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Anomalous magnetic moment

m Fermion’s energy in the external magnetic field:
V(l’) — — U - B S

m Magnetic moment and spin g, : Lande g-factor
g’s deviation from tree level value, 2 :

= qg—2>9 a; =
M= gi oy l 9
m  Form factor: T",(¢q) = v, F1(q¢*) + 5 Fy(q7)
z

After quantum correction = a; = F5(0)



The Muon g-2 experiments
BNL E821 (-2004)

m Mmeasure precession of muon spin very accurately

N(t) = No(E) exp(—t/y7,) |1 + A(E) sin(w, ! + ¢(E))]
[ BNL web page, g-2 collaboration ]

Muons are fed

10

Muons are into a uniform, 3 o
tiny magnets doughnut-shaped Er o A
spinning on magnetic field ) H \
axis like tops. and travel ina circlo,  Aftor each circlo, s

muon'’s spin axis

changes by 12,

yet it keeps on traveling

.. ‘ij’ﬂv ﬁé é/ﬂv

Million Events per 149.2ns

R in the same direction.
Hit :)) ‘ ‘ -
Target. g P 10™ -
Protons Pions, weighing Pions decay E
from AGS. 116 proton, to muons. -
are croated.

Ono of 24 detectors

see an electron, giving
the muon spin direction;
g-2 is this angle, divided
by the magnetic field the
muon is traveling through
in the ring.

ARter circling the ring
many times, muons
spontaneously decay to
electron, (plus neutrinos,)

in the direction of the muon spin.
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QED calculations

m Fine structure constant «
Experimental input : anomalous magnetic moment of Electron
a, = 0.001 159 652 180 73(28) [0.24 ppb]
[ Hanneke, Fogwell Hoogerheide, Gabrielse, PRA83, 052122 (2011) ]

Theory input: 10t order QED calculation (+ small had+EW )
[ Aoyama, Hayakawa, Kinoshita, Nio Phys. Rev. D 91, 033006 (2015) ]
a1=137.035999 1570 (334) [0.25 ppb]
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SM Theory

oM q,

"= F“(q)Z(v“Fl(qz)Jr 5 Fz(qz))

m QED, hadronic, EW contributions

Schwinger term = -~ = 0.0011614.. ..

AVAVAV, 4
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QED (5-loop)
Aoyama et al.
PRL109,111808 (2012)

Hadronic vacuum
polarization (HVP)

Hadronic light-by-ligh
(HIbl)

Electroweak (EW)
Knecht et al 02
Czarnecki et al. 02
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(g8-2), SM Theory prediction

QED, EW, Hadronic contributions

K. Hagiwara et al., J. Phys. G: Nucl. Part. Phys. 38 (2011) 085003

a

69491 +427 ) x 1070

1. T TAAXTTY
hmad, HOVP ——

—984 F0.07 x 10~ 19

M= (11 659 1828 +49 ) x 107

aQ%P = (11 658 471.808 +0.015 ) x 1071

a," = 154 402 ) x 10710
had,L(#VP (
(

a

[,

)
| b — 105 +26 ) x 1077 ]

/N

exp __

@y

a?™ = 28.8(6.3)exp(4.9)sm x 10710 [3.60]

Discrepancy between EXP and SM is larger than EW!
Currently the dominant uncertainty comes from HVP, followed by HLbL

x4 or more accurate experiment FNAL, J-PARC
Goal : sub 1% accuracy for HVP, and

— 10% accuracy for HLbL




(g-2), theory vs experiment

ax™ = 116 591 803(1)gw (42)rve (26)mLbL x 107
aS® — a2 = 288(63)exp(49)sm x 1071 ([3.60]))
[PDG 2014, Hoecker & Marciano]

~ 3.6 o discrepancy ? HMNT (06) Ne ol
SM prediction N9 I
Davier et al,  (10) 3 o
NeW PhySiCS Davier et al, e'e” (10) r—l—i ‘
— Hadronic uncertainties ? JS (11) }_._{
HLMNT (10) e
HLMNT (11) ——
--- experiment ------- ------- -------- R
BNL (new from shift in A) I—-—I
a, x10'° - 11659000

[FNAL, New (g-2) experiment (E989), is scheduled to taking data in 2017, x4 precision ]Ji0



(near) Future experiments

3 Ge\.proton beam
(333 uA)

surface muon beam -
Qg MeV/c, ~108/s) resonant laser ionization of
oy

s, y&um for low emittance p*
. (~108 p*/s)

muon storage r|
(3T, r=33cm, 1 pp

-~
ke
$ e ol A
‘& <

1‘\(.#
pnium production X
25 meV=2.3 keV/c) 3

muon reacceleration
(Soa, RFQ, IH, DAW, DLS)
(thermal to 300 MeV/c)
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DHMZ —A—i
180.2+4.9

HLMNT ——
182.8+5.0

BNL-E82104ave. . 2

208.9+6.3

New (g-2) exp. ‘ 9!
208.9+1.6 |

|
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]
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a,-11 659 000 (10™°)

210

220 230

FNAL E989 (2019-)
move storage ring from BNL
x4 more precise results, 0.14ppm

J-PARC E34
ultra-cold muon beam
table top storage ring




Hadronic Vacuum Polarization (HVP)
contribution to g-2
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Leading order of hadronic
contribution (HVP)

s Hadronic vacuum polarization (HVP)

Vi @ Vi = (QQQW/ — QMQV)HV(Q2)

quark’s EM current : Vu=§f:fowf
m Optical Theorem
S

Imlly (s) = —0oot(eTe” — X)
- 47
m Analycity

Iy (s) — Ty (0) = = [L T s v (s)

7 s(s — k? — 1¢)
w S

Had

2
mZ

A

had F. Jegerlehner’s lectures

2




Leading order of hadronic
contribution (HVP)

m Hadronic vacuum polarization (HVP)

had / ds % V
Had

Had
a [°°ds 2(1 —12)
= — —ImlII(s)K (s Ks:/da:
w2 Jo2 S ($)K(s) (5) o x2+ (s/mﬁ)(l — )
L))
= — [ — s—~=
3 T mgr
1200 ."m |
E 0oo z-' ‘
r o A
L 800 A\ R « ] ',
% ;‘.._..' - | 25 ” B, o P ]
o [ W ‘\\' . 1 Hagiwara, et al.

