FBelle| exp(i�(s)), where � is the ⇡⇡ P-wave
phase shift taken from [20]. We have checked that the ef-
fect of this modification on the description of the experi-
mental data is negligible in the energy range s = [s

⇡

, s
i

].
We stress that thanks to the separation of the elastic and
inelastic contributions of f

V ⇡

(s) there is no need for ad-
ditional assumptions regarding the behavior of the ⇡⇡
phase shift beyond the elastic region, in contrast to [66].

Recently NA60 collaboration [60, 61] reported a new
measurement of the electromagnetic transition form fac-
tor from the decay ! ! ⇡0µ+µ�. This process is in-
teresting, because the most common approach, namely
VMD [67],

FVMD(s) =
m2

⇢

m2
⇢

� s � i
p
s�(s)

(49)

dramatically fails to reproduce the data. Note, that in
the case of � ! ⇡�⇤ the rho meson pole occurs in the
physical region, and therefore we included the width in
the denominator of (49),

�(s) = �
⇢

✓
p
⇡

(s)

p
⇡

(m2
⇢

)

◆3 m2
⇢

s
, (50)

where p
⇡

is the pion momentum in the rho meson center
of mass and �

⇢

= 150 MeV. This change is not important
for ! ! ⇡�⇤ decay, where the narrow width approxima-
tion works very well.

In the following, we will compare our results with VMD
(49), Schneider et al. [66] and Terschlusen et al. [18]. In
[66] the dispersive analysis of three pion decays of ! and
� mesons was extended to EM transition form factors.
Similarly to !/� ! 3⇡ analyses, the dispersive integral
was extended to infinite energies and inelastic contribu-
tions were suppressed by subtractions. The ⇡⇡ p-wave
phase shift was assumed to have asymptotic behavior of
�(s ! 1) = ⇡. In the analysis of [18] the chiral La-
grangian with vector mesons [17–19] was used.
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can be described by the following amplitude [62]

H
V ⇡

= ✏µ(p
V

,�)f
V ⇡

(s) ✏
µ⌫↵�

p⌫0 q
↵

ie2

s
ū(p�,��) �� �(p+,�+), (43)

which describes the product of the hadronic current, the
photon propagator and the lepton current. In addition to
a kinematical factor, the hadron current is given in terms
of the form factor f

V ⇡

(s). In (43) q is the momentum of
the virtual photon with the invariant mass s = q2 =
(p+ + p�)2 and ū, � stand for Dirac spinors of the two
leptons. The single di↵erential decay rate normalized
by real photon decay width is given by �

V!⇡�

, can be
written as

1

�
V!⇡�

d�

ds
=

e2

12⇡2
|F

V ⇡

(s)|2
r

1 � 4m2
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2m2
l

s

◆

1

s

"✓
1 +

s
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(44)

where e = 0.303 =
p

4⇡ ↵
em

is the electric charge, m
l

is
the lepton mass,

�
V!⇡�

=
e2 (M2 � m2

⇡

)3

96⇡M3
|f

V ⇡

(0)|2 , (45)

and F
V ⇡

(s) is the hadronic form factor normalized to
unity at the photon point s = 0,

F
V ⇡

(s) =
f
V ⇡

(s)

f
V ⇡

(0)
. (46)

In the elastic approximation, illustrated in Fig. 7 the
discontinuity of the EM transition form factors across
the ⇡⇡ cut [63] is proportional to the V ! 3⇡ decay
amplitude (see Eq. (3)) and the pion vector form factor
F
⇡

(s),

Disc f
V ⇡

(s) =
⇢3(s) s

128⇡
F ⇤
⇡

(s)

Z 1

�1
dz0(1 � z02)F (s, t0, u0)

(47)
The dispersion relation for the form factor can therefore

be written as,

f
V ⇡

(s) =

Z
s

i

s

⇡

ds0

⇡

Disc f
V ⇡

(s0)

s0 � s
+ ⌃̃(s)

⌃̃(s) =
1X

i=0

b
i

!i(s) (48)

where we separated the elastic and inelastic contribu-
tions in a similar fashion as for the V ! 3⇡ amplitude.
The inelastic contribution is defined by a map of the s-
plane cut above s = s

i

and is thus given by the same
function !(s), cf. Eq. (30). However, the coe�cients,
b
i

