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陽子の大きさの問題
! Charge radius of the nucleon 

!              discrepancy between µH and H / e-p scattering

Size of the Proton

2

FIG. 1: Extractions of the proton charge radius from muonic hydrogen measurements [1, 2], hydrogen
spectroscopy [3], electron scattering measurements at Mainz [6, 7], and a global analysis of earlier world
data [4]. The direct average shown is compared to the CODATA-2010 evaluation [3]. Figure courtesy of
Randolf Pohl.

warranted. While none of these appear likely to resolve to the discrepancy with muonic hydrogen

measurements, some issues remain which deserve more detailed examination.

II. GENERAL ISSUES IN THE EXTRACTION OF THE RADII

One obtains the charge and magnetic form factors, GE(Q2) and GM(Q2), from unpolarized

cross section measurements by performing a Rosenbluth separation [9] which uses the angle-

dependence at fixed Q2 to separate the charge and magnetic contributions. The cross section at

fixed Q2 is proportional to the ’reduced’ cross section σR = τG2
M + εG2

E, where τ = Q2/(4M2
p )

and ε−1 = [1 + 2(1 + τ) tan2(θ/2)]. At low Q2, the magnetic contribution is strongly suppressed

except for very small ε values, corresponding to large scattering angle. Because of the difficul-

ties in making very large angle scattering measurements at low Q2, a significant extrapolation to

ε = 0 is required and even sub-percent uncertainties on the cross sections can yield significant

uncertainties on small contribution from GM(Q2).

Because one often combines data from many experiments, each of which has an uncertainty in

its normalization uncertainty, the normalizations factors of the limited number of large-angle data

sets have a great impact on the extraction of GM . If these normalization factors are allowed to

vary in the fit, which is the most common approach, then a small shift in normalization between

large and small angle data sets can yield a significant shift of strength between GE and GM over

a range in Q2 values. Polarization observables are sensitive to the ratio GE/GM [10, 11] and can

thus provide not only direct information on the form factors, but also improve the determination

∼ 7σ

[Arrington, arXiv:1506.00873]
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�
γµF1(q2) + iσµν qν

2m
F2(q2)

�
u(p, s)

GE(Q
2) = F1(Q

2)− τF2(Q
2)

GM (Q2) = F1(Q
2) + F2(Q

2)

�p�|V µ(q)|p� = u(p�)
�
γµF1(q2) + iσµν qν

2M
F2(q2)

�
u(p)

= u(p�)

�
(p� + p)µ

2M

GE(q2)− q2

4M2 GM (q2)
1− q2

4M2

+ iσµν qν

2M
GM (q2)

�
u(p)

GE(q2) = 1 +
q2

6
�r2�E +O(q4)陽子電荷半径：

[Arrington, arXiv:1506.00873]

ep散乱

水素原子分光

μ水素原子分光

q2 < 0



陽子の大きさの問題
! Charge radius of the nucleon 

!              discrepancy between µH and H / e-p scattering

Size of the Proton

2

FIG. 1: Extractions of the proton charge radius from muonic hydrogen measurements [1, 2], hydrogen
spectroscopy [3], electron scattering measurements at Mainz [6, 7], and a global analysis of earlier world
data [4]. The direct average shown is compared to the CODATA-2010 evaluation [3]. Figure courtesy of
Randolf Pohl.

warranted. While none of these appear likely to resolve to the discrepancy with muonic hydrogen

measurements, some issues remain which deserve more detailed examination.

II. GENERAL ISSUES IN THE EXTRACTION OF THE RADII

One obtains the charge and magnetic form factors, GE(Q2) and GM(Q2), from unpolarized

cross section measurements by performing a Rosenbluth separation [9] which uses the angle-

dependence at fixed Q2 to separate the charge and magnetic contributions. The cross section at

fixed Q2 is proportional to the ’reduced’ cross section σR = τG2
M + εG2

E, where τ = Q2/(4M2
p )

and ε−1 = [1 + 2(1 + τ) tan2(θ/2)]. At low Q2, the magnetic contribution is strongly suppressed

except for very small ε values, corresponding to large scattering angle. Because of the difficul-

ties in making very large angle scattering measurements at low Q2, a significant extrapolation to

ε = 0 is required and even sub-percent uncertainties on the cross sections can yield significant

uncertainties on small contribution from GM(Q2).