075 08 085 09 095 2 25 3 35 4 JPhyS G381085003
Vs [GeV] Vs [GaV] (2011)
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HVP from experimental data

m From experimental e+ e- total cross section
O (ota(€+€-) and dispersion relation

a

HVP LO
,u

HVP HO _

HVP _
A2

time like qg?=s>=4m. %g

1 oo
ds KK

2

Amz

(694 01 -

(S)Utotal(s)

- 4.27) x 10719
[ ~0.6 % err ]

—9.84 4

-0.07) x 10710

AN AN AN AN



F. Jegerlehner FCCP2015 summary
including BES-III

F———————=- exc. + ---——-———---
NSK (efe™) —e—i [3.3 0]
177.8 £6.9
NSK+KLOE (efe™) —e—I [3.9 o]
173.8 £ 6.6
NSK+BaBar (efe) —e—I [3.1 o]
181.7+6.3
NSK+BESIII (¢te)  —e— 3.4 o]
177.6 £6.8
ALL (ete) —e—I [3.5 0]
177.8 £6.2
o inc. = ----------
NSK (efe 47) —e—I| [3.6 o]
1781459
NSK+KLOE (efe 47) o= [4.1 o]
174.1 £ 5.6
NSK+BaBar (ete™+7) —e—I| (3.3 o]
182.0+ 5.4
NSK+BESIII (ete +7) =i [3.7 o]
1779 £5.8
ALL (ete 47) I—e—1
178.1 £ 5.3
F————————- experiment --- —x— -—-
BNL-E821 (world average) best . a,x101°-11659000
208.9£6.3




[ T. Blum PRL91 (2003) 052001 ]

HVP from Lattice

m Analytically continue to Euclidean/space-like momentum K2 = - g% >0
m Vector current 2pt function

o= 052 = () [T o ey () = / dAzei® (T4 (2).J7 (0))

2 T

m Low Q2, or long distance, part of T1(Q2) is relevant for g-2

connected
contribution

Pihat(Q%)

4 ‘ ‘ ‘ ‘

— Lattice (u,d,s connected, 48cube), X= 2 sin(p/2)
— alphaQED (Jergerlehner)
— Lattice (u,d,s connected, 48cube) X=p, Tcut=24

000
Lo disconnected
contribution
Relative Err of Pihat(QZ)
0.02 | ‘ |
— La‘ttice (u,d,s, connelcted, 48cube’
—— alphaQED (Jergerlehner)
0.015
\ [ —
0.01 k
0.005
\
% 2 6 8 10 17




Current conservation, subtraction,
and coordinate space representation

m Current conservation => transverse tensor

> QT (2) 0, (0)) = (5,0Q% — QuQu)II(Q?)

= Coordinate space vector 2 pt Green function C(t) is directly
related to subtracted T1(Q2)

Q) -1 = - (=24 ) co

m g-2 value is also related to C(t) with know kernel w(t) from QED.
aEVP = Zw(t)C(t), w(t) oc t*- -
t

es/con*ig [ )

o i e = T e st n o it .| RBC/UKQCD
* | Chiral Lattice quark DWF
| physical point
| Quark Propagator Low Mode (A2A)
1 using All-Mode Averaging (AMA)

18



w, C(t) 10'°

(plan B) Interplay between
Lattice and Experiment

m Check consistency between Lattice and R-ratio

m Short distance from Lattice, Long distance from R-ratio :
— 10 —
error <= 1% at t, /ey = 2fM
tlat/exp LAT fe'e) EXP
al¥P = | Y wt)C(t) + / dt w(t)C(t)
t=0 tlat/exp
%0 I I I I I Jeglerlehnér R-ratio ——+ 715 ' ' ' ' ' ' ' '
% Lattice u+d+s (con+disc) :--*---
50 - JHEE, i
g fﬁ 710 .
40 ?ﬁ ES -
1 ¥% 705 :
0, . 1
20 * % - ?%i 700 ¢ 1 7T T | -
N X% ©
10 ! ¥¥§ . T
- T 695 | | .
B L Ny Yo7 ot
*f;: 69 || | -
10 - 2.2 fm T R A
-20 < ! 1 1 >| 1 1 ! I I 685 : : ' ' I I I I
O 5 10 15 20 25 30 35 40 45 1618 20 iz 4 26 28 30
t lat/ex

19



disconnected quark loop contribution

Qu+Qd+Qs =0

Use low mode of quark propagator, treat it exactly

Very challenging calculation due to statistical noise
Small contribution, vanishes in SU(3) limit,

( all-to-all propagator with sparse random source )

m First non-zero signal

(3-3)stat (2-3)Sys X 10_10

HVP (LO) DISC _ _g g
a = — Y.
7
5e-05 T T T 5
Low-mode contribution :-----:
4e-05 Full contribution ——+— | Partial
Ty 0 + 4+ =+
3e-05 - F
o 5
o 205 ¥ o
= 2 0 b
©  4eo05| y §
: © 15
,,,,,,,,,,,,,,,,,,,,,,,,,,, Ty -
0 5 ¥ ¥E £E R
* i1 Trg%
1e-05 |- x % 20
-2e-05 L. ' ' ' 25 L '
0 5 10 15 20 0 5

! ! !
10 15 20
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HVP Summary and future prospects

ap’® - 10"
— o PDG
. . -
HVP on Lattice is rapidly progress 3 - otors
Statistic error is well control A .l s

(low mode, AMA...) n
Disconnected diagram is managed

PDG

2+1
S
¥
»
(%)

b
RBC/UKQCD 11 u,d,s —ae—
——&—— Aubin+Blum 07 u, d I

—A— Aubin+Blum 07

Mm

o PDG

2

Systematic errors

= Mainz/CLS 16

N¢

A * Mainz/CLS 11
—t ETM 11

550 600 650 700 750

» Finite Volume ( nmmt model ? )
» EM Isospin, ud mass difference

(s)hvp 10
a - 10
> charm K

> discretization error é o HpOCD 16
;1 . IR
(Plan'B) %I_ —o—+ RBC/UKQCD 16
Interplay between Lattice and R-ratio ? ;
3 H—@— Mainz/CLS 16 (TMR)

[H. Wittig, LAT16] 50 55 60 2



Hadronic Light-by-Light (HLbL)
contributions

22



Hadronic Light-by-Light

m 4pt function of EM currents
m No direct experimental data available
m Dispersive approach

4
DED () p) = ¢e6/ Ay d'ks W (g, k1, ks, ko)
K 2, M1 (27‘(‘)4 (277)4 k% k% k%

XY, SU (o + K2)7,5" (P1 + K1) 7o g

Hl(fv)pv(q’ ki, ks, ko) = /14371 d*zy dias exp[—i(ky - x1 + ko - wo + k3 - x3)]
X<O|T[]M(O>]V(x1)]p<x2>]a($3)]|0>
: 14
- 10qy

Form factor: I',,(q) = v, Fi(¢°) > Fy(q*)
[

23



HLDbL from Models

m Model estimate with non-perturbative constraints at the chiral /
low energy limits using anomaly : (9—12) x 10-10 with 25-40%

uncertainty SM 10
aS® — ab™ = 28.8(6.3)exp(4-9)sm X 10 [3.60]
83(12) x 1071 —19(13) x 1011 162(3) x 1011
71-07 n, 77/ 7Ti, Ki
> > >
F. Jegerlehner , x 10%! L.D. L.D. S.D.
Contribution BPP HKS KN MV PdRV N/JN
. n,n 85+13 82.7+6.4 83+12 114+10 114+13 99+16
n, K loops —19+13 —4.5+8.1 — 0+10 —19+19 | -19+13
axial vectors 2.5+1.0 1.7+1.7 — 22+ 5 15+10 22+ 5
scalars —6.8+2.0 — — — == —7+2
quark loops 21+ 3 9.7+11.1 — — 2.3 21+3
total 83+32 89.6+15.4 80+40 136+25 105+26 116+39




Our Basic strategy :
Lattice QCD+QED system

4pt function has too much information to parameterize (?)

