7 September 2017
RIMS-ITHEMS International Workshop
on Resurgence Theory@RIKEN Kobe

Nonperturbative ambiguity

In double-well type matrix
models

Tsunehide Kuroki

(National Institute of Technology, Kagawa College)
collaboration with

H. Kawal, Y. Matsuo, F. Sugino, S. Zhang



=
Resurgence & Physics

Resurgence Is checked to work in several theories
e beautiful!

e N0 ambiguity (in trans-series) — predictabllity
What should be done:

m Unified understanding
case-by-case study — classification dim., symm., pot., op., -
m Case of string theory Dunne’s talk

nonperturbative effect is more important ~ e~¢/9s
vacuum structure of string theory: SSB
nice If resurgence tells something
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Resurgence & Physics

Resurgence Is checked to work in several theories
e beautiful!

e N0 ambiguity (in trans series) — predictability
What should be done:

m Unified understanding

case-by-case study — classification symm,, op., -
m Case of string theory DWMM
. . . N/, SUSY/NONSUSY
nonperturbative effect is more important ~ e 1SSB of SUSY
vacuum structure of string theory: SSB in string theory

nice if resurgence tells something
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Bosonic DWMM: type OB string in 1D

0D Hermitian MM with DW potential:

1 g ¢: N X N
_ 2 z
§ = Ntr (—Eﬁb +Z¢ ) g > 0: parameter

¢ = Udiag(4,,---,Ay)UT = dynamics of N eigenvalues
N — oo: two phases

1
“Yc=7 7

4
3rd order PT

2 Klebanov, Maldacena, Seiberg ‘03

2
DSL: N3(g. — g) ~t ~ 1/g; — nonpert. type 0B string theory
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Nonperturbative ambiguity in type 0B

1 2

2,974 o
e F® = [TIN., dA,A(R)2e N B4 +3A1) N3(ge - g) ~ t ~ 1/g3
orthogonal polynomial — in DSL, F(t) satisfies Painlevé II:

OFF = —Z(f2410),  tf = f*— 20}

11

5
large t(small gs)-exp. pert. solution: fy,e,r = £Vt F it"E + 0(t"7

two solutions: f;, f, with same f,,.,: — Af = f; — f, satisfies

1 3

2 3 —2 = _ztf . ] |
0f Af = (t -Gt + ---)Af — Af =Ct +e 3 C: undermined!

“nonperturbative ambiguity”
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perturbative solution:

Kapaev ‘04
h
1
r(zn—=)| (20!
2 stringy
Z
4 Et% - 2 Ii
3 395

— gs"
2t 9
fQt) = %zbht b~ |7
N7 o
Borel resummation: insert 1 = f dz e~
F( n+1)J0
o'e) 1
Vit 972
——— | d 1 -
- f \/§7T ze" v +
2\/? 2 3 i 25
- fy —f_:lTK1(§t2>~ 18 3t2
T \/ﬁtll
i 2,
- F, —F ~— z€e 3

consistent with

nonperturbative ambiguity

Painlevé |l
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Instanton = isolated eigenvalue at the top

m classification of saddle pts.

0'0) 0] 00) a ‘
f d/li=f Zd/li=f Zd/li+f 2d 2,
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0
F,_; ~f d{ e 3
1—inst _\/’E t_zz

Fl—inst+ - Fl—inst - 7

3
2\/mt4

Kawal-T.K.-Matsuo '05

perturbative series

N/ \_/
—00 —\/t Vit 00
v
Marino '08

_ : : Chan-Irie-Yeh "10, "11
m cancels ambiguity from perturbative series  gcpiappa-vaz '13

m coefficient (Stokes constant) was proved to be universal
— afttributed to universality of (large order behavior of)
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SUSY DWMM: type IlA string in 2D

1 ) _
S = Ntr 532 +iB(¢p? — u?) + Y (oY + o)

m 0-dim. N x N MM, parameters: N, u?

m scalar potential: V(¢) = (¢p? — u?)?%/2

m nilpotent SUSY: )
Qo=v, QY=0, QyY=-—B, @B=0,
Qd=—¢, Q¢Y=0, QY =—iB, QB=0,

m finite N: instanton — SUSY br.
— N —> 00?
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Large—N Iimit & SUSY phase

N — oo: two phases

—pi=2-
3rd order PT
SUSY/nonSUSY

one-cut phase (u* < 2)
no SUSY

two-cut phase (u? > 2)
SUSY

double scaling limit: N - oo, u?— 2 + 0

. keeping perturbative SUSY (w.r.t 1/N4 — exp.)

tree level correlation func.—

N2(u* —2)3 =s3 =1/g2: fixed
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Superstring theory side

type lIA in 2D (IV = 2 superLiouville)
target sp.: (x € SY(R = 1), ¢)
WS & TS SUSY: 02 =02 ={0,,0_} =0

— 1= ._
q+ — e—E¢—5H—lx’ C_I_: e 2¢+5H+1x

physical states:
NS: T, ~exp[ikx + (1 — |k]) o]

R: V' ~exp[ieH /2 + ikx + (1 — |k|) ]

11

Kutasov-Seiberg '90

nilpotent!

