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Relativistic many-body theories from quark level

✓ baryons are not point particles!


✓ baryon properties change in medium!


✓ quark-gluon plasma!

 ........

Hadron model many-body method
Self-consistently

𝛔,𝛚,𝛒
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Fig. 3. Systematic calculations of the binding energies of ! hypernuclei in the QMF model.

Table 2. !! binding and bond energies, B!! and"B!! (in MeV) respectively for double-!
hypernuclei for the QMF model, the RMF model, and the available experimental data.

B!! "B!!

A
!!Z Exp. QMF RMF Exp. QMF RMF
6
!!He 6.91 ± 0.16 7.94 5.52 0.67 ± 0.17 0.75 1.07
10
!!Be 11.90 ± 0.13 17.61 16.34 −1.52 ± 0.15 0.18 0.37
11
!!Be 20.49 ± 1.15 19.46 2.27 ± 1.23 0.07
12
!!Be 22.23 ± 1.15 21.00 0.002
13
!!B 23.30 ± 0.70 22.41 22.14 0.60 ± 0.80 −0.07 0.26
42
!!Ca 37.25 38.15 −0.20 0.04
92
!!Zr 45.24 47.11 −0.14 0.03
210
!!Pb 50.73 52.19 −0.08 0.03

For comparison, the latest experimental data of light double-! hypernuclei [38,39] are also included
in the table. Those calculated results of heavy systems can be regarded as the predictions from our
QMF model. Previous results from the RMF model are shown [23], too. It is found that B!! increases
with increasing mass number A, while "B!! decreases at small mass numbers and increases at
large mass numbers in the QMF model. For the light double-! hypernuclei, our results of B!! =
7.94 MeV and"B!! = 0.75 MeV for 6

!!He are very close to the revised data of the Nagara event
(6.91 ± 0.16 and 0.67 ± 0.17, respectively). The calculations of 11

!!Be, 12
!!Be, and 13

!!B are also
consistent with experimental data. However, the value of B!! for 10

!!Be has a difference as large as
5 MeV from the corresponding experimental data. We notice that the experimental values between
10
!!Be and 11

!!Be differ relatively more than those between 11
!!Be and 12

!!Be, and new experiments
should be undertaken for the values of 10

!!Be. In addition, the bond energies of double-! hypernuclei
are found to change sign with the increase of the mass number A and saturate at 42

!!Ca.
Finally, we present in Fig. 4 the binding and bond energies of !! hypernuclei as a function of

the mass number A. When the mass number moves to infinity, the binding energies of double-!
hypernuclei approach 55 MeV, i.e., twice the corresponding single-! energy, while the bond energy
goes to 0. The bond energies of double-! have a saturation point at 42

!!Ca, which is different with
the calculations of the RMF theory using the TM1 and NL-SH parameter set [23], but is consistent
with the recent BHF calculations [26].
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FIG. 4. (Color online) Fractions of leptons and baryons in NS
matter are shown as a function of total baryon density, for both (upper
panel) ks = 700 MeV/fm2 and (lower panel) ks = 1100 MeV/fm2

cases.

Then !− hyperons appear at ρ = 0.46 fm−3, followed by !0

hyperons at ρ = 0.96 fm−3. These two values do not change
much whether we choose the SU(3) breaking potential or
the SU(3) symmetry. The fractions of hyperons increase with
density. Above ρ > 1.25 fm−3, the fractions of # and !− are
almost the same as the fractions of protons and neutrons. $−,
however, will not appear until very high density, up to 2.0 fm−3.
The appearing hyperon sequences are essentially different
from the previous calculations using the quark counting rule
for $ − ω coupling [13], where $− would be the first hyperon
appearing at a similar density of #, as is also the case for the
SU(3) QMF model [28].

We also show the pressure of β-equilibrated matter as a
function of energy density in Fig. 5. The solid curve represents
the EoS including the hyperon, and the dot-dashed curve is
the EoS without hyperons. The EoS becomes softer after the
presence of the strangeness freedom.

The NS properties are calculated by using the EoSs with
or without hyperons obtained from the EQMF theory. The
NS mass-radius relations are plotted in Fig. 6. It is found
that the maximum mass of the NSs, including hyperons, is
around 1.62M⊙, while it is around 1.88M⊙ without hyperons.
Those values are larger than the corresponding results in the
SU(3) QMF model mentioned before. However, both of them
could not explain the observations of 2M⊙ NSs [52]. Our

FIG. 5. (Color online) Pressures for β-equilibrated matter are
shown as a function of the energy density, for cases with or without
hyperons.

results are consistent with the conventional RMF calcula-
tions, including hyperons [1,2,4–6,13,53], and microscopic
studies [54–56] based on developed realistic baryon-baryon
interactions [38].

Since the NS maximum mass is determined by the high-
density region of EoS, a stiffer EoS generates a heavier NS.
It is necessary to introduce the extra repulsive mechanism
in the QMF scheme, as theoretical efforts are done in the
RMF framework in Refs. [3,9–12]. Also, in a recent work
of the QMC model [23], besides the usual σ , ω, ρ fields, a
nonlinear ω − ρ term was introduced (with a new coupling
parameter #v) in the Lagrangian to correct the stiff behavior
of the symmetry energy at large densities. For example, the
slope parameter L of the symmetry energy was lowered from
93.59 MeV to 39.04 MeV for #v = 0.1. As a result, they
got a softer nuclear EoS at high densities (which hinders
the onset of hyperons) and a harder EoS with hyperons.
With the help of the reduction of the attractiveness of !
potential U!, a 2M⊙ NS was finally possible in the model.
Similar extensions can be done in the QMF model. However,
since the maximum mass of the pure NSs is as heavy as
1.88M⊙ in the present QMF model, one would not expect that