Do Monte Carlo integration for QED two-loop with 4 pt function m* which
is sampled in lattice QCD with chiral quark (Domain-Wall fermion)

Photon & lepton part of diagram is derived either in lattice QED+QCD

[Blum et al 2014] (stat noise from QED), or exactly derive for given loop
momenta [L. Jin et al 2015] (no noise from QED+lepton).

FELHlbl) (p2,p1) = ie” /

d*ky dko

14

ki, ko, k
(27.‘.)4 (27_‘_)4 ,uJVpU(QJ 1y 2, 3)

X [S(p2)71,S(p2 + k2)vpS(p1 + k1)veS(p1) + (perm.)]

(tops a)

(’3photons
LN ? ? 2 )(t’, o

muon

® set spacial momentum for
- external EM vertex q
- in- and out- muon p, p’

q=p-p’

* set time slice of muon
source(t=0), sink(t’) and operator (t,))

* take large time separation for
ground state matrix element 25




Coordinate space Point photon method

PRD93, 014503 (2016)

m Treat all 3 photon propagators exactly (3 analytical photons) , which makes the
quark loop and the lepton line connected :
disconnected problem in Lattice QED+QCD -> connected problem with analytic
photon

m QED 2-loop in coordinate space. Stochastically sample, two of quark-photon
vertex location x,y, z and X,, is summed over space-time exactly

0.05 T T P T T T T T
X 0.045 |- 000" °, 320D o
op 004 F o

0035 | °©

003 F °
0.025 | ¢
0.02 F

X ) 0.015 |

0.01 |-
0.005 2
0

0 5 10 15 20 25 30 35 40 45
ceil(r)

m Short separations, Min[ |x-z|,|y-z|,|x-y| ] < R ~ O(0.5) fm, which has a large
contribution due to confinement, are summed for all pairs

m longer separations, Min[ |x-z|,|y-z|,|x-y| ] >=R, are done stochastically with
a probability shown above ( Adaptive Monte Carlo sampling )

= All lepton and photon part produce no noise for given x,y ( Ls =« DWF muon )



Fy(0)/(a/m)?

Systematic effects in QED only study

muon loop, muon line y Wmle = |2rnles Batosqs)
a=am, /(106 Mev) TS o) G

L=11.9, 8.9, 5.9 fm

known result : F2 = 0.371 (diamond) correctly reproduced (good
check)

0.35 | 1 T T T T T 0.4 s
0.3 | . i 035 s -
Tl E S
«_ 0.3 + oo _
025 I 3l \~‘~_~ — 02_\ \g\: -
ARSI & 025 YUl -
0.2 F~-_ g Tt — 3 U
T el Teeelo = 02 RO 4 .
0.15 - \e\\\\“h 8 % 0.15 L x‘\\::\ i
0.1 F T 0.1 | B
0.05 - 0.05 + _
0 | | | | | | | 0 L L l l I I l
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.02 0.04 006 0.08 01 0.12 0.14
a? (GeV™?) 1/(muL)?

FV and discretization error could be as large as 20-30 %,
similar discretization error seen from QCD+QED study 27




Dramatic Improvement !

Luchang Jin
a=0.11 fm, 243x64 (2.7 fm)3,
m,. =329 MeV, m, =~ 190 MeV, e=1 L B v A
0.12 <« ->
tsep
0.1 |
0.08 2.2 fm o @ _
=006 } .
E }
~ 0.04 _
ES/ 0.02 } —
0 __________________________________________________________________________________ | - |
0.02 } more than x100 reduced cost !
_004 ] ] ] ] ] |
10 15 20 25 30 35
tsep
Method Fy/(a/m)®  Neont Nprop Var

Conserved [ 0.0825(32)| 12 (118 +128) x2x 7 0.65
Mom. 0.0804(15)] 18 (118 +128)x2x3 0.2 .




M, =170 MeV cHLDL result
PRD93, 014503 (2016)

= V=(4.6 fm)’, a = 0.14 fm, m =130 MeV, 23 conf
m pair-point sampling with AMA (1000 eigV, 100CG) B

> 6000 meas/conf Y '

® |x-y| <=0.7fm, all pairs, x2-5 samples
217 pairs (10 AMA-exact)
® |x-y| >0.7fm, 512 pairs ( 48 AMA-exact)
m 13.2 BG/Q Rack-days

0025 | & 32ID Fo—i _ ;1
@ 3 4 =
0 0.02 T
S 0015 F 13 1k
Fo o
= 001 f ¢ 4= 0§
= B $|2 3 | = -1
<3 0.005 g > 3 <3 5
0 3233522 3
0.7 fm -
~0.005 | | | | | | | 4 | | | | |
0 2 4 6 8 10 12 14 16 6 8 10 12 14 16

r=min{|x-yl|, |y-z|,|z-x]|}

7]

(QM - 2)cHLbL
2

= (0.1054 £ 0.0054) (a/7)* = (132.1 £ 6.8) x 10~
Strange contribution : (0.0011+ 0.005) (a/m)3 29



Fy(0)/(er/m)?

physical M =140 MeV cHLDL result

V=(5.5 fm)3, a = 0.11 fm, m =106 MeV, 69 conf [RBC/UKQCD]

Two stage AMA (2,000 eigV, 200CG and 400 CG) using zMobius,
~4500 meas/conf

160 BG/Q Rack-days Y oo 0

integrand safely suppressed before

’ .
reaching r~ L/2

0.6 fm : /

0.03 T T T 0.03 I I I

0.025 -2 48] —o— 0.025 48] —o—

0.02 B 3 i s 002 B | ; o
0.015 F 4 %% 0015 F -
0.01 §az§§ 42 001f *Teg, 3 { ¥%%%_
L 4 >~ - >
0000 sts .33 £53 55y S 00 1Le By To7d JHHITE
-0.005 | rroe ¢ 4% _0.005 F 1 Tﬁly il
20.01 F - 20.01 F -
-0.015 ' ' ' -0.015 ' ' '
0 5 10 15 20 0 5 10 15 2
7] |7
r=min {|x-y|, |y-z|,|z-x]} r=max{|x-y|, [y-z|,|z-x|}

(gu - 2)cHLbL

= (0.933 £ 0.0073)(a/7)? = (116.9 £9.1) x 10! (preliminary, connected,

2
stat err only)

30



Disconnected diagrams in HLbL

m Disconnected diagrams

0000}
{(6000)

83(12) x 10~

—19(13) x 10~ +62(3) x 10711

— 2 l
¥ K+ q=(u,d,s,...)