, specify the form factor and are di↵erent from those
in Eq. (29). We remove the unphysical discontinuity
at s = s

i

using the procedure outlined in the previous
section, cf. Eq. (36). As for the pion vector form fac-
tor, we employ the parametrization that was used by the
Belle collaboration [64], which we refer to as FBelle(s).
In order to satisfy the Watson theorem [65], however,
we modify FBelle(s) and for the vector form factor use
F
⇡

(s) = |FBelle| exp(i�(s)), where � is the ⇡⇡ P-wave
phase shift taken from [20]. We have checked that the ef-
fect of this modification on the description of the experi-
mental data is negligible in the energy range s = [s

⇡

, s
i

].
We stress that thanks to the separation of the elastic and
inelastic contributions of f

V ⇡

(s) there is no need for ad-
ditional assumptions regarding the behavior of the ⇡⇡
phase shift beyond the elastic region, in contrast to [66].

Recently NA60 collaboration [60, 61] reported a new
measurement of the electromagnetic transition form fac-
tor from the decay ! ! ⇡0µ+µ�. This process is in-
teresting, because the most common approach, namely
VMD [67],

FVMD(s) =
m2

⇢

m2
⇢

� s � i
p
s�(s)

(49)

dramatically fails to reproduce the data. Note, that in
the case of � ! ⇡�⇤ the rho meson pole occurs in the
physical region, and therefore we included the width in
the denominator of (49),

�(s) = �
⇢

✓
p
⇡

(s)

p
⇡

(m2
⇢

)

◆3 m2
⇢

s
, (50)

where p
⇡

is the pion momentum in the rho meson center
of mass and �

⇢

= 150 MeV. This change is not important
for ! ! ⇡�⇤ decay, where the narrow width approxima-
tion works very well.

In the following, we will compare our results with VMD
(49), Schneider et al. [66] and Terschlusen et al. [18]. In
[66] the dispersive analysis of three pion decays of ! and
� mesons was extended to EM transition form factors.
Similarly to !/� ! 3⇡ analyses, the dispersive integral
was extended to infinite energies and inelastic contribu-
tions were suppressed by subtractions. The ⇡⇡ p-wave
phase shift was assumed to have asymptotic behavior of
�(s ! 1) = ⇡. In the analysis of [18] the chiral La-
grangian with vector mesons [17–19] was used.
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can be described by the following amplitude [62]

H
V ⇡

= ✏µ(p
V

,�)f
V ⇡

(s) ✏
µ⌫↵�

p⌫0 q
↵

ie2

s
ū(p�,��) �� �(p+,�+), (43)

which describes the product of the hadronic current, the
photon propagator and the lepton current. In addition to
a kinematical factor, the hadron current is given in terms
of the form factor f

V ⇡

(s). In (43) q is the momentum of
the virtual photon with the invariant mass s = q2 =
(p+ + p�)2 and ū, � stand for Dirac spinors of the two
leptons. The single di↵erential decay rate normalized
by real photon decay width is given by �

V!⇡�

, can be
written as

1

�
V!⇡�

d�

ds
=

e2

12⇡2
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(s)|2
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(44)

where e = 0.303 =
p

4⇡ ↵
em

is the electric charge, m
l

is
the lepton mass,

�
V!⇡�

=
e2 (M2 � m2

⇡

)3

96⇡M3
|f

V ⇡

(0)|2 , (45)

and F
V ⇡

(s) is the hadronic form factor normalized to
unity at the photon point s = 0,

F
V ⇡

(s) =
f
V ⇡

(s)

f
V ⇡

(0)
. (46)

In the elastic approximation, illustrated in Fig. 7 the
discontinuity of the EM transition form factors across
the ⇡⇡ cut [63] is proportional to the V ! 3⇡ decay
amplitude (see Eq. (3)) and the pion vector form factor
F
⇡

(s),

Disc f
V ⇡

(s) =
⇢3(s) s

128⇡
F ⇤
⇡

(s)

Z 1

�1
dz0(1 � z02)F (s, t0, u0)