Because one often combines data from many experiments, each of which has an uncertainty in

its normalization uncertainty, the normalizations factors of the limited number of large-angle data

sets have a great impact on the extraction of GM . If these normalization factors are allowed to

vary in the fit, which is the most common approach, then a small shift in normalization between

large and small angle data sets can yield a significant shift of strength between GE and GM over

a range in Q2 values. Polarization observables are sensitive to the ratio GE/GM [10, 11] and can

thus provide not only direct information on the form factors, but also improve the determination

∼ 7σ

[Arrington, arXiv:1506.00873]

Gp
E(Q

2) = 1− Q2

6
�r2�E + p+ . . .

Electromagnetic Form Factors

N

�

p
p�

k
k�

q

θ

�p�, s�|Jµ(�q)|p, s� = ū(p�, s�)
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強い相互作用の第一原理計算＝格子QCD計算から
陽子の大きさの問題に取り組むことは現実的か？

形状因子は格子QCD計算からもアクセスできる



pictures 山形大学アクセス

Description 核子、ハドロンの内部構造をクォーク・グルーオン描像として理解するためには、高エネルギー QCD に基づく多くの理論的、実
験的な方法があり、近年も発展が続いています。原子核も含めた３次元的な内部構造を研究、理解することは重要課題であり、
QCD の多様性、クォーク・グルーオン描像の原理的な理解、高エネルギー陽子衝突、原子核衝突の始状態、終状態の理解に対し
ても大きな影響があります。これらの研究の将来の発展のため、定期的に勉強会を開催しています。今回の講演は日本語で行なわ
れます。

Material:

第5回　高エネルギーQCD・核子構造勉強会
Saturday, 4 April 2015 from 08:00 to 18:00 (Asia/Tokyo) 
at 山形大学小白川キャンパス ( 理学部１３番講義室 )

Saturday, 4 April 2015
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14:50 - 15:30
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格子QCD計算の基礎的事項に
ついての詳しい内容はこちら

http://indico2.riken.jp/indico/conferenceDisplay.py?confId=1823
http://indico2.riken.jp/indico/conferenceDisplay.py?confId=1823


この講演では
1. 核子形状因子を計算方法
2.これまでの格子QCD計算における問題
3.物理点格子QCD計算による最新結果

• PACS collaborationのゲージ配位
• z展開法による形状因子の解析
4.まとめ



核子形状因子の計算方法



ハドロンの質量

•演算子と同じ量子数を持つハドロン状態の中間状
態で展開すると
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F1(0) = 1, F2(0) = µp − µn − 1 = 3.7059
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from the neutron beta decay
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これまでの格子QCD計算
における問題



格子QCDシミュレーションの数年前

動的クォークの数
２＋１フレーバー（mu=md≠ms, mc,b,t=∞）

格子間隔（カットオフ）
1.5 GeV - 2.2 GeV 

有限体積（空間のサイズ）
2.0 fm - 3.0 fm

クォークの質量（π中間子の質量)
300 MeV 以下



格子QCDシミュレーションの現状

動的クォークの数
１＋１＋１フレーバー（mu≠md≠ms, mc,b,t=∞）
１＋１＋１＋１フレーバー（mu≠md≠ms≠mc, mb,t=∞）

格子間隔（カットオフ）
2.0 GeV - 3.0 GeV 

有限体積（空間のサイズ）
3.0 fm - 5.6 fm

クォークの質量（π中間子の質量)
135 - 200 MeV (物理点直上を含む）



格子QCDのこれまでの成果は？Hadron Spectrum

(measured at or extrapolated to the physical point)

• Dürr et al. (BMW) Science 322 (2008) 1224

2+1 impr. Wilson fermions,

mPS ≥ 190 MeV

• Aoki et al. (PACS-CS) Phys. Rev. D79(2009) 034503

2+1 impr. Wilson fermions,

mPS ≥ 160 MeV no systematic error incl.

• Lin et al. (HSC) Phys. Rev. D79 (2009) 034502

2+1 anistropic Clover fermions,

mPS ≥ 370 MeV no systematic error incl.

• Alexandrou et al. (ETMC) Phys. Rev. D78 (2008)

014509

2 twisted mass fermions,

mPS ≥ 300 MeV

• MILC prelim. arXiv:0903.3598[hep-lat],. . .

2+1 impr. staggered fermions,

mPS ≥ 240 MeV no systematic error incl.