L.D. L.D. S.D.
31



SU(3) hierarchies for d-HLbL

m At m=m_ 4 limit, following type of disconnected HLbL
diagrams survive Q,+Q,+Q,=0

m Physical point run using similar techniques to c-HLbL.

(ms_mud)0

m other diagrams suppressed by
O(ms'mud) /3 and O( (ms'mud)2 )

Lop, V g%pvl’ (ms-mUd)/3
Y, 0 z,p Y, 0 T, p

32




F5(0)/(e/m)?

left

0.03
0.025
0.02
0.015
0.01
0.005
0

-0.005

139 MeV Pion, connected and
disconnected LbL results (preliminary)

: connected, right : leading disconnected

I

3.
?H 3

48T —o— |

$3_ ¢

i

379 798
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N
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|

|__e_|
|__e_|

0 ¢
-0.001
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-0.004
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-0.006
0

5 10

7]

Using AMA with 2,000 zMobius low modes, AMA

( Preliminary, statistical error only )

—_
ot

20

(0.0926 = 0.0077) % (

«
s

«

—>3 — (11.60 +0.96) x 1010

(—0.0498 + 0.0064) x <—>3 — (—6.25+0.80) x 10710

(0.0427 £ 0.0108) x (

v

«
s

—)3: (5.3541.35) x 1010
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g-2 Summary

m Lattice calculation for g-2 calculation is improved very rapidly

m HLbL including leading disconnected diagrams :
Many orders of magnitudes improvements
-> 8 % stat error in connected, 13 % stat error in leading disconnected

® coordinate-space integral using analytic photon propagator with adaptive
probability (point photon method)

® config-by-config conserved external current
® take moment of relative coordinate to directly take q—0

® AMA, zMobius, 2000 low modes
(preliminary, con+L-discon, stat err only)

a;” " = (11.60 £ 0.96) x 10710, aPh bdeon = (—6.25 4 0.80) x 10~

3
aLPLs HLd — (0.0427 + 0.0108) x (9) — (5.35+ 1.35) x 10710

7

m Still large systematic errors (missing disconnected, FV, discr. error, ... )

m Also direct 4pt method [Mainz group] and Dispersive analysis [ Colangelo
et al. 2014, 2015, Pauk&Vanderhaeghen 2014 ]

m Goal : HVP sub 1%, HLbL 10% error
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Nucleon Eclectic dipole Moments

Violation of C (charge conjugation
symmetry) and CP (parity and C)
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P & CP violation and Electric Dipole
Moments (EDM)

m Electric Dipole Moment d AH

—_—
=d°F
energy shifts in an electric field E

m A nonzero EDM is a signature of P and T (CP
through CPT) violation

exp: AH~ 10®Hz ~ 10%1eV
- |d| < AH/E ~10%e cm
@ ? if theo: d ~ 102 x 1 MeV / A%,
l D > A >~ 0O(1) TeV
unless there are degenerate ground states

transform to each other by Parity c.f. Water
molecule
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Sources of CP violation

0 term in the QCD Lagrangian:

Lo =

- Iy
647‘(‘ 0 =60 + argdet

renormalizable and CP-violation comes due to topological charge density.

also higher dimension CP violating operators

idchaw%qu iCquO-,LW’YESG,LWq

EDM experiment provides very strong constraint on

= 0 and arg det M need to be unnaturally canceled !
strong CP problem

[dYP] <2.9% 107 e cm f <10~

up quark mass less ? Axion? (6 term case only) ?
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CP violation on lattice : Reweighting

m Source of CP violation (O in our case)

So =1 / /d4az tr|€, 0GP GH ]

3272
— 2(9 Qtop

m Topological charge is measured either by gluonic

observable GG or by counting zero mode of chiral
fermions

Q — I GGy G, =Im

Uy

m O=0 lattice QCD ensemble is generated, then each
sample of QCD vacuum are reweighted using topological

charge y
(0)p = (0"
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EDM Computations on Lattice

m Measure energies with external Electric field

(N (t)N (t0))
AM =Mn(E,T) — Mn(E, )
— —2DN(0)S - E

(N2 (N1 (t0)) i II
t

xt %«

@

ey (L%

m Form factors

(NP IV, (q)|N(p)) =

ot q,| N
F1(¢*)v + Fa2(¢?) Sy

2) O.quv,y5

+ FS(q 2mN

dy = lim F3(Q /QmN
Q2%2—0



CP even and odd 2point functions

effective nucleon mass Op————— . —

i O smear-local, np:O

N effecltivle Ilnalssl, m=0005 | . Il\Ilellcfelctilvel n?aSIS, m|=001 -0.1F 0 smear-local, npz=1
i @ smear-smear, np2:O

n E Ssmear-smear, n§=1

—
A
o

(Pospelov, Ritz 1998, S. Aoki et al. 2005)

need to take into account
CP even/odd mixing for > ugo(P)Uso(P) = E(B)ye—iY- B+ me
Nucleon spinor, 2pt functions s,
CP odd/even has a common
mass

2ianys
)

B+ m(1+2ians)

&
m
S
3

|
)

where ug = exp iaysu.

84U



Neutron

Proton

F3 unsubtracted @ Mpi=300 MeV

F3=FQ+Fa

FQ : CP-odd 3pt function contribution
Fa: a x CP-even 3pt function (F1 and F2)

np2:1 npz=2 np2=3 np2=4
Im T ] Im T Im T 1 Ip T T ]
05F o F | qJosf —051 $05— -
TTYIeTeTe OF SEETTesTy FPLIIIL ii%éiif%
= - -UI]]IIII IMMMITOT I r 7
05ﬁﬂﬁﬁiiiﬂﬁiﬁ@jmemmmmmmm§n5— ¥05— .
I T R s R s Ty R ST
1:' T T ] 1:' L 1:' L 1:""|"|'
GOGROBEEERE | 105k Josk E
0.5E -O'Szﬂmmﬂﬂm%O'Szmmmmmmmﬁz O'Shmmmmmmmmﬂﬁ_
O H OF 1 OF—TTTT 1 0%% ]
e Hm ﬂﬁﬁﬁﬁ : ﬁﬁzﬁim . %H |
-0.5 E %%% :—0.5 :— %-0.5 E_ l; —:-0.5 E_ o | (%
""l""lo' gll() ""g"'lo' % 10
at at at at
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Nucleon EDMs from Lattice
6 case, summary

In O case, dN ~ mq,
guark mass dependence is important

0=1
Neutron Proton
| T T T T I T T T T I T T T T [ T T T T I T T T T I T T T I-I
I . A N=2+1 DWF, F,(6), DSDR 32¢
0 i 02FT A N=2+1 DWF, F,(6), Iwasaki 24c
I > { i ®) Nf=2 clover, F3(9)
208 - i 0O N=2 clover, AE
~ 1 ~ 0.15 u & N2 clover, F,(i6)
E -0.05F $ 7 qg [ :
o ] L oif ]
Sy Y v N=2+1 DWF, F,(0), DSDR 32¢ | =, - 4 b
< ok v N=2+1 DWF, F (), Iwasaki 24c @Z i .
N=2 DWF, F,(6) 0.051 )
O Ng=2 clover, AE(8) 3 { i
O N=2 clover, F,(8) 0 L * ]
015F & NF2 clover, F3(19) L
: Nf=2+1+1 ETMC, B55 L | | ]
O 1 1 1 1 012 1 1 1 1 014 1 1 1 lJ O 0‘2 0.4
. . 5
2 2 2
m(GeV") m-(GeV")

New : DWF (3 ensemble), imaginary O (2 ensemble), ETMC (1 ensemble) + quenched
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Summary

m g-2 HVP : goal sub 1%
m g-2 HLbL : goal 10%

m Nucleon EDM for proton & Neutron

® Results for Oterm with large noise or heavy quark mass
® Higher dim CP violating operators are also being computed
® Very challenging

m Rapid progress, some of calculations still needs
new ideas and techniques are still needed to
reduce error further to reach goal.