(47)
The dispersion relation for the form factor can therefore

be written as,
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Z
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1X
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b
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!i(s) (48)

where we separated the elastic and inelastic contribu-
tions in a similar fashion as for the V ! 3⇡ amplitude.
The inelastic contribution is defined by a map of the s-
plane cut above s = s

i

and is thus given by the same
function !(s), cf. Eq. (30). However, the coe�cients,
b
i

, specify the form factor and are di↵erent from those
in Eq. (29). We remove the unphysical discontinuity
at s = s

i

using the procedure outlined in the previous
section, cf. Eq. (36). As for the pion vector form fac-
tor, we employ the parametrization that was used by the
Belle collaboration [64], which we refer to as FBelle(s).
In order to satisfy the Watson theorem [65], however,
we modify FBelle(s) and for the vector form factor use
F
⇡

(s) = |FBelle| exp(i�(s)), where � is the ⇡⇡ P-wave
phase shift taken from [20]. We have checked that the ef-
fect of this modification on the description of the experi-
mental data is negligible in the energy range s = [s

⇡

, s
i

].
We stress that thanks to the separation of the elastic and
inelastic contributions of f

V ⇡

(s) there is no need for ad-
ditional assumptions regarding the behavior of the ⇡⇡
phase shift beyond the elastic region, in contrast to [66].

Recently NA60 collaboration [60, 61] reported a new
measurement of the electromagnetic transition form fac-
tor from the decay ! ! ⇡0µ+µ�. This process is in-
teresting, because the most common approach, namely
VMD [67],

FVMD(s) =
m2

⇢

m2
⇢

� s � i
p
s�(s)

(49)

dramatically fails to reproduce the data. Note, that in
the case of � ! ⇡�⇤ the rho meson pole occurs in the
physical region, and therefore we included the width in
the denominator of (49),

�(s) = �
⇢

✓
p
⇡

(s)

p
⇡

(m2
⇢

)

◆3 m2
⇢

s
, (50)

where p
⇡

is the pion momentum in the rho meson center
of mass and �

⇢

= 150 MeV. This change is not important
for ! ! ⇡�⇤ decay, where the narrow width approxima-
tion works very well.

In the following, we will compare our results with VMD
(49), Schneider et al. [66] and Terschlusen et al. [18]. In
[66] the dispersive analysis of three pion decays of ! and
� mesons was extended to EM transition form factors.
Similarly to !/� ! 3⇡ analyses, the dispersive integral
was extended to infinite energies and inelastic contribu-
tions were suppressed by subtractions. The ⇡⇡ p-wave
phase shift was assumed to have asymptotic behavior of
�(s ! 1) = ⇡. In the analysis of [18] the chiral La-
grangian with vector mesons [17–19] was used.
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FIG. 8: The Electromagnetic form factor for ! ! ⇡

0
�

⇤ (left panel), the di↵erential decay rate ! ! ⇡

0
e

+
e

� (top right) and the
di↵erential decay rate ! ! ⇡

0
e

+
e

� (bottom right). Data for the form factor is taken from [60], while for the single-di↵erential
decay rate were calculated using Eq.(44). The dotted line is the VMD model (49), while the solid, dash-dotted and dashed
lines correspond to a truncation in the expansion (48) at order 0, 1, 2 respectively.

The ! ! ⇡0�⇤ EM transition form factors is shown
in Fig. 8 together with the di↵erential ! ! ⇡0e+e� and
! ! ⇡0µ+µ� decay rates. The various lines illustrate the
e↵ect of higher order terms in the expansion of the inelas-
tic contribution in terms of !(s) (48). The b0 = �0.194
parameter is determined by comparing with the real-
photon decay width �exp

!!⇡

0
�

= 0.703 MeV [1], while the
other b

i�1 parameters were obtained from the fitting the
EM form factor data. As it can be seen in Fig. 8, keep-
ing only one term in the conformal expansion already
gives a reasonable description. It improves the slope of
the VMD curve towards the data with �2/d.o.f. w 2.5
compared to �2/d.o.f. w 4.6 using the VMD model. The
quality of the data description is similar to that of [66]
and somewhat worse when compared to [18] which cor-
responds to �2/d.o.f. w 1.8. In Fig. 8 we also show
the single-di↵erential decay rates of ! ! ⇡0e+e� and
! ! ⇡0µ+µ�. The kinematic factors suppress the large
invariant mass region and therefore the branching ratios
agree very well with the experimental values [1],