• LHPC Phys.Rev. D79 (2009) 054502

MA: 2+1 stagg. sea/DWF valence,

mPS ≥ 300 MeV
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E. E. Scholz — Light Hadron Masses and Decay Constants 1

2+1 flavor staggered QCD 
(HPQCD/MILC/UKQCD/Fermilab) 2+1 flavor light hadron spectroscopy

From Scholz@lattice2010

現実的に近いシミュレーションによる計算結果の精密化



ただし、精密計算は主に、、、

クォーク質量やカイラル凝縮

結合定数αs

ハドロンの質量（基底状態）

π、K中間子などのweak matrix element
核子を含むバリオンの物理ではoctet, decuplet　バリ
オンの質量のみ
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核子の大きさの問題
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dipole form: 
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Dirac rms

T. Yamazaki et al., Phys. Rev. D79 (2009) 114505. 
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Note added.—After the completion of this work, we
became aware of a paper [7] where the nucleon axial-
vector form factor FAðq2Þ and induced pseudoscalar form
factor FPðq2Þ are calculated in quenched and unquenched
lattice QCD using Wilson fermions.

APPENDIX A: VARIOUS RMS RADII IN THE
VECTOR CHANNEL

In Table I, the electric charge and magnetization radii for
the proton and neutron are summarized. Using these ex-
perimental values, the isovector electric charge and iso-
vector magnetization radii can be evaluated by the
following relations [4,8]:

hðrvEÞ2i # $6
1

Gv
Eðq2Þ

dGv
Eðq2Þ
dq2

!!!!!!!!q2¼0
¼ hðrpEÞ2i$ hðrnEÞ2i;

(A1)

hðrvMÞ2i # $6
1

Gv
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dGv
Mðq2Þ
dq2

!!!!!!!!q2¼0

¼ !p

!v
hðrpMÞ2i$
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!v
hðrnMÞ2i; (A2)

where Gv
EðMÞðq2Þ ¼ Gp

EðMÞðq2Þ $Gn
EðMÞðq2Þ and !v ¼

!p $!n. Then, one obtains
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrvEÞ2i

q
¼ 0:939ð5Þ fm and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrvMÞ2i

q
¼ 0:862ð14Þ fm. Similarly, the rms radii for the

isovector Dirac form factor Fv
1 ðq2Þ ¼ Fp

1 ðq2Þ $ Fn
1 ðq2Þ

and the isovector Pauli form factor Fv
2 ðq2Þ ¼ Fp

2 ðq2Þ $
Fn
2 ðq2Þ can be given through the following relations [4,8]:

hðrv1 Þ2i ¼ hðrvEÞ2i$
3

2

Fv
2 ð0Þ
M2

N

; (A3)

hðrv2 Þ2i ¼
1

!v $ 1
ð!vhðrvMÞ2i$ hðrv1 Þ2iÞ; (A4)

which yield
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrv1 Þ2i

q
¼ 0:797ð4Þ fm and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrv2 Þ2i

q
¼

0:879ð18Þ fm.

APPENDIX B: GENERALIZED GOLDBERGER-
TREIMAN RELATION AND PION-POLE

DOMINANCE

The generalized Goldberger-Treiman relation is derived
from the nucleon matrix elements of the currents on both
sides of the axial Ward-Takahashi identity [24];
@"A

a
"ðxÞ ¼ 2m̂PaðxÞ where the exact isospin symmetry is

considered as m̂ ¼ mu ¼ md. The nucleon matrix element
of the divergence of the axial-vector current is represented
in the following form:

hNðp0Þj@"Aa
"ð0ÞjNðpÞi

¼ !uNðp0Þ½iðp6 $ p6 0ÞFAðq2Þ $ q2FPðq2Þ'#5t
auNðpÞ

¼ ½2MNFAðq2Þ $ q2FPðq2Þ' !uNðp0Þ#5t
auNðpÞ: (B1)

Here, it is worth mentioning that we have used the Dirac
equation for the nucleon !uNðpÞðip6 þMNÞ ¼ ðip6 þ
MNÞuNðpÞ ¼ 0 to get from the first line to the second
line. Then, one easily finds that the q2 dependences of
three form factors are constrained by the following rela-
tion:

2MNFAðq2Þ ¼ q2FPðq2Þ þ 2m̂GPðq2Þ; (B2)

which is a consequence of the axial Ward-Takahashi iden-
tity. This expression may be referred to as the generalized
Goldberger-Treiman relation [24].
Here, we discuss the case where the limits m̂ ! 0 and

q2 ! 0 are taken on Eq. (B2). Of course, the left-hand side
(l.h.s.) of Eq. (B2) yields a nonzero value in the double
limit. First, we consider the case where the chiral limit is
first taken before the limit of q2 ! 0.