Important moments for Lattice QCD
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g-2 Future plans

m (discretization error) Nf=2+1 DWF/ Mobius ensemble at
physical point, L=5.5 fm, a=0.083 fm, (64)3 at Mira,
ALCC ®@Argonne started to run

m (FVstudy) QCD box in QED box at physical point

m Disconnected diagrams

- 8 :
q SO =T
s, | - - W g,
*w e - “" 'S .,,w Q} -4 K
ki : - 4 K

ol ! 4l ,1,.;.[
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Backup slides / for discussion



Sub-percent accuracy on Physical point

m now on-physical point (M_=135 MeV),
a few lattice spacing a'=1.7 and 2.4 GeV, V~(5.5 fm)?3

fr = 0.1298(9)(0)(2) GeV|[0.7%
fix = 0.1556(8)(0)(2) GeV|[0.5%

[ D .|
KT K
leptons
o\\ 7 gt KV, (63%)
S

M(mt — pv) ~ i frqu}XGpVyam,(Tu) L

= (m(q)|uy,75d(0)|0) x GpVyam,(Tp)
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Sub-percent accuracy on Physical point

s nhow adding on-physical point (M_=135 MeV),
2 lattice spacing a'=1.7 and 2.4 GeV, V~(5.5 fm)3 !

RBC/UKQCD f_ RBC/UKQCD f,
2000 quench 137.0(11.0) = 2000 quench 156.0( 8.0) —
2007 127.0( 4.0) —g— 2007 157.0( 5.0) —g—
2008 124.1(7.8) —8— 2008 149.6(7.3) —8—
2010 124.0(5.4) —8— 2010 149.0( 4.5) —g—
2014 130.2( 0.9) = 2014 155.5( 0.8) =
2013 FLAG  130.2( 1.4) = 2013 FLAG  156.3( 0.9) =
70 8I0 9I0 1(I)0 1‘;0 150 1;30 1;IO 150 1(l)0 11l0 150 1;50 1:IO 1%0 1é0 1;0

[ R. Mawhinney ]
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Direct 4pt calculation for selected
kinematical range

[ J. Green et al. Mainz group, Phys. Rev. Lek 115, 222003( 2015)]
m  Compute connected contribution of 4 pt function in momentum space

m  Forward amplitudes related to 7 *(Q1) ¥ *(Q2) -> hadron cross section via
dispersion relation

Muaa (Y(Q1)Y* (Q2) = v*(Q1)7*(Q2)) v=—Q1 Q2

%10-5 my = 324 MeV, Q% = 0.377 GeV?

< 00,2 (V(Q1)Y"(Q2) — had.)

i B i
Q2 Q2
m solid curve: model prediction

m 10 exchange is seen to be not dominant,
possibly due to heavy quark mass

in the simulation (Mt = 324 MeV) 00 08 L0 15 A0 e 0 38 40 48
: : FIG. 3. The forward scattering amplitude MTt at a fixed
u dlsconneCted quark d]agram loop virtuality Q% = 0.377GeV?, as a function of the other photon
. . virtuality @3, for different values of v. The curves represent
n prog ress 1n 201 6 the predictions based on Eq. (10), see the text for details.48



Dispersive approach for HLbL

[ Colangelo et al. 2014, 2015, Pauk&Vanderhaeghen 2014 |

Using crossing symmetry, gauge invariance, 138 form factors are
reduced 12 relevant for HLbL

AL _ _66/ d'q d'qq 1 1 1
g (2m)* (2m)* i a3 (1 + 42) (P + @1)? —mf (p — ¢2)* — M3,

12
X ijTij (q1, q2; )15, (q1, G2, —1 — G2),
=il

n0, n,n’ exchange, pion-loop (exactly scalar QED with pion Form

factor)
|
_l_ _ Fwow*v*(q127 qZZ)Fﬂow*w*(qgv qé%)
| B s — M2

Y

NSy = FY (a5 FY (g8) FY (d5) x {

other contribution is neglected
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QCD+QED method [Blum et al 2015]

One photon is treated analytically
other two sampled stochastically
needs subtraction

use AMA for error reduction

use Furry’s theoretm to reduce a? noise

F,(2n/L)")

243 lattice size
Q2% = 0.11 and 0.18 GeV?

sep

m; ~ 329 MeV
i m,, =~ 190 MeV
04 N T_
- O QED(m,, =m=0.1, 24%) 1
0 3 __ /\  QED, (m =m =0.1, 16)) __
I —— QED pert. theory, F,(0) -
L O QCD+QED (m =330 MeV) i
- —— hadronic models, F,(0)
0.2 - % 7
0.1 —éI """"""""""""""""" T
- @? """"""" Lo %
oF % . .
_O 1 i 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1
"5 10 15 20 25 30
t

unsubtracted term

- >QCD+q—QED

>QCD+q-QED

Subtraction term

o

q-QED
< @ > QCD+qg-QED
+ 3% < ->-8-8-->-
q-QED
I

- Connected part only

- QED only calculation consistent
volume

- QED+QCD

- ball park of model values
-significant exited state effects ?

with QED loop calculation for larger

U
(@)



Conserved current & moment method

m [conserved current method at finite 2] To tame UV divergence, one of quark-photon vertex
(external current) is set to be conserved current (other three are local currents). All possible
insertion are made to realize conservation of external currents config-by-config.

s [moment method , q2—0] By exploiting the translational covariance for fixed external
momentum of lepton and external EM field, g->0 limit value is directly computed via the first
moment of the relative coordinate, xop - (x+y)/2, one could show

M Dlgzo =i S (op — (a+9)/2)ix

0q;
ZL,Y,2,Lop

to directly get F,(0) without extrapolation.

Form factor : Fu(q) = Yu Fl(qz) + ’m 51
l



Disconnected HLbL would be non-negligible

The major contribution, single pi0 (and 1, n’)exchange diagrams
through 2 ¥ —n0, would have both connected and disconnected
contributions.

=, SO0k,

A quark model consideration for LbL pi0 exchange turns out to be
Con : DisCon roughly same size with opposite sign (L. Jin)

Good news : it’s not 1’ (only), so S/N would not grow [P. Lepage]
exponentially with the propagation length.