FIG. 6. (Color online) Gravitational masses of NSs are shown as
a function of radius, for cases with or without hyperons in the star’s
core. The recently measured pulsar, PSR J1614-2230, is also indicated
with a horizontal shadowed area.
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Properties of hypernuclei and neutron star with QMF model

» Chiral symmetry


» Gluon exchange
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Strangeness system with quark model
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Quark level

• Constituent quark in Dirac equation
[�i↵ ·r+ �m⇤

i + �U(r)]qi(r) = "⇤i qi(r)

where, the effective quark mass is
m⇤

i = mi + gi��

"⇤i = "i � gi! � gi⇢⇢⌧3

and effective single particle energy is

• Confinement potential

U(r) =
1

2
(1 + �0)(ar2 + V0)

• Center-of-mass corrections

hB|
3X

i=1

�0(i){1
3
�(i) ·

3X

j=1

~pj +
1

2
(1 + �0(i))[U(ri)� U(⇢i)]}|Bi

X. Xing, J.H., and H. Shen, Phys. Rev. C 94 (2016) 044308
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Quark level

• Pionic self-energy correction

quarks, respectively. τ3q is the third component of isospin matrix, and mq is the bare quark

mass. Now we can define the following quantities for later convenience,

ϵ′q = ϵ∗q − V0/2, (3)

m′
q = m∗

q + V0/2,

where the effective single quark energy is given by, ϵ∗q = ϵq − gqωω − τ3qgqρρ and the effective

quark mass by m∗
q = mq − gqσσ [18]. We also introduce λq and r0q as

λq = ϵ′q +m′
q, (4)

r0q = (aλq)
− 1

4 .

The nucleon mass in nuclear medium can be expressed as the binding energy of three quarks

named as zeroth-order term, after solving the Dirac equation (2), formally

E∗0
N =

∑

q

ϵ∗q . (5)

The quarks are simply confined in a two-body confinement potential. Three corrections

will be taken into account in the zeroth-order nucleon mass in nuclear medium, including the

center-of-mass correction ϵc.m., the pion correction δMπ
N , and the gluon correction (∆EN)g.

The pion correction is generated by the chiral symmetry of QCD theory and the gluon

correction by the short-range exchange interaction of quarks. The center-of-mass correction

can be obtained [34] from

ϵc.m. = ⟨N |Hc.m.|N⟩, (6)

where Hc.m. is the center of mass Hamiltonian density and |N⟩ is the nucleon state. When

the nucleon wave function is constructed by the quark wave functions, the center-of-mass

correction comes out as

ϵc.m. =
77ϵ′q + 31m′

q

3(3ϵ′q +m′
q)

2r20q
. (7)

In order to restore the chiral symmetry in nucleon, an elementary pion field is introduced

in the present model. Pion contribution is zero in first-order perturbation theory due to

its pseudovector properties. Therefore, we should treat it with second-order perturbation

theory. Then, the pionic self-energy correction on nucleon mass becomes,

δMπ
B = −

∑

k

∑

B′

V †BB′

j V BB′

j

wk
, (8)

5
• Gluon correction

where
∑

k
≡

∑

j

∫

d3k/(2π)3, wk = (k2 +m2
π)

1/2 is the pion energy, and V BB′

j represents the

baryon pion absorption vertex function in the point-pion approximation. Then it can be

simplified as

δMπ
N = −

171

25
Iπf

2
NNπ, (9)

where,

Iπ =
1

πm2
π

∫ ∞

0

dk
k4u2(k)

w2
k

, (10)

with the axial vector nucleon form factor,

u(k) =

[

1−
3

2

k2

λq(5ϵ′q + 7m′
q)

]

e−
1

4
r2
0qk

2

(11)

and fNNπ can be obtained from the Goldberg-Triemann relation by using the axial-vector

coupling-constant value gA in this model. The one-gluon exchange contribution to the mass

is separated into two parts as

(∆EB)g = (∆EB)
E
g + (∆EB)

M
g , (12)

where (∆EB)Eg is the color-electric contribution

(∆EB)
E
g =

1

8π

∑

i,j

8
∑

a=1

∫

d3rid3rj
|r⃗i − r⃗j |

⟨B|J0a
i (r⃗i)J

0a
j (r⃗j)|B⟩, (13)

and (∆EB)Mg the color-magnetic contribution

(∆EB)
M
g = −

1

8π

∑

i,j

8
∑

a=1

∫

d3rid3rj
|r⃗i − r⃗j |

⟨B|J⃗a
i (r⃗i) · J⃗a

j (r⃗j)|B⟩. (14)

Here

Jµa
i (x) = gcψ̄q(x)γ

µλaiψq(x) (15)

is the quark color current density, where λai are the usual Gell-Mann SU(3) matrices and

αc = g2c/4π. Then Eqs. (13) and (14) can be written as

(∆EN )
E
g = αc(buuI

E
uu + busI

E
us + bssI

E
ss), (16)

and

(∆EN )
M
g = αc(auuI

M
uu + ausI

M
us + assI

M
ss ), (17)

6
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• Baryon mass

The detailed forms of color-electric and color-magnetic contributions can be found in Ref.