lim
q2!0

ð lim
m̂!0

2MNFAðq2ÞÞ ¼ lim
q2!0

ðq2 lim
m̂!0

FPðq2ÞÞ; (B3)

which requires the massless pion pole in FPðq2Þ in the
chiral limit [36] as limm̂!0FPðq2Þ / 1

q2
for nonvanishing of

the l.h.s. of Eq. (B3). Secondly, the chiral limit is taken
after the limit of q2 ! 0:

lim
m̂!0

ð lim
q2!0

2MNFAðq2ÞÞ ¼ lim
m̂!0

ð2m̂ lim
q2!0

GPðq2ÞÞ; (B4)

which requires the 1=m̂ singularity in GPðq2Þ at q2 ¼ 0 as
limq2!0GPðq2Þ / 1

m̂ ) 1
m2

$
for nonvanishing of the l.h.s. of

Eq. (B4). As a result, FPðq2Þ and GPðq2Þ must have the
pion-pole structure, which should become dominant at low
q2 [36]. Therefore, one can deduce that FPðq2Þ and GPðq2Þ
are described by the following forms, at least, in the
vicinity of the pole position q2 ¼ $m2

$ [36,53]:
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Note added.—After the completion of this work, we
became aware of a paper [7] where the nucleon axial-
vector form factor FAðq2Þ and induced pseudoscalar form
factor FPðq2Þ are calculated in quenched and unquenched
lattice QCD using Wilson fermions.

APPENDIX A: VARIOUS RMS RADII IN THE
VECTOR CHANNEL

In Table I, the electric charge and magnetization radii for
the proton and neutron are summarized. Using these ex-
perimental values, the isovector electric charge and iso-
vector magnetization radii can be evaluated by the
following relations [4,8]:

hðrvEÞ2i # $6
1

Gv
Eðq2Þ

dGv
Eðq2Þ
dq2

!!!!!!!!q2¼0
¼ hðrpEÞ2i$ hðrnEÞ2i;

(A1)

hðrvMÞ2i # $6
1

Gv
Mðq2Þ

dGv
Mðq2Þ
dq2

!!!!!!!!q2¼0

¼ !p

!v
hðrpMÞ2i$

!n

!v
hðrnMÞ2i; (A2)

where Gv
EðMÞðq2Þ ¼ Gp

EðMÞðq2Þ $Gn
EðMÞðq2Þ and !v ¼

!p $!n. Then, one obtains
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrvEÞ2i

q
¼ 0:939ð5Þ fm and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrvMÞ2i

q
¼ 0:862ð14Þ fm. Similarly, the rms radii for the

isovector Dirac form factor Fv
1 ðq2Þ ¼ Fp

1 ðq2Þ $ Fn
1 ðq2Þ

and the isovector Pauli form factor Fv
2 ðq2Þ ¼ Fp

2 ðq2Þ $
Fn
2 ðq2Þ can be given through the following relations [4,8]:

hðrv1 Þ2i ¼ hðrvEÞ2i$
3

2

Fv
2 ð0Þ
M2

N

; (A3)

hðrv2 Þ2i ¼
1

!v $ 1
ð!vhðrvMÞ2i$ hðrv1 Þ2iÞ; (A4)

which yield
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrv1 Þ2i

q
¼ 0:797ð4Þ fm and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrv2 Þ2i

q
¼

0:879ð18Þ fm.

APPENDIX B: GENERALIZED GOLDBERGER-
TREIMAN RELATION AND PION-POLE

DOMINANCE

The generalized Goldberger-Treiman relation is derived
from the nucleon matrix elements of the currents on both
sides of the axial Ward-Takahashi identity [24];
@"A

a
"ðxÞ ¼ 2m̂PaðxÞ where the exact isospin symmetry is

considered as m̂ ¼ mu ¼ md. The nucleon matrix element
of the divergence of the axial-vector current is represented
in the following form:

hNðp0Þj@"Aa
"ð0ÞjNðpÞi

¼ !uNðp0Þ½iðp6 $ p6 0ÞFAðq2Þ $ q2FPðq2Þ'#5t
auNðpÞ

¼ ½2MNFAðq2Þ $ q2FPðq2Þ' !uNðp0Þ#5t
auNðpÞ: (B1)

Here, it is worth mentioning that we have used the Dirac
equation for the nucleon !uNðpÞðip6 þMNÞ ¼ ðip6 þ
MNÞuNðpÞ ¼ 0 to get from the first line to the second
line. Then, one easily finds that the q2 dependences of
three form factors are constrained by the following rela-
tion:

2MNFAðq2Þ ¼ q2FPðq2Þ þ 2m̂GPðq2Þ; (B2)

which is a consequence of the axial Ward-Takahashi iden-
tity. This expression may be referred to as the generalized
Goldberger-Treiman relation [24].
Here, we discuss the case where the limits m̂ ! 0 and

q2 ! 0 are taken on Eq. (B2). Of course, the left-hand side
(l.h.s.) of Eq. (B2) yields a nonzero value in the double
limit. First, we consider the case where the chiral limit is
first taken before the limit of q2 ! 0.

lim
q2!0

ð lim
m̂!0

2MNFAðq2ÞÞ ¼ lim
q2!0

ðq2 lim
m̂!0

FPðq2ÞÞ; (B3)

which requires the massless pion pole in FPðq2Þ in the
chiral limit [36] as limm̂!0FPðq2Þ / 1

q2
for nonvanishing of

the l.h.s. of Eq. (B3). Secondly, the chiral limit is taken
after the limit of q2 ! 0:

lim
m̂!0

ð lim
q2!0

2MNFAðq2ÞÞ ¼ lim
m̂!0

ð2m̂ lim
q2!0

GPðq2ÞÞ; (B4)

which requires the 1=m̂ singularity in GPðq2Þ at q2 ¼ 0 as
limq2!0GPðq2Þ / 1

m̂ ) 1
m2

$
for nonvanishing of the l.h.s. of

Eq. (B4). As a result, FPðq2Þ and GPðq2Þ must have the
pion-pole structure, which should become dominant at low
q2 [36]. Therefore, one can deduce that FPðq2Þ and GPðq2Þ
are described by the following forms, at least, in the
vicinity of the pole position q2 ¼ $m2

$ [36,53]:
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Figure 10: Dirac (left) and Pauli (right) radii as a function of m! . The lattice data correspond to:
Nf=2+1 DWF (RBC/UKQCD [12, 39]), Nf=2 TMF (ETMC [40]), Nf=2+1 DWF (LHPC [41]), Nf=2+1
DWF on asqtad sea (LHPC [15]), Nf=2 Clover (QCDSF/UKQCD [17], QCDSF [42], CLS/MAINZ [43]),
Nf=2+1+1 TMF (ETMC [24]), Nf=2+1+1 HISQ (PNDME [25]), Nf=2+1 Clover (LHPC [33]), Nf=2
TMF with Clover (ETMC [34]). The experimental points have been taken from Refs. [2, 3].

In the left panel of Fig. 11 we plot r1 for a range of pion mass as the sink-source separation
increases. The study is carried out by LHPC [33] and ETMC [34] and it include the result of the
summation method. There is a clear upward tendency as the sink-source time separation increases.
Although the results from the summation method agree with the value extracted from the plateau
method for the largest sink-source time separation, the errors on the results at lowest values of the
pion masses are still large and currently do not allow to reach a definite conclusion.
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Figure 11: Left: Isovector 〈r2
1〉 for various ensembles and different source-sink separations [33, 34]. Right:

Isovector GM for TMF extracted from a position space method [44].

In order to extract the anomalous magnetic moment one needs to fit the Q2-dependence of GM .
Typically one employs a dipole form to extrapolate at Q2 = 0 introducing a model-dependence.
Exploratory studies based on a position space method can yield GM(0) directly without having to
perform a fit. This method involves taking the derivative of the relevant correlator with respect
to the momentum, allowing access to zero momentum data. Thus, there is no need to assume a
functional form for the momentum dependence. Such a study is performed for GM [44] and the
results are shown in the right panel of Fig. 11.
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Figure 10: Dirac (left) and Pauli (right) radii as a function of m! . The lattice data correspond to:
Nf=2+1 DWF (RBC/UKQCD [12, 39]), Nf=2 TMF (ETMC [40]), Nf=2+1 DWF (LHPC [41]), Nf=2+1
DWF on asqtad sea (LHPC [15]), Nf=2 Clover (QCDSF/UKQCD [17], QCDSF [42], CLS/MAINZ [43]),
Nf=2+1+1 TMF (ETMC [24]), Nf=2+1+1 HISQ (PNDME [25]), Nf=2+1 Clover (LHPC [33]), Nf=2
TMF with Clover (ETMC [34]). The experimental points have been taken from Refs. [2, 3].

In the left panel of Fig. 11 we plot r1 for a range of pion mass as the sink-source separation
increases. The study is carried out by LHPC [33] and ETMC [34] and it include the result of the
summation method. There is a clear upward tendency as the sink-source time separation increases.
Although the results from the summation method agree with the value extracted from the plateau
method for the largest sink-source time separation, the errors on the results at lowest values of the
pion masses are still large and currently do not allow to reach a definite conclusion.
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Figure 11: Left: Isovector 〈r2
1〉 for various ensembles and different source-sink separations [33, 34]. Right:

Isovector GM for TMF extracted from a position space method [44].