Bad news : it’s disconnected quark loops, and many of them.
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Systematic errors

m Missing disconnected diagrams
— compute them

m Finite volume

m Discretization error

— a scaling study for 1/a = 2.7 GeV, 64 cube lattice
at physical quark mass is proposed to ALCC at Argonne
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QCD box in QED box

= FV from quark is exponentially suppressed ~ exp( - M; Lycp)

m Dominant FV effects would be from photon

m Let photon and muon propagate in larger (or infinite) box than

that of quark

-0.05

>
8
o
kS
N
m/

> fIJJ - > > «S/ > -0.09
z

QED Box -0.055 |-

-0.06 -

QCD Box o -0.065
&)

S 007

< 0075 |

-0.08 |

" QEDp, =2
QED, TA=2
QED. T/L=2
QED.. T/L=3 :
Analytic V= result - - -- - '

*
%
¥
2

. mL=438 A

10085 |- - e 8 g

-0.05 0

I I I I I
0.05 0.1 0.15 0.2 0.25 0.3
1/mL

m  We could examine different lepton/photon in the off-line manner

e.g. QED_L (Hayakwa-Uno 2008) with larger box,

Twisting Averaging [Lehner Tl LATTICE14] or

Infinite Vol. Photon propagators [C. Lehner, L.Jin, TI LATTICE15]
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QED box in QCD box (contd.)

s Mm=420 MeV, mp=330 MeV, 1/a=1.7 GeV
m (16)3 = (1.8 fm)3 QCD box in (24)3= (2.7 fm)3 QED box

Fy(0)/(a/m)?

7]

r=min {|x-yl|, |y-z|,|z-x]|}

7l

2 __
Ensemble . QCD Size QED Size 24 =0)
(a/7)3
16 3.87 163x32 16°x32 0.1158(8)
24| 5.81 243 x 64 24%x 64 0.2144(27)
161-24 163 x 32 243 x 64 [ 0.1674(22) }
0.09 T T T 0.05 |p§ I I I
007 - R TV S 101 e
0.06 |- 161-24 1 & 003F 161-24 |
0.05 _ E
0.04 = 4 = 0.02} -
0.03 = =4 = 3
L & 4 = 001 =
88?— e@e 4= 0 e §§§§¢§¢
-0.01 | | | | | | -0.01 | | | | | |
0 4 6 8 10 12 14 16 0 2 4 8 10 12 14 16

r=max{|x-y|, |y-z|,|z-x|}
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Continuum Infinite Volume
(a.k.a HVP way ) o= uw®)C@), w(t)octt

m One could also use infinite volume/continuum lepton&photon
diagram in coordinate space /

[ J. Green et al. Mainz group, LAT16 proceedings]

X,L O,v A Q
[',ul/)\ap(xay;p) , 2 X E X é} o

o Y,A
p XH Z,V

m Techniques in continuum model calculation [ Knect Nyffeler 2002;
Jegerlehner Nyffeler 2009 ] : angle average over muon momentum,
and carry out angle of two virtual photons

dZop Top
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Can Lattice produce a counter part ?

[ J. Bijnens ]

@ Which momentum regimes important studied: JB and
J. Prades, Mod. Phys. Lett. A 22 (2007) 767 [hep-ph/0702170]

° a, = / dhdhay" with I; = log(P;/GeV)

Which momentum regions do what:
volume under the plot « a,
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M, =170 MeV cHLDL result (contd.)

“Exact” ... q=2pi /L,

“Conserved (current)” ... q=2pi/L, 3 diagrams
“Mom” ... moment method q->0, with AMA

Method Fy/(a/7)® Neont Nprop v Var rpax SD LD ind-pair
Exact 0.0693(218) | 47 58 +8 x 16 2.04 3 —0.0152(17) 0.0845(218) 0.0186
Conserved 0.1022(137) | 13 (58 +8 x 16) x 7 1.78 3  0.0637(34) 0.0385(114) 0.0093

Mom. (approx)] 0.0994(29) | 23 (217 +512) x2x4 1.08 5 0.0791(18) 0.0203(26) 0.0028
Mom. (corr) | 0.0060(43) | 23 (10+48) x2x4 044 2 0.0024(6) 0.0036(44) 0.0045
Mom. (tot) 0.1054(54) | 23
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EDM Experiments

m The present and future experiments are
aiming to check/exclude of MSSM

PEDM @ BNL

nEDM @ ORNL, PSI, ILL, J-PARC,
TRIUMF ,FNAL, FRM2, ...
charged hadrons @ COSY

= a sensitivity of 10-2° e=cm !

* neutron

proton
& nuclei

* atoms

~ 100 x better
sensitivity

m  Current theoretical estimations are
based on quark model, sum rules, ...

non-perturbative computations of
EDM 4.0, d,dS5, ..
are necessary

Harris, 0709.3100

1E-19

1E-20

__1E-21 4

4
m
)
»

1E-24

Neutron EDM Upper Limit (e.cm
m
o

1E-26 -
iLeft-Right
1 symmetric

1E-27

-« 1957 ORNL-Harvard

P

- Participating institutions:
] ORNL-Harvard

BNL-MIT

gElect -
1 magnetic

ORNL-ILL...
ILL-Sussex-RAL...
LNPI St Petersburg

D40

\'\

1E-22 4

1Weinberg .

1 multi-Higgs .

3 Minimal
1 susy

1950 1960 1970 1980 1990 2000 2010

Year of Publication

NEDM ORNL SNS 59




QCD ensemble for NEDM

m1/a=1.73 GeV

m V=(2.7 fm)3

m Mpi = 330, 400 MeV
m /50 configurations

m 1/a=1.37 GeV

m V=(4.6 fm)3

m Mpi =170 MeV

m 39 configurations
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Chiral symmetry & EDM

q(z) — e%q(x)

m  Chiral symmetry is broken _ _ i~ O
by lattice systematic error q (37) — ( (5’7)6 v
for Wilson-type quarks, which has “wrong” Pauli term by O(a)

L:Wilson — »CQCD + Caqa-,uu ' F,uuq

m CP violation from 6 or other BSM operators introduce extra artificial CP
violation in simulation.

m In fact, chiral rotation of valence quark is not observable in continuum theory,
and the EDM signal measured in Wilson quark due to valence quark’s 6 is
unphysical, which should be carefully removed by taking continuum limit a —
0 [S. Aoki-Gockschu, Manohar, Sharpe et al. Phys.Rev.Lett. 65 (1990)

1092-1095 (1990) ] TTT
/< oy

—  Qur choice : chiral lattice quark g
called domain-wall fermions (DWF) q(L) q(R)
[ 97 Blum Soni, 99 CP-PACS,
00- RBC, 05 RBC/UKQCD... ] .