[55]. Finally, taking the above all energy corrections independently, the mass of baryon in

nuclear medium becomes

M∗
B = E∗0

B − ϵc.m. + δMπ
B + (∆EB)

E
g + (∆EB)

M
g . (22)

Next we would like to connect such a baryon in the medium with nuclear objects, such

as Λ and Ξ0 hypernuclei. A single hypernucleus is treated as a system of many nucleons

and one hyperon which interact through exchanging of σ, ω, and ρ mesons. The QMF

Lagrangian, after the mean-field approximation is applied, can be written as [37–41],

LQMF = ψ̄

[

iγµ∂
µ −M∗

N − gωωγ
0 − gρρτ3γ

0 − e
(1− τ3)

2
Aγ0

]

ψ (23)

+ψ̄H

[

iγµ∂
µ −M∗

H − gHω ωγ
0 +

fH
ω

2MH
σ0i∂iω

]

ψH

−
1

2
(▽σ)2 −

1

2
m2

σσ
2 −

1

3
g2σ

3 −
1

4
g3σ

4

+
1

2
(▽ω)2 +

1

2
m2

ωω
2 +

1

4
c3ω

4

+
1

2
(▽ρ)2 +

1

2
m2

ρρ
2 +

1

2
(▽A)2,

where H denotes Λ or Ξ0 hyperon and the effective masses of baryons, M∗
N and M∗

H are

generated from quark model, Eq. (22). These effective baryon masses are actually related

with scalar mesons in RMF model. Furthermore, we should emphasize that the nonlinear

terms of σ and ω are included additionally in present work comparing with the Lagrangian of

MQMC model [54, 55], since these terms can largely improve the descriptions on properties of

finite nuclei system as shown in our previous work [56]. The tensor coupling between ω meson

and baryons, fH
ω

2MH
σ0i∂iω, can keep providing small spin-orbit splittings of hypernuclei [21,

57].

The equations of motion of baryons and mesons will be obtained via using the Euler-

Lagrange equation. Dirac equations for nucleons and hyperons have the following form:

[

iγµ∂
µ −M∗

N − gωωγ
0 − gρρτ3γ

0 − e
(1− τ3)

2
Aγ0

]

ψ = 0, (24)

[

iγµ∂
µ −M∗

H − gHω ωγ
0 +

fH
ω

2MH
σ0i∂iω

]

ψH = 0.

8
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Baryon level

• Strangeness QMF Lagrangian
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• Dirac equations for baryons

The detailed forms of color-electric and color-magnetic contributions can be found in Ref.

[55]. Finally, taking the above all energy corrections independently, the mass of baryon in

nuclear medium becomes

M∗
B = E∗0

B − ϵc.m. + δMπ
B + (∆EB)

E
g + (∆EB)

M
g . (22)

Next we would like to connect such a baryon in the medium with nuclear objects, such

as Λ and Ξ0 hypernuclei. A single hypernucleus is treated as a system of many nucleons

and one hyperon which interact through exchanging of σ, ω, and ρ mesons. The QMF

Lagrangian, after the mean-field approximation is applied, can be written as [37–41],

LQMF = ψ̄

[

iγµ∂
µ −M∗

N − gωωγ
0 − gρρτ3γ

0 − e
(1− τ3)

2
Aγ0

]

ψ (23)

+ψ̄H

[

iγµ∂
µ −M∗

H − gHω ωγ
0 +

fH
ω

2MH
σ0i∂iω

]

ψH

−
1

2
(▽σ)2 −

1

2
m2

σσ
2 −

1

3
g2σ

3 −
1

4
g3σ

4

+
1

2
(▽ω)2 +

1

2
m2

ωω
2 +

1

4
c3ω

4

+
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(▽ρ)2 +
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ρρ
2 +
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where H denotes Λ or Ξ0 hyperon and the effective masses of baryons, M∗
N and M∗

H are

generated from quark model, Eq. (22). These effective baryon masses are actually related

with scalar mesons in RMF model. Furthermore, we should emphasize that the nonlinear

terms of σ and ω are included additionally in present work comparing with the Lagrangian of

MQMC model [54, 55], since these terms can largely improve the descriptions on properties of

finite nuclei system as shown in our previous work [56]. The tensor coupling between ω meson

and baryons, fH
ω

2MH
σ0i∂iω, can keep providing small spin-orbit splittings of hypernuclei [21,

57].

The equations of motion of baryons and mesons will be obtained via using the Euler-

Lagrange equation. Dirac equations for nucleons and hyperons have the following form:

[

iγµ∂
µ −M∗

N − gωωγ
0 − gρρτ3γ

0 − e
(1− τ3)

2
Aγ0

]

ψ = 0, (24)

[

iγµ∂
µ −M∗

H − gHω ωγ
0 +

fH
ω

2MH
σ0i∂iω

]

ψH = 0.
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• Equations of motion for mesonsThe equations of motion for mesons are given by

∆σ −m2
σσ − g2σ

2 − g3σ
3 =

∂M∗
N

∂σ
⟨ψ̄ψ⟩+

∂M∗
H

∂σ
⟨ψ̄HψH⟩, (25)

∆ω −m2
ωω − c3ω

3 = −gω⟨ψ̄γ0ψ⟩ − gHω ⟨ψ̄Hγ
0ψH⟩+

fH
ω

2MH
∂i⟨ψ̄Hσ

0iψH⟩,

∆ρ−m2
ρρ = −gρ⟨ψ̄τ3γ0ψ⟩,

∆A = −e⟨ψ̄
(1− τ3)

2
γ0ψ⟩.