In order to extract the anomalous magnetic moment one needs to fit the Q2-dependence of GM .
Typically one employs a dipole form to extrapolate at Q2 = 0 introducing a model-dependence.
Exploratory studies based on a position space method can yield GM(0) directly without having to
perform a fit. This method involves taking the derivative of the relevant correlator with respect
to the momentum, allowing access to zero momentum data. Thus, there is no need to assume a
functional form for the momentum dependence. Such a study is performed for GM [44] and the
results are shown in the right panel of Fig. 11.
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格子QCDにおける核子の大きさの問題

物理点近傍における急激な核子サイズ
の増大が観測されない
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Figure 10: Dirac (left) and Pauli (right) radii as a function of m! . The lattice data correspond to:
Nf=2+1 DWF (RBC/UKQCD [12, 39]), Nf=2 TMF (ETMC [40]), Nf=2+1 DWF (LHPC [41]), Nf=2+1
DWF on asqtad sea (LHPC [15]), Nf=2 Clover (QCDSF/UKQCD [17], QCDSF [42], CLS/MAINZ [43]),
Nf=2+1+1 TMF (ETMC [24]), Nf=2+1+1 HISQ (PNDME [25]), Nf=2+1 Clover (LHPC [33]), Nf=2
TMF with Clover (ETMC [34]). The experimental points have been taken from Refs. [2, 3].

In the left panel of Fig. 11 we plot r1 for a range of pion mass as the sink-source separation
increases. The study is carried out by LHPC [33] and ETMC [34] and it include the result of the
summation method. There is a clear upward tendency as the sink-source time separation increases.
Although the results from the summation method agree with the value extracted from the plateau
method for the largest sink-source time separation, the errors on the results at lowest values of the
pion masses are still large and currently do not allow to reach a definite conclusion.
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Figure 11: Left: Isovector 〈r2
1〉 for various ensembles and different source-sink separations [33, 34]. Right:

Isovector GM for TMF extracted from a position space method [44].

In order to extract the anomalous magnetic moment one needs to fit the Q2-dependence of GM .
Typically one employs a dipole form to extrapolate at Q2 = 0 introducing a model-dependence.
Exploratory studies based on a position space method can yield GM(0) directly without having to
perform a fit. This method involves taking the derivative of the relevant correlator with respect
to the momentum, allowing access to zero momentum data. Thus, there is no need to assume a
functional form for the momentum dependence. Such a study is performed for GM [44] and the
results are shown in the right panel of Fig. 11.
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Figure 10: Dirac (left) and Pauli (right) radii as a function of m! . The lattice data correspond to:
Nf=2+1 DWF (RBC/UKQCD [12, 39]), Nf=2 TMF (ETMC [40]), Nf=2+1 DWF (LHPC [41]), Nf=2+1
DWF on asqtad sea (LHPC [15]), Nf=2 Clover (QCDSF/UKQCD [17], QCDSF [42], CLS/MAINZ [43]),
Nf=2+1+1 TMF (ETMC [24]), Nf=2+1+1 HISQ (PNDME [25]), Nf=2+1 Clover (LHPC [33]), Nf=2
TMF with Clover (ETMC [34]). The experimental points have been taken from Refs. [2, 3].

In the left panel of Fig. 11 we plot r1 for a range of pion mass as the sink-source separation
increases. The study is carried out by LHPC [33] and ETMC [34] and it include the result of the
summation method. There is a clear upward tendency as the sink-source time separation increases.
Although the results from the summation method agree with the value extracted from the plateau
method for the largest sink-source time separation, the errors on the results at lowest values of the
pion masses are still large and currently do not allow to reach a definite conclusion.

sequential method, 1200 confs
y-summation GM (k̂2 = 0)

y-summation, qmax = 4, 300 confs

(ak̂)2

G
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(k̂
2
)
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5

4

3

2

1

0

Figure 11: Left: Isovector 〈r2
1〉 for various ensembles and different source-sink separations [33, 34]. Right:

Isovector GM for TMF extracted from a position space method [44].