(Y £ i, = V2etiH)



= JE 12
Agreement of tree amplitudes T.K.-Sugino '14

MM amp. in N — oo =type lIA tree level amp. under

- .
o ¢**! = (R+, R-): Vk(i)l/ZV—(kzl/Z
1 k . (=)

~tr P o (NS, R=): T2V 0l 2

1 - —
~tr P2+ < (R+, NS): Vil Tirny2

~tr B & (NS, NS): T_y /T 2 assless multle
e Ay
20 N8 susYidentification | G, %S
0N 20 (Q,Q) «=— (Q4,Q-) ‘gi ;1/2 ;/zQ:/z

tr B _
] T_1,2T1 2
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Note:

m Confirmed for fundamental two-pt. functions

<(v,§+>17_<,;>) (1@(”17_(;))), <(V,§+>17_<,;>) T_/5Ty /2> (k,£: Yhalf odd integer),
<(T_k,17_(;?) (v )Tk,)> (k' = 1,3)

SUSY DW MM reproduces several kinds of & infinitely many
fundamental two-pt. functions at tree level

— strong evidence that SUSY DW MM would provide
nonperturbative formulation of 2D type IlA superstring theory

but so far, only at tree level (g =0 & N — )

— assuming this, discuss higher genus & nonperturbative aspect
using SUSY DWMM
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Spontaneous SUSY breaking

recall: DSL: N%(u? —2)3 =s3=1/g%
nonperturbative: MM with double scaling Iimit g, # 0
SUSY breaking order parameter:

| |

= deZ T_1/2(Z)Tl/2(z_)

MM \ /

1

—trB
Nr

I1A
iQ(try) =iQ(try) =trB
Q+( 1(/;)T1/2) Q- (T 1/2V(1/)2) T_q1,2T1 7
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orthogonal polynomial:

4 11 1 2 % ( __8 )
N3{—trB)=0—1i e 39s+0\e 39
N 8 Js ; ]
1 _A ( _i)
- F=——g.e 39s+0\e 39
16195 ’
Note Endres-T.K.-Sugino-Suzuki '13

m in all order in g, — exp., order parameter = 0, i.e. SUSY Is preserved,

but gets broken spontaneously & nonperturbatively first example!

m due to MM Instanton

would be D-brane in 1A Hanada et. al. ‘04 ®

suggesting interesting possibility 395




W .
m full order result In one-inst. sector:

4
N3

l.e. arbitrary # of holes & handles

1t('B)
NI‘ l

%tr(—iB)> = Ai’ (95_2/3)2 — g, Al (g

\&/

16
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Complete trans-series
Nishigaki-Sugino '14

F) = | (= 9aerde 57 = 1/g2
S
g(t) satisfies Painlevé Il g’ (s) = sq(s) + 2q(s)3
with b.c.: g(s) = Ai(s) (s = o). unique!!  Hastings-McLeod "80

i.e. 02F(s) = g(s)*
trans-series Is completely fixed and explicit:

_4,3/2

e 3 ( 39 3745 805805 )

' 115253  82944s9/2

_a.3/2\ 2
1 [ e 38 35 619 592117
Fa_inst(8) ~ = 1 | I IR
2 \ 167ws3/2 1283/2 ' 7283  2073659/2 ’

| | e e e
24.53/2
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Comments

e trans-series of SUSY order parameter is in general completely
zero or at most alternating — no ambiguity, as it should be!

f(t)og = q(—t);;4 : On/off the Stokes line — positive/alternating

e In general, it seems difficult to find nonperturbative object (saddle
nt.) which triggers SUSY breaking only from such a well-behaved
perturbative series cf. Dunne’s & Fujimori’s talk

e nonperturbative object can be probed by other "bad” operators
whose perturbative series grows (non-Borel summable)

— Identify nonperturbative object, but difficult to compute
e in our case, Nicolai mapping Is available to overcome these issues
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Non-SUSY operators

1 —
S = Ntr EB2 +iB(¢p? — u*) + Y(py + ¢¢)]

m B~ —i(¢p?—pu?):Q &Q — exact
= Nicolai mapping: M = ¢? — u? — § = Ntr | B? + iBM|: GMM, M ~ B
m basic observable: %tr O

even k: SUSY, %tr M¥*/2 — order parameter as %tr B*/2 perturbatively zero.

odd k: non-SUSY, “%tr M¥/2” _ eigenvalue integration possible in GMM
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Eigenvalue dynamics U¢u+ = diag(Ay, -, Ay)
“_[(ZA a1 [ (=) [ [ +2))e 220
i>j 1>]