Here, the coupling constants between ω, ρ mesons and nucleons, gω and gρ, are generated

from quark counting rules, gω = 3gqω and gρ = gqρ, while the ones between ω mesons and

hyperons, gHω and fH
ω will be determined by the properties of hypernuclei and strange nuclear

matter at nuclear saturation density. Above equations of motion of baryons and mesons

can be solved self-consistently with numerical method. From the single-particle energies of

nucleons and hyperon, the total energy of whole hypernucleus can be obtained with mean

field approximation.

The gradient terms will be removed in these equations of motion for the strange nuclear

matter including Λ, Σ, and Ξ hyperons, where energy density and pressure are generated

from the energy-momentum tensor related with QMF Lagrangian. In neutron stars, there

are not only baryons but also leptons, such as, electrons and muons. Whole system will

make electric neutrality and β equilibrium. In such case, the equation of state (EOS)

of neutron star matter can be solved and taken into Tolman-Oppenheimer-Volkoff (TOV)

equation [58, 59] to get properties of neutron stars. The detailed formulas can be found in

our previous work about strangeness QMF model on neutron star [41].

III. RESULTS AND DISCUSSION

A. Properties of baryons

Firstly, the strengths of quark confinement potentials for u, d and s quarks should be

determined. In present framework, there are two free parameters aq and Vq in the confine-

ment potential for each flavor quark. The differences of properties between u quark and d

quark are very small, therefore, they will be considered as the identical. For s quark, SU(3)

symmetry is broken, where as and Vs are distinguished from au and Vu. In QMF model,

the quarks are regarded as the constituent ones, whose masses are around 300 MeV for u, d

9
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SQMF parameters 
The strength of quark confinement potential

quarks. To discuss the influences of quark mass, three groups about u, d quark masses are

chosen as 250, 300 and 350 MeV. The corresponding au and Vu are fixed by the mass and

radius of free nucleon, which were already given in our previous work [56], whereas the mass

and two coefficients, as and Vs in s quark confinement potential are obtained by fitting the

free masses of Λ,Σ0 and Ξ0 hyperons [60] by least-squares method.

These parameters are listed in Table II. For convenience, the first parameter set (mu =

250 MeV) in Table II is named as set A, the second (mu = 300 MeV) as set B and the third

(mu = 350 MeV) as set C. Here, we should emphasize that in the work of Mishra et al. [55],

each baryon corresponds to one Vq value, while in present work, the confinement potentials

of s quark are adopted as uniform strength in Λ,Σ and Ξ hyperons. The differences of their

masses are generated by the pion and gluon corrections.

TABLE II: The potential parameters (aq, Vq) obtained for the quark massmu = 250 MeV,ms = 330

MeV, the quark mass mu = 300 MeV, ms = 380 MeV, and the quark mass mu = 350 MeV,

ms = 430 MeV.

mu (MeV) Vu (MeV) au (fm−3) ms (MeV) Vs (MeV) as (fm−3)

set A 250 −24.286601 0.579450 330 101.78180 0.097317

set B 300 −62.257187 0.534296 380 54.548210 0.087243

set C 350 −102.041575 0.495596 430 6.802695 0.079534

In Table III, the masses of three charge neutrality hyperons (Λ, Σ0, and Ξ0) in free space

with set A, set B, and set C are compared with the latest experimental data [60], respectively.

The contributions from center-of-mass, pionic, and gluonic corrections to the hyperon masses

in free space are also shown. Under the constraint of s quark mass, whose value should be

larger than the ones of u, d quarks, the hyperon masses in theoretical calculation do not

reproduce the experimental observables [60] from the particle data group completely. There

are several MeV differences between the theoretical prediction and experimental data. The

1% errors are not able to influence the further calculations and discussions.

The behaviors of one baryon in nuclear medium will be influenced by the surrounding

particles, therefore, its effective mass M∗
B is able to change with density increasing. In QMF

model, medium effect is included via effective quark mass generated by σ meson. Finally, the

effective baryon masses are the functions of quark mass corrections δmq = mq −m∗
q = gqσσ.

10

The coupling constants between meson and baryons

first parameter set (mu = 250 MeV) in Table IV as QMF-NK1S, the second one (mu = 300

MeV) as QMF-NK2S, and the third one (mu = 350 MeV) as QMF-NK3S.

TABLE IV: The parameters for quarks and hadrons are listed. The first parameter set correspond-

ing to mu = 250 MeV is named QMF-NK1S, the second for mu = 300 MeV named QMF-NK2S,

and the third for mu = 350 MeV named QMF-NK3S.

Model mu guσ gω gΛω gΞω gρ g2 g3 c3

(MeV) (fm−1)

QMF-NK1S 250 5.15871 11.54726 0.8258gω 0.4965gω 3.79601 −3.52737 −78.52006 305.00240

QMF-NK2S 300 5.09346 12.30084 0.8134gω 0.4800gω 4.04190 −3.42813 −57.68387 249.05654

QMF-NK3S 350 5.01631 12.83898 0.8040gω 0.4681gω 4.10772 −3.29969 −39.87981 221.68240

The ratios of gHω /gω for Λ and Ξ hyperons in QMF-NK1S, QMF-NK2S, and QMF-NK3S

did not satisfy the suggestions from simple quark counting rules as 2/3 and 1/3 used in our

previous work [40, 41]. It is because that the cubic term of σ meson and biquadratic term of

ω term are included in present framework, which generate larger values of guσ and gω. The

corresponding gHω become larger to provide more repulsive vector potential.

In Fig. 2, the energy levels given by theoretical calculation for Λ hyperon in three single

Λ hypernuclei, 40
ΛCa,

89
ΛY, and 208

ΛPb, within QMF-NK1S, QMF-NK2S, and QMF-NK3S

parameter sets are compared with the experimental data [61]. Here, we should make a

statement that the single Λ binding energies listed in recent reviews article [61] are not

same as the well-known data summarized by Hashimoto and Tamura [62], since they revised

these data with latest experimental information of light hypernuclei in the past few years.