In order to extract the anomalous magnetic moment one needs to fit the Q2-dependence of GM .
Typically one employs a dipole form to extrapolate at Q2 = 0 introducing a model-dependence.
Exploratory studies based on a position space method can yield GM(0) directly without having to
perform a fit. This method involves taking the derivative of the relevant correlator with respect
to the momentum, allowing access to zero momentum data. Thus, there is no need to assume a
functional form for the momentum dependence. Such a study is performed for GM [44] and the
results are shown in the right panel of Fig. 11.
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Hadron Structure Martha Constantinou

!R(",!q) = ZO !(",!q) . (2.4)

Finally, the nucleon matrix elements can be parameterized in terms of Generalized Form Fac-
tors (GFFs). As an example we take the axial current insertion which decomposes into two Lorentz
invariant Form Factors (FFs), the axial (GA) and pseudoscalar (Gp):

〈N(p′,s′)|#̄(x)$µ $5#(x)|N(p,s)〉= i

(

m2
N

EN(p′)EN(p)

)1/2

ūN(p′,s′)

[

GA(q2)$µ$5+
qµ$5

2mN
Gp(q2)

]

uN(p,s) ,

(2.5)
where q2 is the momentum transfer in Minkowski space (hereafter, Q2 =−q2).

In these proceedings I will mostly consider the flavor isovector combination for which the
disconnected contribution cancels out; strictly speaking, this happens for actions with exact isospin
symmetry. Another advantage of the isovector combination is that the renormalization simplifies
considerably.

2.1 Nucleon Axial Charge

One of the fundamental nucleon observables is the axial charge, gA ≡ GA(0), which is deter-
mined from the forward matrix element of the axial current. gqA gives the intrinsic quark spin in the
nucleon. It governs the rate of % -decay and has been measured precisely. In the lattice QCD it can
be determined directly from the evaluation of the matrix element and thus, there is no ambiguity
asocciated to fits. For this reasons, gA is an optimal benchmark quantity for hadron structure com-
putations. It is thus essential for lattice QCD to reproduce its experimental value or if a deviation
is observed to understand its origin.
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Figure 2: Collection of lattice results for gA. In chronological order these correspond to: Nf=2+1 DWF
(RBC/UKQCD [11, 12], RBC/UKQCD [13], (QCD [14]), Nf=2+1 DWF on asqtad sea (LHPC [15]),
Nf=2 TMF (ETMC [16]), Nf=2 Clover (QCDSF/UKQCD [17], CLS/MAINZ [18], QCDSF [19],
RQCD [20, 21]), Nf=1+2 Clover (LHPC [22], CSSM [23]), Nf=2+1+1 TMF (ETMC [24]), Nf=2+1+1
HISQ (PNDME [25, 26]), Nf=2 TMF with Clover (ETMC [27]). The asterisk is the experimental value.
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実験値 gA

[M. Constantinou, arXiv:1411.0078]



有限空間における運動量の量子化

周期境界条件

平面波

⇨

運動量の量子化



空間体積と運動量移行の関係
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有効理論・カイラル摂動論のアプローチ

• 低エネルギー(長波長)では複合粒子であるハド
ロンも場の理論(点粒子)で記述できる

• カイラル対称性の自発的な破れに伴う擬南部・
ゴールドストン粒子(パイ中間子など)は長波長極
限で最も意味のある自由度

• ただし、擬南部・ゴールドストン粒子の相互作
用は対称性によって強い制約がかかる



そもそもの疑問

✓ 典型的な空間サイズ　L ～ 2 - 4 fm

✓ 最小の有限な運動量：

- |p| ~ 2π/ L = 0.6 - 0.3 GeV > mπ

cf: Λχ～４πFπ～１ GeV

‣ 低エネルギー有効理論が成り立つ条件があいまい

mπ～|p| << Λχ

有限体積中でカイラル摂動論の予言が正しいか？
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物理点格子QCD計算
による最新結果



物理点近傍、巨大空間体積による
現実的な格子QCDシミュレーション
PACS collaboration [Ishikawa et al., arXiv:1511.09222]
2＋1フレーバー（mu=md≠ms, mc,b,t=∞）
格子点：９６３×９６

格子間隔（カットオフ）
0.085 fm （2.3 GeV）

有限体積（空間のサイズ）
8.0 fm

クォークの質量（π中間子の質量)
145 MeV 

スパーコンピュータ「京」

HPCI戦略プログラム
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物理点近傍、巨大空間体積による
現実的な格子QCDシミュレーション

スパーコンピュータ「京」

HPCI戦略プログラム

12Light hadron spectrum compared with experiment
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964 lattice, a−1 = 2.332(18)GeV.

Physical inputs = mπ, mK, mΩ.

Stable particles in QCD (N,Λ,Σ,Ξ) are
consistent within the errors.

For unstable particles in QCD (ρ,∆, · · · ), we
observe deviations from the experimental values.
→ we need further investigations of those.