Bth(! ! ⇡0e+e�) = 7.8 · 10�4

Bexp(! ! ⇡0e+e�) = (7.7 ± 0.6) · 10�4 (51)

and

Bth(! ! ⇡0µ+µ�) = 0.96 · 10�4

Bexp(! ! ⇡0µ+µ�) = (1.3 ± 0.4) · 10�4 . (52)

Since the experimental data are not very precise, we
decided to estimate the coe�cients b

i

of (48) by matching
our amplitude to �PT with vector mesons [18] at s =
0. We remark, that the expansion coe�cients b

i

can be
uniquely determined by the first i derivatives of ⌃̃(s) at
the expansion point s = s

E

= 0 (see Eq. (30)). We find
the following results

b0 b1 �2/d.o.f.

Data fit (only b1) -0.194 4.96 2.4

Matching to �PT with VM -0.148 9.33 2.4

which improve but do not resolve the disagreement be-
tween the data and our description for the last few data
points (dot-dashed curve in Fig. 8). As a phenomenologi-
cal test we decided to add one more term in the conformal
expansion and all together fit b1 and b2 to the NA60 data
(dashed curve in Fig. 8). The resulting parameters are
b1 = �23.7 and b2 = 484.4 with �2/d.o.f. w 1.3. The fit
indicates a significant change in the parameter b1 (even
di↵erent sign). The variation of fit parameters is con-
sistent with the strong rise of the form factor, which is
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! ! ⇡0µ+µ� decay rates. The various lines illustrate the
e↵ect of higher order terms in the expansion of the inelas-
tic contribution in terms of !(s) (48). The b0 = �0.194
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di↵erent sign). The variation of fit parameters is con-
sistent with the strong rise of the form factor, which is
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modeled, through !(s), by a singularity at the inelastic
threshold. It is doubtful, however, that this would be the
correct explanation. Independent measurement of the !
and � form factors should help resolve this puzzle.

Figure 9 shows the results for the � meson decays.
Since there are no experimental measurements, we keep
only one term in the conformal expansion (48) which
is fixed by the experimental real-photon decay width,
�exp

�!⇡

0
�

= 5.41 keV [1]. For the branching ratio, it then
leads to

Bth(� ! ⇡0e+e�) = 1.45 · 10�5 , (53)

which compares favorably with the experimental value
[1] of,

Bexp(� ! ⇡0e+e�) = (1.12 ± 0.28) · 10�5 . (54)

The predicted branching ratio to muons is

Bth(� ! ⇡0µ+µ�) = 3.9 · 10�6 . (55)

Finally in Fig. 9 we show the sensitivity of the � form
factor to the three-body e↵ects in ! ! 3⇡ decay. We con-
firm the findings of [66], that there is an enhancement at
the two-pion threshold due to cross-channel re-scattering
e↵ects.

VI. CONCLUSIONS

In this paper we have analyzed three-pion decays and
electromagnetic form factors of !/� within a dispersive
formalism that is based on the isobar decomposition and
sub-energy unitarity. The important input is the P-wave
⇡⇡ scattering amplitude that is available from [20]. By
means of the dispersion relation we separated the con-
tribution from the elastic and inelastic channels. The
latter was modeled by a series in a suitable conformal
variable and the coe�cients of this expansion play the
role of the subtraction constants. When the partial wave
expansion is truncated, constraints from Regge theory
on the high energy behavior are missing. In this case
partial wave dispersion relations do not have unique so-
lutions as they depend on the assumed asymptotic be-
havior. We have presented an alternative method for
incorporating three-body e↵ects that alleviates some of
the deficiencies when dealing with inelastic contributions
to partial waves dispersion relations. The unknowns are
parametrized though a conformal expansion with coe�-
cients that can either be fitted to the data or determined
by comparing with other theoretical studies, e.g. Lattice
QCD of EFT expansion. To properly incorporate the
high-energy behavior, however, it is necessary to build
in aspects of the Regge theory which we leave for future
investigations.
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