The results from our previous QMF calculation without pion and gluon corrections [40] are

also given for comparison. We can find that the energy level of 1d state in 40
ΛCa are largely

improved in present model compared with that from the QMF model without pion and

gluon corrections. In 89
ΛY and 208

ΛPb, all energy levels are polished up in present calculations

to accord with experiment data better. Generally speaking, the Λ energy levels as a whole

in QMF-NK3S set are larger than the ones in QMF-NK1S. It is related to the coupling

constants without strangeness degree of freedom. For example, the binding energy of 208Pb

from QMF-NK3 is smaller than that from QMF-NK1 as shown in Ref. [56].

Encouraged by the good agreements of Λ hypernuclei data in our present model, we start

13
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Baryon masses in nuclear medium

FIG. 1: The effective masses of three hyperons (Λ, Σ, and Ξ) with different parameter sets [set

A (solid curve), set B (dashed curve), and set C (dotted curve)] as functions of u quark mass

correction.

mesons: guσ, gω, g
Λ
ω , g

Ξ
ω , f

H
ω , gρ, and the parameters in nonlinear terms of σ and ω mesons,

g2, g3, and c3. In this work, the meson masses are taken as mσ = 550 MeV, mω = 783 MeV,

and mρ = 763 MeV. guσ, gω, gρ, g2, g3, and c3 about the normal nuclei have been obtained

by fitting the properties of finite nuclei [56].

In the present calculation, we adopt the quark model value of the tensor coupling be-

tween ω and hyperons [21, 57], fH
ω = −gHω , which is important to produce small spin-orbit

spitting of hypernuclei. There are only the coupling constants between ω and hyperons to be

conformed. They will be decided via the magnitudes of single hyperon potentials at nuclear

saturation density in strange nuclear matter and properties of hypernuclei. The single Λ and

Ξ potentials in nuclear matter are fixed as UΛ = −30 MeV and UΞ = −12 MeV at nuclear

saturation density respectively, following the existing experimental data about Λ and Ξ hy-

pernuclei. Based on these choices, the single Λ and Ξ potentials in Pb hypernuclei are also

calculated to check the validity of gHω . Finally, we obtain three parameter sets about vector

coupling constants corresponding to u quark masses mu = 250 MeV, mu = 300 MeV, and

mu = 350 MeV and these parameter sets are listed Table IV. For convenience, we name the

12
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The properties of nuclei

mq gqσ gω gρ g2 g3 c3 a V0

(MeV) (fm−1) (fm−3) (MeV)

250 5.15871 11.54726 3.79601 -3.52737 -78.52006 305.00240 0.57945 -24.28660

300 5.09346 12.30084 4.04190 -3.42813 -57.68387 249.05654 0.53430 -62.25719

350 5.01631 12.83898 4.10772 -3.29969 -39.87981 221.68240 0.49560 -102.04158

TABLE I: The parameters in quark and hadron are listed. The first parameter set corresponding

to mq = 250 MeV is named as QMF-NK1, the second mq = 300 MeV named QMF-NK2, and the

third mq = 350 MeV named QMF-NK3.

In Table II, the results of theoretical calculation for the binding energies per nucleon

E/A and the charge radii Rc for four spherically symmetric nuclei, 40Ca, 48Ca, 90Zr, and

208Pb by QMF-NK1, QMF-NK2, and QMF-NK3 are compared with the experimental data.

We can find that the results from the QMF-NK3 are closest to the experimental values

compared to the other two parameter sets. It demonstrates that the heavier quark mass

is more acceptable for the nuclear many-body system. The calculation without the pion

and gluon correction by Shen and Toki [18] is also compared and the present results are

largely improved. Therefore, it is necessary to include the contributions of pion and gluon

to describe the finite nuclei system properly.

Model E/A (MeV) Rc(fm)

40Ca 48Ca 90Zr 208Pb 40Ca 48Ca 90Zr 208Pb

QMF-NK1 8.62 8.61 8.65 7.92 3.43 3.47 4.26 5.49

QMF-NK2 8.61 8.61 8.67 7.91 3.44 3.47 4.26 5.50

QMF-NK3 8.59 8.63 8.68 7.90 3.44 3.46 4.26 5.50

QMF[18] 8.35 8.43 8.54 7.73 3.44 3.46 4.27 5.53

Expt. 8.55 8.67 8.71 7.87 3.45 3.45 4.26 5.50

TABLE II: The binding energies per nucleon E/A and the rms charge radii Rc with QMF-NK1,

QMF-NK2, and QMF-NK3 parameter sets, compared with the results in previous QMF model

without pion and gluon corrections, and experimental values.

In Table III, we also compare the spin-orbit splittings of 40Ca and 208Pb for QMF-NK1,

12
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TABLE III. The spin-orbit splittings of 40Ca and 208Pb for QMF-NK1, QMF-NK2, and QMF-NK3, compared with the experimental data.
All quantities are in MeV.

Model 40Ca 208Pb

Proton Neutron Proton Neutron
(1d5/2–1d3/2) (1d5/2–1d3/2) (1g9/2–1g7/2) (2f7/2–2f5/2)

QMF-NK1 −3.7 −3.7 −2.4 −1.5
QMF-NK2 −4.5 −4.5 −2.8 −1.7
QMF-NK3 −5.1 −5.1 −3.2 −1.9
Expt. −7.2 −6.3 −4.0 −1.8

single-particle energies of the nucleons, the total energy of
whole nucleus can be obtained with the mean field method.