強い相互作用に対して安定なハドロンは
誤差の範囲で実験値を再現
注：不安定なハドロン＝共鳴状態

PACS collaboration

核子の質量は約1-2%精度



箱のサイズ（4 fm）

核子の直径サイズ（1.8 fm）

π中間子のコンプトン波長（~1.4 fm）

2 fm

これまでの物理点での格子QCD計算



核子の直径サイズ（1.8 fm）

箱のサイズ（8 fm）

6 fm

π中間子のコンプトン波長（~1.4 fm）

PACS collaboration による
物理点での格子QCD計算



物理点近傍、巨大空間体積による
現実的な格子QCDシミュレーション

核子形状因子プロジェクト@ PACS collaboration
Ishikawa, Kuramashi, Sasaki, Ukawa, Yamazaki + Tsukamoto
104統計での核子形状因子に対するpreliminaryな結果 

[T. Yamazaki for PACS collaboration, arXiv:1511.09179]
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モデル依存性のない解析方法とは？

電荷半径や磁気モーメントを求めるためには形状因子の運動量移
行依存性を知る必要がある

通常、形状因子Gを運動量移行t=-q2の関数として

Dipole型：

ベキ級数型：

Dipole型は典型的なモデルであり、ベキ級型においてもベキ項を
どこで打ち切るかというモデル依存性が排除できない

特に、外挿の場合にはモデル依存性の問題が顕著となる

G(t) =
c0

(1 + c1t)2

G(t) =
�

k

dktk



ベキ級数の収束性

形状因子Gのtに関して正則関数とみなした場合、運動量移行の時間
的領域でπ中間子の対生成過程に起因する分岐点t=-(2mπ)2から始
まる分岐(カット)が存在する

そのため、複素平面t上でのベキ展開　　

は|t|>(2mπ)2において収束性が悪い

物理点でのシミュレーションではこの
収束条件を満たさないデータが多く含
まれる



z展開法

カットを除けばG(t)が正則であるとみなせるので、正則でない部分
が縁となるような等角写像でマップする

Im w

カットが単位円(|z|=1)に、正則な領域はその単位円内に写像される

変数zでの収束性を担保した上で展開　　　　　　　　　を行なう

C. G. Boyd et al., Phys. Lett. B 353 (1995) 306
R.J. Hill and G. Paz, Phys. Rev. D 82 (2010) 113005



z展開法

G(z)の正則性より

散乱振幅のユニタリ性から係数のノルムも有限という条件が付加

➡ 係数はkが大きいところで　　　　          が保証される

➡ z展開は収束性が非常によいと期待される

z展開法：

C. G. Boyd et al., Phys. Lett. B 353 (1995) 306
R.J. Hill and G. Paz, Phys. Rev. D 82 (2010) 113005

∞�

k=0

|ak|2 =
�

dz

z
|G(z)|2 = ||G(z)||2 <∞

z(Q2) =
�

tcut + Q2 −
√

tcut�
tcut + Q2 +

√
tcut

G(Q2) =
kmax�

k=0

akzk
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電気的形状因子
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電気的形状因子 GE(Q2)
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核子の平均二乗半径
計算したアイソベクター形状因子に対する平均二乗半径は、陽子と中性子の
電荷半径との間に以下の関係がある

ただし、

�(rv
E)2� = �(rp

E)2� − �(rn
E)2�

�(rv
E)2� = −6

∂GE(Q2)
∂Q2

����
Q2=0

Root mean squared radius(RMS)

実験値と誤差の範囲で一致！
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計算したアイソベクター磁気形状因子のゼロ点は、陽子と中性子の磁気モー
メントとの間に以下の関係がある

ただし、ゼロ点のデータは計測不能なので、データの外挿が必要

核子の磁気モーメント

GM (0) = µp − µn
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実験値と誤差の範囲で一致！



まとめ
PACS collaborationによって生成されたゲージ配位を用いて
核子形状因子の物理点近傍かつ巨大な空間体積による現実的な
格子QCDシミュレーションをおこなった

モデル依存性のないz展開法を用いて、
電気的形状因子より平均二乗半径
磁気的形状因子より磁気モーメント

が実験値を誤差の範囲で再現できていることが確認できた

→　格子QCDにおける「核子の大きさ問題」はとりあえず解決！
→　ただし、現状での格子QCDにおけるRMSの統計誤差約16%は実験
における約4%の相違に対してまだ4倍程度大きい
→　現時点では104統計を2倍の約200統計まで計算を継続する予定


