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Topological Pata Analysis

TDA starts from 21st century for analyzing complicated data
geometrically and topologically

Data Has Shape, Shape Has Meaning, Meaning Drives Value

Gunnar Carlsson’s Gr. (math. Stanford, AYASDI)

- bigdata, social network, medical science, finance, etc

Robert Ghrist’s Gr. (math. UPenn)

- network flow, sensor network

Konstantin Mischaikow’s Gr. (math. Rutgers)

- complex fluid, time series data

Our group in AIMR

- materials science



TDA on Materials Science
Materials TDA in AIMR
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TPA on Materials Science

Shape of Pata

Va«l-a point cloud, atomic configuration, digital image,

sensor network
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TPA on Materials Science Edelsbrunner & Miicke ‘94

Alpha shape

o X ={z; e R™|i=1,...,n}:point cloud

o R™ = U;V; : Voronoi decomp.

o UiBi(’I“) — UZ(BZ(T) ) V;)

o Alpha shape A(X,r):dual of {Bi(r)NV;|i=1,...,n}

(simplicial complex)

o Nerve theorem: U;B;(r) ~ A(X,r)
o A(X,r) c A(X, s) for v < s

easier to analyze by computers

-

filtration:

changing resolution



Homology

geometric = ____ input HE OUtPUt number of
object

¢ -dim “holes”

homology (ring, cavity, etc.)

output

Ho =K :1component
H; = K®*" : 847 rings
Hy; =0 : 0 cavity

notel: Kisafield (K = R, Q, C etc)
note2: CHomP/PHAT for computations




Persistent Homology

(filtered) input OUtPUtI metric info. of
ge:l;?:glc | P H € ¢-dim holes

persistent homology

input: hemoglobin output: persistence diagram
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Persistence Diagram

« It consists of finite points in R’
above the diagonal

+ Each point @ expresses an /-dim hole

“ b & d express birth and death scales

| radius |

birth death



TPA on Materials Science Edelsbrunner, Letscher, Zomorodian, Carlsson, de Silva

Persistent Homology |

PH, (X) ~ 1[3,4]]

o filtration X : X; c X, C ---C X,

o persistent homology [representations on Anj

Hg(.)() : Hg(Xl) i Hg(XQ) TEA e Hg(Xn)

1 2 n
° interval decomposition (Gabriel’s Theorem)

Hy(X) = €D Ilbi, di]
i=1
Ib,d:0—--+—-0—-K—---—>K—->0—---—0

at X, at X,




3. Persistent Homology

Persistence Diagram

Interval decomp: Hi(X) = @P;_, I[b;,d;]

e I|b,d] represents appearance and disappearance of
R e a topological feature at t = b,d in X = {X (¢)

| i LIC-

\E =d—b: llfetlm/

® Dp(X) = {(bs,d;) € RSy :4=1,...,p}: persistence diagram
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TPA on Materials Science

What is glass?

+ Not yet fully answered to “what is glass?”

+ Not liquid, not solid, but something in-between

+ Molecules have disordered configurations, but
sufficient cohesion to maintain rigidity

+ Further geometric understandings of atomic

~ supercooled

configurations are required s3iity

* Solar Energy Glass, DVD, BD, etc.

liquid

glass

/ystal

| temperaturé :

volume
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TPA on Materials Science Nakawura, H., Nishiura et al. Nanotechnology 26 (2015)

1st-Persistence diagrawms of silica

3r : 2
1.8
2.5
1.6
All PP computations today are 2} I”
1.2
performed by CGAL, PHAT and DIPHA | | |
(Thanks !) s
T r 10.6
0.5 104
r 10.2
0 I
-0.5
o 3r 2
1.8
2.5 25 . L
2 2 F_ 1.4
2:3 2 2 1.2
; 15 = 15 F
A 8§ 10.8
1 it
10.6
r 104
0.5 0.5
_ crystal -
0.5 — 950 o5 1 15 2 15 3




TPA on Materials Science Nakawura, H., Nishiura et al. Nanotechnology 26 (2015)

Support dim and order parameter

0-dim support results from periodic
atomic locations of crystals

1-dim support (curves!) appears

2-dim support results from random
atomic locations of liquids

Rewmark
1. topological approach for glass transition ?
2. I'll talk about this later from statistical viewpoint




TDA on Materials Science Nakawvura, H. , Nishiura et al. Nanotechnology 26 (2015)

Geowetric origins of curves
2
L8 structures?

what are the geometric origins of
the curves?

Multiplicity

(e.g., find optimal cycles)

hierarchical ring structure

Cp: primary rings generating the others —» Co: three oxygen rings

B

Cr: triangles on tetrahedra Bo: oxygen rings (> four)




From materials science to math

representation theory
glass » compressed

study persistence of both spatial and
compression senses in pressurization

inverse problem

develop methods to study inverse problewms
(applications: design, rigidity, etc)

random topology

topological statistics

3 N 3
18

25 25
1.6

2 1.4 N

Death(A?)