Infinite nuclear matter, which does not really exist in
universe, is very helpful for us to understand the basic physics
of the nuclear many-body system. It has the translational
invariance in an infinite system, which removes the partial
part on coordinate space. Its Lagrangian density and equations
of motion will be written as

LQMF = ψ̄(iγµ∂µ − M∗
N − gωωγ 0 − gρρτ3γ

0)ψ

− 1
2m2

σ σ 2 − 1
3g2σ

3 − 1
4g3σ

4

+ 1
2m2

ωω2 + 1
4c3ω

4 + 1
2m2

ρρ
2, (23)

and

(iγ µ∂µ − M∗
N − gωωγ 0 − gρρτ3γ

0)ψ = 0,

m2
σ σ + g2σ

2 + g3σ
3 = −∂M∗

N

∂σ
⟨ψ̄ψ⟩,

m2
ωω + c3ω

3 = gω⟨ψ̄γ 0ψ⟩,
m2

ρρ = gρ⟨ψ̄τ3γ
0ψ⟩.

(24)

From this Lagrangian and these equations of motion of nucleon
and mesons, the energy density and pressure can be generated

by the energy-momentum tensor [36],

EQMF =
∑

i=n,p

1
π2

∫ ki
F

0

√
k2 + M∗k2dk

+ 1
2
m2

σ σ 2 − 1
3
g2σ

3 + 1
4
g3σ

4

+ 1
2
m2

ωω2 + 3
4
c3ω

4 + 1
2
m2

ρρ
2 (25)

and

PQMF = 1
3π2

∑

i=n,p

∫ ki
F

0

k4

√
k2 + M∗

dk

− 1
2
m2

σ σ 2 + 1
3
g2σ

3 − 1
4
g3σ

4

+ 1
2
m2

ωω2 + 1
4
c3ω

4 + 1
2
m2

ρρ
2. (26)

III. RESULTS AND DISCUSSIONS

The parameters of the confinement potential (a,V0) are
determined by the experimental data of nucleon mass MN =
939 MeV and charge radius ⟨r2

N ⟩1/2 = 0.87 fm in free space.
Then we calculate the effective mass M∗

N in the nuclear
medium as a function of the quark mass correction δmq , which
is defined as δmq = mq − m∗

q = g
q
σ σ .

FIG. 3. The charge density distributions of 40Ca (a) and 208Pb (b) for QMF-NK1, QMF-NK2, and QMF-NK3 compared with the experimental
data.

044308-5
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The properties of nuclear matter
in QMF-NK1, QMF-NK2, and QMF-NK3 are almost the same, which is consistent with

the empirical saturation properties of nuclear matter. The symmetry energies and effective

masses perform obviously difference for these three parameter sets, which are caused by the

coupling constants of ρ meson and quark masses.

Model ρ0 E/A K0 J M∗
N/MN L0 K0

sym Kasy Q0 Kτ

(fm−3) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

QMF-NK1 0.154 -16.3 323 30.6 0.70 84.8 -28.8 -537.6 495.4 -667.7

QMF-NK2 0.152 -16.3 328 32.9 0.66 93.7 -23.5 -585.7 221.0 -648.8

QMF-NK3 0.150 -16.3 322 33.6 0.64 97.3 -12.0 -595.8 263.0 -675.3

TABLE IV: Saturation properties of nuclear matter in the QMF-NK1, QMF-NK2, and QMF-NK3.

In Fig. 5, we plot nuclear matter binding energy as a function of density in the three

parameter sets for symmetric nuclear matter and pure neutron matter. At low densities,

the equations of state (EOSs) for different sets are identical. With the density increasing,

the EOS becomes softer for lower quark mass.

(a) (b)

FIG. 5: EOSs of symmetric nuclear matter and pure neutron matter in QMF-NK1, QMF-NK2,

and QMF-NK3 for (a) yp = 0.5 and (b) yp = 0.0.

The neutron star as a natural laboratory is a very good object to check the nuclear

theoretical model. We would like to calculate the properties of neutron star with QMF

model and show the mass-radius relations for the neutron stars in Fig. 6. The maximum
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theoretical model. We would like to calculate the properties of neutron star with QMF

model and show the mass-radius relations for the neutron stars in Fig. 6. The maximum
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The properties of hypernuclei

FIG. 2: The results of theoretical calculation for energy levels of Λ hyperon for 40
ΛCa,

89
ΛY, and

208
ΛPb by QMF-NK1S, QMF-NK2S, and QMF-NK3S, compared with the experimental data and

the results in previous QMF model without pion and gluon effects.

to calculate the energy levels of Ξ0 hypernuclei in the same framework, to serve as a reference

for the future experiments. The single-particle energy levels of Ξ0 for 40
Ξ0Ca, 89

Ξ0Y,and 208
Ξ0Pb

are collected in the Fig. 3. We can find that the results obtained from present model are

deeper than that from the QMF model without pion and gluon corrections.

Single-Λ and single-Ξ0 energies of these hypernuclei within QMF-NK3S set and the cor-

responding experimental data are listed detailedly in Table V. The differences of single-Λ

binding energies in theory and experiment are less than 5% of experimental values. The

spin-orbit splittings of these single-Λ hypernuclei are usually less than 0.3 MeV, since the

tensor couplings between vector meson and hyperons are included in this work. The small

spin-orbit splittings are in accord with the available experiment data. For single-Ξ0 hyper-

nuclei, the high angular momentum states do not exist comparing with the corresponding

single-Λ hypernuclei due to small value of single Ξ potential at nuclear saturation density.