1 2 LS/2 Ls 61
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Qtop on lattice (0=0)

® Qtop history in simulation Nf=2+1 DWF, [ RBC/UKQCD]
®* 1/a=1.73, 2.28 GeV
® mps =290 - 420 MeV

1
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1
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1
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Qtop at Mpi=170 MeV ensemble

02—
<Qt0p>=1.5(1.1) ] w w : : ‘ ‘
0.15+-
g T [ —
'8 1 60 - = LR M
= _ . |
2 0.1 —
= | a B
= i i ] N
5 | | 40 — M
005 Tl TR . i
Oiuux “““““““ ARNARARNE ﬂm i
95 20 -15 -10 5 0 5 10 15 20 25 N .
Q 220 -10 0 10 20
top Q

Used Full ensemble



Imaginary © simulation QCDSF

arXiv:1502.02295
m Perform dynamical simulation with imaginary
0=1i é . Sg=0 2}:25_21;% a* Zx: (ﬁysu + dysd + Ey5s)
0 T T =465 MeV —@— ’
-0.1 - my = 360 MV —m— | 0oL 7
02
= 03 i 002 p
‘E"“ 04r § 0.03 !
0.5 |
06 - i 0.04
_0'77, L 20.05 N e L
0 0.5 1 15 2 2.5 3 0 0.1 0.2 0.3
9 m2 [Ge\/2]

d, = —0.0039(2)(9) [eTm 6] .

m; [MeV] | mg [MeV] | d,[efm0]
465(13) | 465(13) | —0.0297(38)
360(10) | 505(14) | —0.0215(25)

Pregress !
but systematic error under control ?
(chiral breaking, csw, large O, ...)




Quenched calculation using gradient
flow topological charge

Andrea Shindler [Thu, 9:30 ]
4 beta, a=0.1-0.05 fm, L~ 1.5 fm

gradient flow for Q_top | ]t = 195.9(4.9) MeV
non-perturbatively improved Wilson
Mps ~ 800 MeV 280 | | | |
006 | | | | g 190*&??&;%
0.04+ 1 ) 180:
o 0.02r 1 160t |
§ o . .. \ ) 150 2 4(a/r0)2 6 8 10_130
i?g-o.oz / |
3
-0.04
dp = 0.0340(62) € e - fm
-0.061
. dy = —0.0318(54) 0 e - fm

@ Mps ~ 800 MeV 65



FQ?)/(2m) [e - fm)]

ETMC NEDM

Andreas Athenodorou [ Thu, 11:00 ]

ETMC Nf=2+1+1, B55 ensemble
a=0.082fm, Mpi = 373 MeV, L=2.6 fm
Qtop from various cooling and gradient flow

F3(g2) extrapolation by dipole fit, coordinate space methods
(-~ moment method) W. Wilcox’s concern hep-lat/0204024 ?

Gpip(ta,t1; (1) Tk) | EBTL 9
G (to D T Cijk m(Ql)a
pp( 25 P, 4) S
Wilson Symanzik Iwasaki
0.025 ‘ y-summatio 0
ation FJ(Q® = 0)/(2m) —a— -0.01 +
0 standard metho e —_— _002 L
Pt : E 003}
Flligng o -0.04 7 . b
0025 | t . -0.05 ¢ " %
{ g -0.06 +
. S -0.07 b
-0.05 g _0.08 |
= -0.09 t
-0.075 F ~ -0.1 +
-0.11
-0.12 : ‘ ‘
-0.1 | ] Wilson Symanzik Twasaki
-0.125 L .
0 0 1 15 2
Q*[GeV?] Final Result 537(2/) = —0.046(8)(7) using a total of O(4700) measurements.
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statistical checks

e A A3 . : )
Iwasaki 24, 0.33 GeV pion Iwasaki 24°, 042 GeV pion
100 config 3 ] 200 100 config 30% : 1200
N, =32 —o-H40%|} ] (1)00 Ng=32 —e— P % ] Joo
0 500 —02_ 0 400
200 config 200 config 499
o — 0 HoH - 1200
N =32 53% ‘th ;o N2 0 R
009 _-0.08 600 0 001 002
400 config 400 confi 500
N=32 Fed | 81%|f 17" N =32 1 2% &y yiN
_________________ 0 e 0 ol.o(f
700 config 1500 700 config | 39¢ - I 1500
_ e 449%|t - 2 HOo—
N =4 0 FH1 . Ng= Y 1
0. 08 -0.07 _ 001002
700 config 629 H 1500 700 config | 56% o |l I ] ;880
o A v 1 \ ]
NG:8 0 NG_8 J &_L 0
_________________ 04 mmmmmmeode----4 0015 0.02
700 config FAH JRL 11000700 config faY ] ! ] 1(5)88
_ 1500 N =32 3 1500
N =32 . !
G 1111 | 1111 | 1111 1111 | 11 _ . 040 G 1111 | 1111 | 1111 1111 | 11 _0.01 J xEHO‘OOS O
-0.1-0.05 0 0.05 -0.1-0.05 0 0.05

F 3(qz)/2mN (e fm) F 3(qz)/ZmN (e fm)



F(q)2my (e fm)  Fy(q)2my (e fm)

1]
W
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tensor charge & quark EDM

m BSM operators, such as quark EDM, or quark chromo EDM, are also
interesting/important besides © term

deacha Gb éc
m Quark EDM is related to the tensor charge of QCD

(arXiv:1502.07325, 1506.04196, 1506.06411)

m Operator renormalization/mixing will be also discussed.
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(plan B) Interplays between lattice
and dispersive approach g-2

m R-Ratio error ~ 0.6%, HPQCD error ~ 2%
m Goal would be ~ 0.2 %
m Dispersive approach from R-ratio R(s)

TN R(s)
1(Q?) = = /80 dss(s waE) Had

Relative Err of Pihat(Qz)

. 2 0.02
Pihat(Q") , ‘ ‘ ‘ ‘ !
—— Lattice (u,d,s, connected, 48cube’
—— alphaQED (Jergerlehner)
0.015
/
0.01
Sl | .
—— Lattice (u,d,s connected, 48cube), X= 2 sin(p/2)
—— alphaQED (Jergerlehner)
—— Lattice (u,d,s connected, 48cube) X=p, Tcut=24 '
0.005
1 T . sz s
0 | | | | 0
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also [ ETMC, Mainz, ... | 70



m Can we combine dispersive & lattice and get more precise (g-2)HVP

than both ? [ 2011 Bernecker Meyer ]

m Inverse Fourier trans to Euclidean vector correlator
= Relevant for g-2 Q= (m,/2)? = 0.0025 GeV?