—8.5 0 0.5 1 15 2 25 3
Birth(A?)

liquid H‘ } / glass 5

understand random topological features
to characterize ordered structures

liquid to glass .
4 su[;ercooled
1qu1d L
b liquid
s/

. how detect?

15
Birth(A?)

2

temperature

detect glass fransition and capture
principal behaviors in statistical methods




Representation and Generalized PD

o filtration X : X; C --- C X, key property
interval decomposition
o persistent homology PH,(X): Hy(Xy) — -+ — Hy(X,) ~ € I[b, d]
Ib,d:0—---20—-K—---2K—>0—>---—0 :
at x, at X, K : field

o persistence diagram (PD) D,(X) = {(b,d) € R? appearing in+}

« each point in PD is a hole in
., O N\ <\ data
° e ° * points close to diagonal are
. = N - —l pon
birtlt: « deat(lll(_o HO}SY .
* points away from diagonal are
blow up balls robust
o A, persistent module Hy(X1) & Hp(X2) «— -+ = Hp(Xn_1) « He(X @I b, d]
0> 0<«. —>01<—>O representatlon on A, qulver\ interval decomposition
: z e is available
Applications: time series analysis, protein folding, etc
m 04 >°< ........ >°
o A,, ® A, persistent module (Escolar & H. Discrete Comput. Geom.) T T T
indecomposable decomposition are not trivial! i i *
research topics: matrix methods ), dhosmm o >$
and bocs for 4,, ® A, ST 154
n

(Asashiba, Escolar, Takeuchi, H) 1 2

Applications: spatio-temporal TDA



Random Topology

Characterize stochastic properties of data

Random simplicial complexes and its persistence diagrams
. C I I &= Da & o percolation, Erdés—Rényi thm
e I © Frieze’s £ (3) theorem
Erdos—Renyl random graph ( process © asymptotic behaviors, etc
higher dim. higher dim.
generalization generalization
@ (e @ a8 @ s @ e o Generalized Frieze’s € (3) theorem
: : . ; >+ (H & Shirai. arXiv:1503.05669)
random simplicial complex (process)

Research Topics

© limiting theorem of PD o random walk on simplicial o birth-death Markov chain

o high dimentional Wilson algorithm complex and generalized persistence

Random point process on R" and its persistence diagrams

Research Topics
o PD for (quasi) periodic o Point process (Poisson, Cox,

configuration and its perturbation etc. ) and their PDs

o characterizing PDs for softmatter




Persistent Inverse Problem

Continuation of point clouds via PDs  Gameiro, H, Obayashi. Physica D (2016)

© Given initial correspondence D = f(X)

: persistence : :
oRERen target PD D ~ D, Sl point cloud X et . persistence diagram D
X' st. D' = f(X') /
o persistence map / is differentiable
o apply the continuation method in dynamical ':ZEE;
systems (with pseudo-inverse operator) &
© existence and uniqueness, bifurcation, singularity
o Applications: material design, prediction of geometric structure
Compressive sensing for persistent homology NN

X — C(X) — D, (X)
point cloud chain cplx PD

© find minimum representative 2. in a homology class
o sparse optimization problem: dim C,(X) > [|z:|o

compressive sensing for <

o possible to extract detailed geometric features




Topological Statistics

Statistical reliability of PDs

background

Lack of sample data for statistics

(ex: soft-matter experiments in

limited situation)

Reliability of PDs?

|

|

H.(Y1) —— H,.(Y;) —— H.(Y3)

Research topics
bootstrap method for PDs using 4, ® A,

H.(Y,)

\ \
7T e e e 4
\ \
7 e e 4

indecomposable decom. provides reliability of PD!

H,(X,) resampling PH

original PH

Kernel method: Statistics for PDs

background

Statistical methods for PDs

(SVM, PCA, change point detects,
regression, etc)

7)I—7C

7)—7B 17/

classification???

research topics

Develop kernel
methods for PDs

(Kusano, Fukumizu, H)

« kernel method for

PDs: persistence
weighted Gaussian
kernel (PWGK)

- stability theorem
+ vectorization of PD

Application
.0‘.
I S." s
;-
3100K %
w w w w @
1 40 80 Y=

pA
red: > 3100K
blue: < 31005 1

kernel Fisher discriminant

kernel PCA

] liquid

Co 'rarfs to




topological statistics G. Kusano, K. Fukumizu, Y.H., ICML (2016)

Glass transition temperature

Convention to determine GTT in physics:

18 oy — Since two slopes are close,
t. t 7 L]
8 182 caing om enysta GTT interval becomes large.
>
i © 184 |
y— =
< S
_,'-‘_é g 8er
(DR S 188 L : 3 5 o
kernel change point detection
-19 T, T .
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: = OC 1500 2000 2500 3000 3500 4000
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topological statistics G. Kusano, K. Fukumizu, Y.H. ICML (2016)

Glass transition temperature

Convention to determine GTT in physics:

T T deling — Since two slopes are close,
%g sz heaingfromonystd GTT interval becomes large.
o T g4l
TS E 18.4
< 2 486 |
£ | £
: = -18.8 ‘ : . .
kernel change point detection
: : g 2 T T and kernel PCA based on
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