In this case, the deepest bound state of Ξ0 exists in 208
Ξ0Pb, about −9.5 MeV.

In Fig. 4, we plot scalar potential UΛ
S and vector potential UΛ

V for 1s1/2 Λ state in 40
ΛCa,

89
ΛY, and 208

ΛPb. We can find that the scalar potential from σ meson almost has the same

magnitude as the repulsive vector potential from ω meson. They will cancel with each

other and finally generate a total attractive force, whose center part is around 23-30 MeV

14
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The properties of hypernuclei

The 𝚵0 energy levels of hypernuclei

FIG. 3: The results of theoretical calculation for energy levels of Ξ0 hyperon for 40
Ξ0Ca, 89

Ξ0Y, and

208
Ξ0Pb by QMF-NK1S, QMF-NK2S, and QMF-NK3S, compared with the results in our previous

QMF model without pion and gluon corrections.

TABLE V: Energy levels (in MeV) of hyperon for 40
YCa,

89
YY, and 208

YPb by QMF-NK3S in the

present model, compared with the experimental data.

40
ΛCa(Exp.)

40
ΛCa

40
ΞCa

89
ΛY(Exp.) 89

ΛY
89
ΞY

208
ΛPb(Exp.)

208
ΛPb

208
ΞPb

1s1/2 −18.7± 1.1 −17.76 −5.22 −23.6 ± 0.5 −22.64 −7.54 −26.9± 0.8 −25.86 −9.41

1p3/2 −9.99 −1.32 −16.53 −4.11 −21.95 −6.99

1p1/2 −11.0± 0.5 −9.78 −1.29 −17.7 ± 0.6 −16.41 −4.08 −22.5± 0.6 −21.90 −6.98

1d5/2 −2.42 −9.88 −0.60 −17.27 −4.18

1d3/2 −1.0± 0.5 −2.15 −10.9 ± 0.6 −9.65 −0.56 −17.4± 0.7 −17.16 −4.15

1f7/2 −3.19 −12.10 −1.19

1f5/2 −3.7± 0.6 −2.89 −12.3± 0.6 −11.92 −1.16

1g9/2 −6.66

1g7/2 −7.2± 0.6 −6.40

in 40
ΛCa,

89
ΛY, and 208

ΛPb. The larger u quark mass will provide more attractive scalar and

repulsive vector potentials, which is related to smaller effective Λ mass and larger vector

coupling constant in QMF-NK3S parameter set.

Similarly, the scalar and vector potentials of single-Ξ0 hypernuclei 1s1/2 Ξ0 state are given

15
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The properties of hypernuclei
The scalar and vector potentials of 𝚲 and 𝚵0 hypernuclei

FIG. 4: The scalar and vector potentials, UΛ
S and UΛ

V , for 1s1/2 Λ state in 40
ΛCa,

89
ΛY, and 208

ΛPb

by QMF-NK1S, QMF-NK2S, and QMF-NK3S.

in Fig. 5. They are just about 50% in Λ hypernuclei. The scalar and vector potentials finally

produce attractive potentials at the center part of Ξ0 hypernuclei whose values are about

7-12 MeV in 40
Ξ0Ca, 89

Ξ0Y, and 208
Ξ0Pb.

In Fig. 6, the binding energies of single Λ hypernuclei are systematically calculated from

16
ΛO to 208

ΛPb within QMF-NK3S parameter set at different spin-orbit states and are com-

pared with the experimental data [61]. It can be found that the experiment observables are

reproduced very well in QMF model including pion and gluon corrections. If pion and gluon

corrections were not included [40], the Λ binding energies at s and p spin-orbit states were

in accord with experimental data, however, there were a few MeV differences of Λ binding

energies between theoretical results and experimental values above d spin-orbit states. It is

convinced that the QMF model including the pion and gluon corrections can improve the

16

FIG. 5: The scalar and vector potentials, UΞ0

S and UΞ0

V , for 1s1/2 Ξ0 state in 40
Ξ0Ca, 89

Ξ0Y, and 208
Ξ0Pb

by QMF-NK1S, QMF-NK2S, and QMF-NK3S.

description of Λ hypernuclei from quark level.

C. Properties of neutron stars

Once the properties of single Λ and Ξ0 hypernuclei are drawn by the QMF model with pion

and gluon corrections, the strange nuclear matter and neutron stars can be studied in present

framework. For neutron star matter, all baryons and leptons stay in a charge neutrality and

β equilibrium environment. Furthermore, Σ hyperons also have the probability to appear

in neutron star matter, although there is no evidence of existing of single Σ hypernuclei

in experiments until now. To make the present discussion simplify, the coupling constant

between ω meson and Σ hyperon is taken same value of gΛω . Furthermore, the ρ meson

17
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The properties of hypernuclei

The binding energies of 𝚲 hypernuclei

FIG. 6: Systematic calculations of the binding energies of Λ hypernuclei with QMF-NK3S param-

eter set compared with the experimental data.

will play an important role in neutron star matter, whose coupling constants related with

hyperons are chosen as gHρ = gρ. After solving the corresponding equations, the energy

density and pressure of neutron star matter can be obtained as shown in Fig. 7 within

QMF-NK1S, QMF-NK2S, and QMF-NK3S sets. At low energy density, the pressures of

three parameter sets are almost identical, since the behaviors of neutron star matter at low

density are decided by the properties of finite nuclei, meanwhile, the hyperons do not appear

due to their larger chemical potentials. With energy density increasing, the pressure of QMF-

NK1S becomes a little bit of difference from the ones of QMF-NK2S and QMF-NK3S for

hyperons appearance.

