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Triangle Singularity Mechanism
EarI}i study In 1960s

»Connections between kinematic singularities of the S-matrix

elements and resonance-like peaks: e.g. Peierls mechanism
R.F.Peierls, PRL6,641(1961);

R.C.Hwa, PhysRev130,2580(1963);

C.Goebel, PRL13,143(1964);

P.Landshoff&S.Treiman Phys.Rev.127,649(1962);

»Some disadvantages:

v Few experiments to search for the effects;

v" Low statistics;

v" For the elastic scattering process, the effect of the triangle
diagram is nothing more than a multiplication of the
singularity from the tree diagram by a phase factor,
according to the so-called Schmid theorem

C.Schmid,Phys.Rev.154,1363(1967);
I. J. R. Aitchison & C. Kacser, Phys.Rev.173,1700(1968); A.V. Anisovich,
PLB345,321(1995)



Cusp effect

Resulted from charge-exchange rescattering w*n- = nfr°

and the pion mass difference

43

g2

K+

q1

Budini & Fonda, 1961;
Cabibbo, 2004:

Branching ratio

KT — ata nt ((5.59 = 0.04)%)

much larger than
KT — 79201 ((1.761 £ 0.022)%)
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Triangle Singularity Mechanism

>3 Dy

P? = s1, (pp+pe)* = s

Db Pa — 53

6(1 —ay — ag — ag)
['3(s1.52,83) = 2/ / / day day da; D —ie

D = ZMJY Y, :2[m +m3 = (4 — q;)°]

1,7=1

v’ Singularity in the complex space
Necessary conditions (Landau Equation)

D=0,
oD

cither aj; =0 o 0— = ().
“ Landau, Nucl.Phys.13,181(1959)



Triangle Singularity Mechanism

>3 Dy

P? = s1, (pp+pe)* = s

Db Pa — 53

v" Singularity in the complex space
The position of the singularity is obtained by solving

det|Y;;| =0
L]
Normal Threshold
S;, S3, M, , 5 fixed
| | L2,
s |=| (my + ms)*H 5, [(m3 4 m3 — s3)(s1 — m3 —m3) — 4msmyms
2

+ M2(sp.m2 mI)AN 2 (ss.m3.m3)]. Ma.y,2) = (x—y—2)* — 4y
Anomalous Threshold

\i

1 ¢ ¢
st = (ma+ms)* + 52 [(m7 + m3 — 53)(59 — M5 —m3) — 4mimoms

51 :
‘ o o S,, S, M, , - fiXe
+ /\1/2(52: _.;,nf? mg)/\l/Q (5‘3 m%, ?”?1%)]. 21 93 1,2,3 CL




Triangle Singularity Mechanism
Single dispersionoorelation

1 ds!
F3(51: 59, 53) — / - O-('Slt 'SIQ: 53)

T sh — So — L€
(-n?,1—|—1n3)2

o(s1,82.83) = 04 —0_

—1
1/ log|—sa(s 53 — S m3 -+ ma — 2ma
167A/2 (s, 59, 53) g|—sa(s1 + 53 — 52 +1m3 3 5)

O-:E('Sl: 52, 53) =

— (51— 53)(m5 —m3) £ ANV2 (51, 59, 53)A2 (59, m3, m3)].
Work in the kinematical region
51 < (mg + mg)z, 83 < (mg — ml)i O<SQ<(’TT11 —+ -m;;)g

By analytic continuation, it can be extended into the over threshold
region Fronsdal&Norton,J.Math.Phys.5,100(1964)

s1 2> (ma + "773-3)2: (my + "”’13)2 < 59 < (V51— \/??»)2 0 </s3 <mg—my

Brach points of the log function sy



Triangle Singularity Mechanism

Locations of s; in the s,’-plane can be determined by

N , , 0‘5%
s (s1 + i€) = s9(s1) + ie—
S1
- singularity of the integrand so + i€ Trajectory of the branch
e l — points s, s,* with s,
s ‘B/ 2 increases from normal
N<—— . ° " ° Re s, threshold to infinity in the
B N complex s,’-plane

5 M
AFinsy = (mg +m3)?, B sy = (mg +m3)* + —3[(m2 —my)® — s3] =S
mq
o 5 M3 5 ,
]‘1 g — (m _I_ : 2_|__ Mo — M — S — e =
s, = (mq + m3) e [(ma —my)” — s3] —ie =S,

B™ sy = (my —|—'TT13)2 =SoN
s,~and P will pinch the integral contour

This pinch singularity is the triangle singularity (TS) :



Triangle Singularity Mechanism
Locations of s; in the s,’-plane can be determined by
ds%

E)sl

S5 (51 4 i€) = s9(s1) + i€

|sinqularitv of the integrand so + i€ | Traiectorv of the branch
“The kinematic conditions for the existence of singularities on the
physical boundary are equivalent to the condition that the
relevant Feynman diagram be interpretable as a picture of an
energy and momentum-conserving process occurring in space-
time, with all internal particles real, on the mass shell and moving
“forward in time.”