= It may be interesting to think ry(?)
Q@

HVP

Q%) =

0.15

Z’w w(t) oc t*- -

Q R(s)
3 / 6+ QD)

Pihat(Q2) integrand in coordinate space
Lattice : u,d,s connected, no continuum limit

Q% I(P?)
Q2 - p2

Black : R-ratio, alpha QED (Jegerlehner)
Red : Lattice (DWF)

T T T T T T T

— Disparsive (Q2= 00025GV)
— Lattice (Q2 = OOOZSGV)

4 0.1

1 o005

0.2 T T T T T T T T
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Vs extraction strangeness tau
inclusive decay

1
—o—
o
+o—
—0—
—0—
—0—
—o—
| IR N N N T N T NI
0.215 0.22 0.225

vV 1
us

K; decays, PDG 2013
0.2253 + 0.0014

K, decays, PDG 2013
0.2253 = 0.0010

CKM unitarity, PDG 2013
0.2255 = 0.0010

T — s inclusive, HFAG 2014
0.2176 = 0.0021

T — Kv /1t — nv, HFAG 2014
0.2232 = 0.0019

© — Kv, HFAG 2014
0.2212 = 0.0020

T average, HFAG 2014
0.2204 = 0.0014

| Summer 2014 |
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Tau decay

7 — v + had through V-A vertex

Apply the optical theorem to related to VV and AA hadronic vacuum polarization (HVP)
e For hadrons with strangeness -1, CKM matrix elements V,,, is multiplied

e v takes energy away, makes differential cross section is related to the HVPs (c.f. in
eTe” case, the total cross section is directly related to HVP )

I'(t— — hadrons;; v.)

R, =
! (7 — e Dery)

_ 127r| ISEW /mr< ) KUFQ%) ImH(D(s)—I—lmH(O)(S)}

— ImII(s) J

e The Spin=0 and 1, vacuum polarization, Vector(V) or Axial (A) current-current two
point

e, (¢%) = z/d we® (O[T, (2) 710, (0)]0)

v 2 v 1) 0
= (¢"¢" — ¢’ (a)) + ¢"d' 1),
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Finite Energy Sum Rule (FESR)

Do the finite radius contour integral

Real axis integral from experimental R

Use pQCD and OPE for the large circle integral

Any analytic weight function w(s)

/s:: IMmIL(s)w(s) = %}[ dsTI(s)w(s)

Im

pQCD V

|s[=s0

(5)

spectral data
%

/
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Combining FESR and Lattice

o If we have a reliable estimate for T1(s) in Euclidean (space-like) points, s = —Q3 < 0,
we could extend the FESR with weight function w(s) to have poles there,

Np

/oo w(s)lmH(s) =T Z Resk[w(s)H(s)]S:_Q%
Sth k

I(s) = (1 + 2%) IMIT™ (s) + IMIIY(s) s (|s| = o0)

T

e For N, > 3, the |s| — oo circle integral vanishes.

Im(s)
pQCD OPE spectral data

Re(s)

Lattice HVPs
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weight function w(s)

Example of weight function

Np

w(s):H( —l—Q) Zk Q2’ ak:ZQz Q2

k jFk

:>Z(Qk:)Mak:O (MZO,l,--' 7Np—2)
k

The residue constraints automatically subtracts 1" (0) and sII" (0) terms.

For experimental data, w(s) ~ 1/s"™, n > 3 suppresses

> larger error from higher multiplicity final states at larger s < m?
> uncertanties due to pQCD+OPE at m? < s

For lattice, Q7 should be not too small to avoid large stat error, Q% — 0 extrapola-
tion, Finite Volume error( ). Also not too larger than m to make the suppression in
time-like 0 < s < m? working.

Other w(s) could be useful to enhance some region s > 0 which may be usable for
(g —2), HVP (?)

c.f. HPQCD’s HVP moments works
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Preliminary results

[ H. Ohki, A. Juttner, C. Lehner, K. Maltman et al. ]

Illlllllll'lllllIIIIIIIIII

oI K13 decays, PDG 2013
= K12 decays, PDG 2013
e CKM unitarity, PDG 2013
f—e— T -> s inclusive, HFAG 2014
Very prEIImlnary @ t->Kv/t->mnv, HFAG 2014
—e— T -> Kv, HFAG 2014
e t average, HFAG 2014
urreenft T wm—— o 003 eV
for all channels S Thiswork (N =3, C =1 [GeV?])
- (N =4, C =1.05[GeV?])

(‘/1.+%+A1+AO)Illlllllllllllllllllllllll
0215 022 0225 023 0235 024

All our results (C<1, N=3,4) are consistent with each other.

Note : Other systematic errors of sea quark mass chiral extrapolation, lattice O(a”4)
discretization,

and higher order OPE have not been included. These must be assessed in a future study.
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AMA+MADWEF(fastPV)+zMobius accelerations

We utilize complexified 5d hopping term of Mobius action [Brower, Neff, Orginos],
zMobius, for a better approximation of the sign function.

[T5(1 +wythar) — TIE (1 — wy har)
[T5(1 +wsthar) + TI5 (1 — ws thar)’

1/a~2 GeV, Ls=48 Shamir ~ Ls=24 Mobius (b=1.5, c=0.5) ~ Ls=10 zMobius (b_s, c_s
complex varying) ~5 times saving for cost AND memory

|eps(4Bcube) - eps(zMobius)|

GL(hM): w;1:b+c€C

6 0.0124

8 0.00127
10 0.000110
12 8.05e-6

The even/odd preconditioning is optimized (sym2 precondition) to suppress the growth of
condition number due to order of magnitudes hierarchy of b_s, c_s [also Neff found this]

sym2: 1 — kpMyM;g 'y MyM;

Fast Pauli Villars (mf=1) solve, needed for the exact solve of AMA via MADWF (Yin,
Mawhinney) is speed up by a factor of 4 or more by Fourier acceleration in 5D
[Edward, Heller]

All in all, sloppy solve compared to the traditional CG is 160 times faster on the physical
point 48 cube case. And ~100 and 200 times for the 32 cube, Mpi=170 MeV, 140, in this
proposal (1,200 eigenV for 32cube) .

20,000 600 x 32/10
E;OO X ;00/ = 33.3 x 6.4 = 210 times faster
N—— = ~~ = 78
MADWF+zMobius+deflation  AMA-+zMobius




[ Blum, TI, Shintani PRD 88 (2013) 094503 ]
Covariant Approximation Averaging ( CAA)
a new class of Error reduction techniques

attce

Original O _ C’)(appx) + O(reSt) Symmetry

v 1

unbiased O(lmp) — I g O(apr) g
imporved NG
gel
Expensive : infrequently measured Cheap : frequently measured

m  00mP) has smaller error
0@prx) need to be cheap & not to be too
accurate
N; suppresses the bulk part of noise cheaply

ensemble
. . . . imp
New bias-free estimator even without covariant O
approximation by a stochastic choice of source
location for the exact/rest computation is now £ ' Orest
available : Appendix D of arXiv:1402.0244 >
ensemble =




Examples of Covariant Approximations

(contd.)
m All Mode Averaging
AMA :
Sloppy CG or f()\) -
Polynomial :
approximations :

O (@ppx) _ O[Sy,

Sy = me(”’”i\a 1

If quark mass is heavy, e.g. ~ strange,
low mode isolation may be unneccesary

=)
W
k.
—
n
N_

2.5A —

accuracy control :
 |ow mode part : # of eig-mode
 mid-high mode : degree of poly.
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