N particles w/ log repulsive force from A; & —4; in DW pot.

filling fraction (v,,v_) sector:
N

= Z NCV+N Z(V+,v_) /\
V.|.N 0

N AN AV,
AL (1_[ fR 20,d; + szaidzi) ()

n-pt. func. of odd ops. in (v,;,v_) sector < (v, —v_)" — (1,0) sector

1=V N+1
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Non-SUSY corr. func. via SUSY ones

corr. func. of non-SUSY ops «— corr. func. of SUSY ops.

d2-resolvent: R,(z?) =

-2

N ZZ 2

singularity on z € C: cut [a, b] (a? = u? — 2, b2 =u?+2)

1 1
— 396 dz 2f (2) Ry(a?) = > fc dz f(2)

= (5 2 £

key: Nicolal mapping

1
Ntr f(gb)> . arbitrary one-pt. function

Rz(ZZ) =

1t 1
N I‘ZZ—,LLZ—M
GMM

%Z (Z —1/11' +/Z/j{l>>

21

C
Ea b>
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One-point functions at arbitrary genus

, ) r (k n %) lower genus
N3k+2) <—tr ¢2k+1> — - s73 = g2 contribution:
N 272 log singularity
E(,ﬁz)] . % alternating
1 1 k+2-3h
X -5 S Ins :
£ 12) h!(k+ 2 —3h)! higher genus
- o0 " ' : contribution:
+(=1)k*1 z ( 1 > (Bh —k —3)! gk+2-3h no log singularity
e YT non-Borel
3 \| summable

m double scaling limit works!!
m higher genus: positive power series Y, ¢, g2" with ¢, ~(2h)! (4/3)~2":
stringy
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Resurgence: O-instanton sector

3
I‘(k+—) % h
2 1 1/1
N3E+2) Ntr ¢2k+1> — §2 (—1)k+1 Z ﬁ(ﬁ) ['(3h — k — 2)sk+2-3h
o h=[3(k+2)]+1 +finite
g 4
. — —t4+2h _ﬁ 2 _¢ _
Insert 1 = r( — f dte "t —>f dt (1 to) e to 30
k 2
—4= , B
(s — ie case)— (s + ie case)= (const.)g: °Ky3 ( e ) s—ie| _4
>9s | N\39s C
-I->
M m— e
3 k7 C
F(k+—) 4+ 4 _
p— l(—l)k'l'l 72 g;’ 6 e 30s _|_ S + L€
k+=
2 21

pure imaginary, D-brane like
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1-instanton sector: instanton calculation

e eigenvalue distribution

00

(1,0)
1
~ o (¢)> = f dx pa(x)2xf (x)

0

(1,0)
p2(x?) = <%tr5(x2 - ¢2)> >

1
py(x?) = <Ntr5<u2 —x*=M)) = pe(u? —x?) (x =2+ N‘éf)

GMM 1

RMT: DSL=soft edge scaling limit N3p.(x) = K;;(§,&) = Ai’(§)? — £Ai(§)?

1 0 ks
Ntr¢2k+1 :j déK,;(&,€8) gs—f) 2
—A from operator
4

H[ deRute 0 — 2 -
0

one-instanton contribution

N5 k+2)




saddle pt.: &, = s + % (k + 1) 5‘% -

outside |

operator value @saddle causes ambiguity

around & ~ &, ~ s > 1 1s relevant

Kai(§,8) = Ai'(§)* — EAi(§)* ~
fdf 8me e (s — £)*2

0, s]

— (k+Y)In(s - &) = (k+§)1n(—§(k+§)s‘§) 5

25

—2/3
S=gs/

> 1

i(k+%)m

4 3
—e_§";2
J é </
f' « =s 0 —A
k7 43
______ S2
2 4e 3

= i(—1)" . k +1 - e_(k+_
2k+3ﬁ 9
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Final Issue

O-instanton ambiguity + 1-instanton ambiguity:

3
F(k + 7) k7 42
i(—l)k+1 35

7
k+=
2727

—i(_l)k+1

1
2k+3\/ﬁ (k T

cancel only if £ > 17?7 oo
— HELP!! ~ e—V@j d

26
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Summary
m bosonic DWMM = typeOB in 1D
Painlevé Il — perturbative series: non-Borel summable
— nonpert. ambiguity (universal)
nonperturbative saddle = isolated eigenvalue at t
— ambiguity from J (universal)

= SUSY DWMM = type lIA in 2D |analytic conti. |
SUSY operator: perturbatively = 0, but + 0 nonpertur?étively
Painlevé Il — trans-series: alternating
non-SUSY operator: probing instanton, still calculable
via Nicolal mapping & resolvent, cancellation incomplete?

m classification: meaning of cut (conti. spectrum)? When?

cancel