Besides the relation between energy density and pressure, the fractions of leptons and

baryons in neutron star matter as functions of total baryon density are also given in Fig.

8 with different parameter sets. The direct Urca processes will happen above the densities

ρB = 0.287, 0.244 and 0.229 fm−3 at QMF-NK1S, QMF-NK2S, and QMF-NK3S, respec-

tively, which are higher than the case without pion and gluon corrections, ρB = 0.21 fm−3.

It satisfies the constraint of astrophysical observations, where the cooling process does not

occur at too low proton density. Furthermore, both of Λ and Ξ− hyperons appear around

two times saturation density. Ξ0 hyperons exist above ρB = 0.9 fm−3. At high density,
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The properties of neutron star

The equations of state of neutron star matter

FIG. 7: Pressures of β equilibrated matter as functions of the energy density, for cases QMF-NK1S,

QMF-NK2S, and QMF-NK3S parameter sets.

the fraction of Ξ− hyperons approaches the one of protons. Meanwhile, the fraction of Λ

hyperons is suppressed by Ξ− hyperons. Totally, the appearance of hyperons becomes earlier

at larger u quark mass.

After taking the equations of state of neutron star matter to TOV equation, the properties

of neutron stars, such as the masses as functions of density and radius, are obtained in

Fig. 9. The maximum masses are 2.09 to 2.14M⊙ generated by QMF-NK1S to QMF-

NK3S, respectively. These results are in accord with recent astronomical observations of two

massive neutron stars, PSR J1614-2230 (1.928 ± 0.017M⊙) [25, 26] and PSR J0348+0432

(2.01±0.04M⊙) [27], moreover, the hyperons Λ and Ξ can exist in the core region of neutron

star. The densities corresponding to maximum masses are around ρB = 0.7 fm−3. The radii

of these neutron stars distribute 13.0 to 13.2 km. They are larger than the constraint

region worked by Hebeler et al. [63, 64] around 11 km, but smaller the values from MQMC

framework. Actually, the radius of a neutron star still has not been measured directly until

now. Comparing our previous work in strangeness QMF model without pion and gluon

corrections [41], the description to properties of neutron stars is largely improved to satisfy

the constraint of observations in present QMF parameter sets.
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The properties of neutron star

The particle fractions

FIG. 8: Fractions of leptons and baryons in neutron star matter as functions of total baryon density,

for cases QMF-NK1S, QMF-NK2S, and QMF-NK3S parameter sets.

IV. CONCLUSION

We have studied the properties of single Λ, Ξ0 hypernuclei and neutron stars with hyper-

ons in terms of strangeness quark mean field (QMF) model including pion and gluon cor-

rections, where the baryons are composed of three independent relativistic quarks confined

by a harmonic oscillator potential mixing with scalar and vector components. Corrections

to the center-of-mass motion, pionic and gluonic exchanges were considered in calculat-

ing properties of baryons perturbatively. The baryon-baryon interactions were generated

by exchanging of σ, ω, and ρ mesons between quarks at different baryons in a mean field

approximation.

The strengths of s quark confinement potentials and constituent quark mass were deter-

mined by fitting free baryon masses of Λ, Σ0, and Ξ0 hyperons with a least-squares fitting

method as a whole. The coupling constants between u, d quarks and mesons were already

obtained in our previous work about normal nuclei. Those between s quark and mesons were

decided through the potentials of ΛN and ΞN at nuclear saturation density, as UΛ = −30
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The properties of neutron star

The mass of neutron star

FIG. 9: The masses of neutron stars as functions of density and radius, for QMF-NK1S, QMF-

NK2S, and QMF-NK3S parameter sets.

MeV and UΞ = −12 MeV, respectively. Finally, we obtained three parameter sets corre-

sponding to u quark mass mu = 250 MeV, mu = 300 MeV, and mu = 350 MeV, named as

QMF-NK1S, QMF-NK2S, and QMF-NK3S.

Energy levels of single Λ hyperon for three hypernuclei, 40
ΛCa,

89
ΛY, and 208

ΛPb were cal-

culated. The results were consistent with the experiment observations very well and were

largely improved comparing to the ones from previous QMF model without pion and gluon

corrections, especially for high angular momentum states. Meanwhile, energy levels of sin-

gle Ξ0 hyperon in 40
Ξ0Ca, 89

Ξ0Y, and 208
Ξ0Pb were also obtained . The results for Ξ0 hypernuclei

could serve as a reference for the future experiments. The Λ binding energies from 16
ΛO to

208
ΛPb were also compared systematically to the experimental data and in accord with them

very well.

Finally, properties of neutron stars were studied in present framework. The coupling

constants of Λ and Ξ hyperon were kept as the same values used in hypernuclei. The coupling

constant between ω meson and Σ hyperon was chosen the same value as Λ hyperon. It was

found that the Λ and Ξ− hyperons started to appear in neutron star at two times nuclear

saturation density and Ξ0 hyperons at five times nuclear saturation density. The Σ hyperons
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Summary and Perspective
• The quark mean field model is extended to strangeness 
nuclear physics within the pionic and gluonic corrections. 

• The binding energies of 𝚲 hypernuclei can be reproduced 
very well in present framework. The ones of 𝚵0 
hypernuclei are also predicted. 

• The massive neutron stars are obtained with 𝚲 and 
hyperon, whose masses are around 2.1M⊙. 

• The double 𝚲 and 𝚵- hypernuclei will be studied.