“ Coleman&Norton, Nuovo Cimento 38,5018 (1965)
! Fronsdal&Norton,J.Math.Phys.5, 100(1964)



TS Kinematic Region

Normal threshold and critical point

2 9 , M3 9
siv = (ma +m3)°, sic = (ma +mz)” + (o — my )~ — s3],
ey
2 2 , M3 2
Son = (my +m3)°, Soc = (my +mz)” + - (119 — 1y ) — s3],
2
Ay, = /S| —/sin
A, = \/S5; —/san
When s,=s
mazx 2N ms 2
AmEX _ ~ —my)? — s,
81 \/510 \/SlN 2my (’H’LQ + ?ng) [(Tn,g n?’l) 53];
Agnax = \/52(7 — \/SQN ~ s [(TT?,Q — ml)2 — 53].
WhenQS:L:SlN 2ma(my + mg)

\Enlarge

How to amplify the discrepancy between normal and
anomalous threshold?

Liu, Oka, Zhao, PLB753,297 (2016)
arXiv:1507.01674




TS Kinematic Region

Normal threshold and critical point

5 m

siv = (ma +ms)?, s1c = (ma +mg)* + — ~ ’ (e — iy )* — s3],
1

SoN = (’n;},l -+ 7}33)2: Socr = (’rn,l —+ ?’Tlg) —+ %[(THQ — ml)g — 53]:
2

A81 — S1IN -

\FF

A?l]ax = \/81(7 - \/SIN ~

ms

2
2my (mg + mg) [(m 2 ml) 53]:

ms

A?;ax = \/520 — \/'SQN ~

_ 2 Sal.
2??’2,2 (Tn,l + 772,3) [(7712 772,1) 93]

How to amplify the discrepancy between normal and
anomalous threshold?

Liu, Oka, Zhao, PLB753,297 (2016)
arXiv:1507.01674

If the discrepancy is larger, maybe it could be used to
distinguish the kinematic singularities from genuine particles. *




Rescatterings to de

Wu, Liu, Zhao & Zou, PRL108,081803(2012)

See also Q. Zhao’s talk
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Rescatterings to detect ATS
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Wang,Hanhart,Zhao,PRL111,132003(2013);PLB725,106(2013),

X.H.Liu,G.Li, PRD88,014013(2013);PRD90,074004(2014) Mz [GeV]
max _ o o 3 s )2 — s
A - Vvoe IR 2my(my + ms3) [(ma =) 53):
See also Q. Zhao’s talk

ms
AT — VS20 T/ SaN =
2 ’ 2ma(my + ms)

(g — my)? — s3],

|[MeV || Fig. 3(a)|Fig. 3(b)|Fig. 3(c)
A?}ax 0.089 96 49
A?;ax 0.087 62 38 .




Heavy pentaquark “Pc” observed in LHCb

m2,.» [GeV?]

LHCb, arXiv: 1507.03414
PRL 115, 072001 (2015)
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Heavy pentaquark “Pc” observed in LHCb

Events/(15 MeV)

Various intervals of
Kp invariant mass
for the fit with two
Pcs
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TS mechanism and the heavy pentaquark “Pc”
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See also FK. Guo’s talk

dI"/dM sy [arb. units]

Thresholds [GeV]|xe0(1P) 0F [xc1 (1P) 1H|xca(1P) 27

* Y o e ]
p1/2+ 4.353 4.449 4.494 10 42 44 46 48 50

Thresholds [GeV]|Ac(2286) 1/2+ |A(2595) 1/27 [A.(2625) 3/2- Mjpp |GeV]

D*(2007) 1~ 4.293 4.599 4.635 Guo et al, arXiv:1507.04950




TS mechanism: Dalitz plot
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ImT

TS mechanism: Argand diagram
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Searching for the heavy pentaquark in ap—nJ/yp

TS mechanism is a highly process-dependent mechanism.
Different kinds of processes are required to check it.

Pa

— 2
53 = [}u

oy

‘\"".! — [1“4’: + [’I(')
De

M3

max /o . ~
Agl — 'L’l(j' - "'.’11‘7\"7 ~

max N N ~
ASQ — \/@ - "‘321‘7\"7 —~

2my(mso + mgz)
ms

2mo(my + mgy)

Requirements:

» The quantity [(m,—m4)* — s3] should be larger
(phase space should be larger);

» Particle g, should not be too broad;

» Balance between the phase space and width.

[(my —my)? — s3],

[(mg — my)? — s3).
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Width Effect of the Intermediate State

Adopt the Breit-Wigner type propagator in the triangle loop

Integral ;

0 _
2 9 -~ ?
qp — mp +1mplp
A3 _ i my,(1+9)

gy, —my, +imy 'y,

Rarita-Schwinger wave functions for higher spin particles

BW type propagator will remove the TS from the physical
boundary by a small distance, if the corresponding decay width
Is smaller. 1.J.R. Aitchison & C. Kacser, PR133, B1239 (1964)

20



np—-nJ/yp via the open-charm loops

.Ir}“. II|'_";|-II

Liu, Oka, arXiv: 1602.07069



np—nJ/yp via the open-charm loops

(1) (cl2) P

(3

) (al)-(a3): Both D and Y. are S-wave states,
1) (b1)-(b4): D is a P-wave state and Y, is an S-wave state,

1) (c1)-(c2): Dis an S-wave state and Y, is a P-wave state,

V) (d1)-(d3): Both D and Y, are P-wave states.



Notations of the
charmed hadrons
In relevant with
our discussion

np—-nJ/yp via the open-charm loops
Particle in PDG|Notation| .7 | Mass [MeV] | Width [MeV]
AF AF |17 [2286.46+0.14
A.(2595)F AL |3 [2592.25£ 028 2,606
A(2625)F | AN |37 |2628.11+0.19 <0.97
$.(2455)1F | Bt |17 12453.9840.16  2.26+0.25
¥.(2455)F oF | 47| 24529404 <4.6
¥.(2455)° 20 |37 |2453.7440.16 | 2.1640.26
$.(2520)7F | |37 | 2517.940.6 14.941.5
$.(25200F | T 37| 2517.5+23 <17
¥.(2520)° 0 127 | 2518.8+0.6 14.541.5
%.(2800)tF | ©HT 1372 28017 75722
Y2800t | =f |37 27924 6250
¥.(2800)° 20, |37 280673 72122
DY DY |0~ [1864.84+0.07
D= D* |0~ [1869.6140.10
D*(2007)° D0 | 17 |2006.9640.10 <2.1
D*(2010)* | D** |17 |2010.2640.07 |0.08344 0.0018
D1(2420)° DY | 1T | 2421.440.6 27.442.5
D5(2460)° DY |2 | 2462.6+0.6 49.04+1.3
D5(2460)* Dy |2t | 2464.3+1.6 3746
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np—nJ/yp via the open-charm loops

Diagram # VSIN | VS1co ﬁgax VS2N | V/S2c &I;;ax
(al) 4317.714318.510.77314151.414152.1] 0.75
(a2) 4459.914460.710.806]4293.514294.3| 0.78

(a3)  |4524.54527.7| 3.28 [4293.5|4206.7| 314 TS KiInematic Region

4599.2
4635.1

4493.0
4635.1
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Formalism

The model is built in the framework of heavy hadron chiral
perturbation theory (HHChPT)

Charmed Meson Superfiled:

1
Hiq = + ;/

[D:LILL Y Dﬂaﬁal-:r]

H [D;;LF:’H + Da u] ; ;/




Formalism
Charmed Baryon Superfiled:

I 1+79
T = Efijk_;/{B

B E)jk~
R = 1 - , . 1+¢‘ '.L-I- 1+¢ ,.'.,1*—|—
e ﬁ('m 11-5) i"ErTi cl 3 elp
1+9 i 1 1+9 .
1] *1] . " 1]
8.“* o 9 BG.H +\/§(,’g+tp¢),5 9 Bﬁ‘
1 .".Ir
5 = [+ g+ O+ ) 5051 X2
v++ L v+
0 AF EF A
(B3)j = | —AF 0 = (Be)ij = | Tm2e e
=+ —0 0 1 =+ 1 =10
bl 2 = ij V@—C ﬁ—'c
1 1 —
YhT mXh mEs
_ 1 v+ 0 1 =0
(AJEJ ﬁ"—‘cﬁ e ﬁ—cﬁ
1 =+ 1 =0 f‘}[l
5 —c2 ﬂ—'c? “e2

I

-
=

[1] 11l

2

— S-Sl

[ —
[T

ij
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Formalism

Effective Lagrangian, combing the chiral symmetry and the heavy

guark spin symmetry
h'
Elnes{jn — E%TI’[HQGTB; J5{D «4 —I—D «4 )ba} + h.c..
X
ﬁbaryon = _\/ZQQTY[BEAESLL + S, A B
ihoeije Ti( DA, + Dy AL X
h11€uox0 Tr [S* (DY Ay + Df AV )X,

| Cho, PRD50,3295 (1994); PLB285,145(1992); Prijol&Yan,
A, = (gTdﬂ% — £8,£T)PRD56,5483(1997); Cheng&Chua, PRD75,014006

_|_
_|_

‘ L. ;
D,u.:(),u. + V,u-- Vp_r. — § (51-0;{6 T é—d,ug)
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Formalism

Coupling constants can be determined by the corresponding decay

widths f
h' = 0.43.
gy = 0.565.
|}1-10| — ().85.

By means of the quark model

|hi1|=v/2]h1o]

Prijol&Yan, PRD56,5483(1997)

D-wave decay modes (advantage for the TS mechanism)

Dl — D*’]T, D2 — D(*)T{' ZCQ — Acﬂ/zg*)ﬂ'
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Formalism
Effective Lagrangian for DY, — .J/¢p

Lot = gACNHQj’E, -+ gch%%ngS“ + igAd@MNngR“,

7 = LSy, - nns) L
J =~"J3".

For these short range mteractions, from the dimensional analysis, it 1s expected that the couplings
0y, (g, ) and gy, are of the order of magnitude of mbg and mbg respectively, where mp 1s the
mass of the ) meson, Notice that in HHChPT, the heavy filed 15 (/) in Eq, (26) will contain a
factor \/ My, (y/ M) for normalization. In addition, we will estimate the scattering amplitudes in
the static limit , which means the four velocity is set to v = (1,0.0,0],

29



Formalism

Effective Lagrangian for 7—p — DY, , with the fewest derivatives

Eal

£a2

= Jad D7t 77 %N,

ZmD
Ga2

= DY 7-m7 Ny N,

Qmp

S D 7-mT- XN,

ZmD
Lgp1

— DY 79,7 A, N,

V2m3,

Z9b2

— DY 7 - 9,1 Aeysyu N,

V2m2,

Z963

= D{7-9,m7 XN,

ZmD

- (D", D)

Z9b4

Lhy = e, DY 7 -0 T V57wV,
Lo = ;g;; D7-0,77 3t N,

Loy = ;g;% DY 70,1 T - Xhigysy N,
Lq1 = \/”%C;;D DY 77 Aerysy, N,
Ly = \/%ZD Dy T - WACM

L4z = \/%ﬁm D5 7+ Ay, 5N,
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Open-charm Production

Experimental and theoretical constraints on the open-charm
productions in N collisions:

Effective Lagrangian method and Regge approach: at the order
of 1 nb S.H.Kimetal, PRD92, 094001 (2015); arXiv: 1405.3445

Generalized parton picture: at the order of nb
S. Kofler et al, PRD91, 054027 (2015)

Our assumptions:
o(m™p — Yj}/;) IS 1 nb at 20 GeV pion-beam energy

31



Open-charm Production
Coupling constants according to the assumpions

ot p — @Y;) IS 1 nb at 20 GeV pion-beam energy

Jal

Ga2

Ga3

gb1

gb2

gb3

0.035

0.020

0.025

0.024

0.018

0.023

9ba

Jel

g2

gdi

gd2

9d3

0.017

0.027

0.009

0.024

0.026

0.029
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Numerical Results: J/wyp Invariant Mass Distribution
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Summary

» Kinematic singularities (TS) of the rescattering amplitude
will behave themselves as peaks in the invariant mass
distribution, which may imply that non-resonance
Interpretations for some resonance-like structures is possible.

» Being different from the genuine resonances, the TS
mechanism is a highly process-dependent mechanism, and
very sensitive to the kinematic configurations.

» The forthcoming J-PARC pion-induced experiment may
offer us a good opportunity to check different kinematic or
dynamic mechanisms and clarify the ambiguities, with its
high luminosity.
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Backup



Amplitude in HQET
The weak amplitude < D) | Heog ﬂb> can be factorized into

(A1 = 4),18) (D 1(V — 4y")0)
At the leading order

(A1 = A)180) = E@)aRE(V = A)u A,

1 14 ¢ L+ ¢
R — — (~“ v AC *Qx
v \/3(7 + )’}/5 9 -1 + 9 cl
For the contact interaction
‘Ect = igﬁﬂla“ﬁrﬂgjnﬂ
‘LL]JDr ) loops Xcs A" loops

suppressed by heavy | competitive OZI suppressed
quark symmetry 38



Amplitude in HQET
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The broad D,(2860) Is accepted as a D-wave
charmed-strange meson

I'(Dg1 — D K/I'(Dg; — D* K is approximately 2.
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Numerical Results: Total Cross Section

Diagram #|Cross Section [nb]
(al) 0.003
(a2) 0.015
(a3) 0.011
(bl) 0.153
(b2) 0.056
(b3) 0.330
(b4) 0.113
(cl) 0.032
(c2) 0.166
(d1) 0.016
(d2) 0.024
(d3) 0.056
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