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1. A simple example with secular terms

d*x dx .
a2 + EE + x = 0. the dumped oscillator! )
Exactsol.ii () = A(t)sin ¢(t), A(t) = Aexp(—et/2), #(t) = wt + 0
Pert. Sol.: w =4/1—¢2/4
T =x0+ €ry + €10 + -+ -
rmp+ Ty = 0, In4l + Tpel = —In.

rg = Asin(t +6)
L1 =31 +21 = —xo —Acos(t + 0),

L=d*/dt? +1 Zero mode!
/ \secular terms appear.

x(t) = Asin(t+6)— e—t sin(t 4 6) ¢ —{t2 sin(t 4+ 0) — tcos(t +0)}
~ A(1l —€/2 -t + 62/8 t?)sin((1 — €2/8)t + 0)
~ Aexp(—et/2)sin(y/1 — €2/4t+0)

The secular terms are renormalized into the slow time-dep.
of the amplitude and the phase.




2. Notion of envelops of a family of curves as a key ingredient
for the resummation and construction of a global solution.

T.K.Prog. Theor. Phys. ('95)

Let {C% }+ be a family of curves parametrized by 7 in the z-y plane;

C.:F(xy,7,Cz) =0 V. f...?f
E: The envelope of C_ G(z,y) = 0. (i'o) 0F(z,)=0

X, X
dF(xg, yp. Ti dC dF (xq, vy, 70. C(7

The envelop equation: dF /dz, =0 <===) RG eq.

the solution Is inserted to F with the condition
T, =X, < the tangent point

mmp G(x y)=F(x Yy, C(x))



3.Resummation and extraction of the slow variables and reduced
equations T.K. ('95)

Try to construct a perturbative solution which should be valid around the
arbitrary time U =1,.

Perturbative exp:
z(t,to) = zo(t,to) + exi(t.to) + €xza(t,t0) + ...

Perturbative equations: - _ - _ :
d Tp+ Ip = 0, Tpt1 T Tpyl = —Ip.

Setting the initial value that is yet to be determined and its expantin:
z(to, to) = W(to).
Wi(ty) = Wolty) + eWilty) + €Wa(tg) + ...
O-th order solution:
xp(t, tg) = Altg) sin(t + #(tg)), Woalte) = zolto, to) = A(to) sin(ty + 0(tp)).
1-th order solution: A
T1(t, tp) = 5 (t —to)sin(t + &), Wi(ty) = 0

The zero mode Is added so that the secular term proportional to
The zero-th solution vanishes at t=t_0. (A renormalization cond.)



To(t) = g{{t — tp)?sin(t + 0) — (t —tg)cos(t +0)}, Wa(ty) =0

Secular terms appear again!
Collecting the terms, we have

Tt tg) = Asin(t + #) — Féff — tg) sin(t + #)

+EE;{[ﬁ — to)* sin(t + 6) — (¢t — to) cos(t + )}

WIth LC.5 yyr 40y = Wi(to) = A(tg) sin(tg + 8(2))

, parameterized by the functions,
AL, Bt ) =t + O

The secular terms invalidate the pert. theroy,
like the log-divergence in QFT!
Cole = {z(t.to) s, r (1) = z(t, 1) = W(t).

dIE;JD] _o th = t. ==> Altg) and #(t)
to '




To(t) = g{{t — tp)?sin(t + 0) — (t —tg)cos(t +0)}, Wa(ty) =0

Secular terms appear again!
Collecting the terms, we have

Tt tg) = Asin(t + #) — Féff — tg) sin(t + #)

+EE;{[ﬁ — to)* sin(t + 6) — (¢t — to) cos(t + )}

WIth LC.5 yyr 40y = Wi(to) = A(tg) sin(tg + 8(2))

, parameterized by the functions,
AL, Bt ) =t + O

Let us try to construct the envelope function
of the set of locally divergent functions,
Parameterized by t; !

{Cuds © [z(t, ), z, () = z(t, 1) = W(t).

dIE;JD] _o th = t. ==> Altg) and #(t)
to '




dA dg e - I _
l.’ﬂ'-n ‘l_EA D Eﬂ'D + 3 ﬂ: [tﬂ] e ' { Djl g (] + 3

Extracted the (slow) collective variables as the would-be integral constants,

and the governing reduced equations, i.e.,
The amplitude and phase equations, separately!

The global solution as the “initial value’: 5

r (1) = z(t,t) = Wo(t) = A E}fp{—%t}ﬂinl[[l _ %]t +0).

J1—€e2/a=1—¢/8+O(e")

The envelop function z_(t) = Wy(t) an approximate but

global solution In contrast to the pertubative solutions

which have secular terms and valid only In

local domains.
Notice also the resummed nature!



Geometrical structure of
the reduction of dynamics



Geometrical image of reduction of dynamical systems

(including Hydrodynamic limit of Boltzmann equation)
n-dimensional dynamical system:

9X _Ex) t

dt

dim X =n R"

ds
{ E =G0) and attractive manifold

dimM=m<n

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s={u”,T,n}; the hydrodinamic quantities or conserved quantities for 1st-orderieq.



Perturbative Approach:
For dynamical systems:

dX

i F(X,t),
; Y.Kuramoto(’89)
ds .
= G(8), ,reduced dynamics on M
X = R(s); ,representation of M

Y. Kuramoto ('89)

Perturbative reduction
of dynamics

dX O

— = F(X,1),

pr (X,1)

ds :

-y = Go(s) +v(s8), ,reduced dynamics on M
X = Ry(s)+ p(s); ,theinvariant manifold M

Krylov-Bogoliubov-Mitropolosky



Reduction of dxnamics and invariant/attractive manifold

The reduction problem of some class of evolution equations
may be formulated
as a construction of asymptotic invariant/attractive manifold
with a possible space-time coarse-graining.

We adopt the perturbative RG method (Chen et al, (1995)*; T.K. (1995))
to construct the attractive/invariant manifolds and the reduced

equations for the would-be zero modes as the slow/collective variables
defined on

the manifold.

* L.Y.Chen, N. Goldenfeld and Y.Oono, PRL.72(’95),376:

Discovery that allowing secular terms appear, and then applying RG-like eq
gives “all’ basic equations of exiting asymptotic methods

12



A foundation of the RG method a la non-pert. RG. T.K. PRD57(1998):

Let us take the following n-dimensional equation; S.Ei, K.Fuijii and TK (2000)
dX . :
= F(X,t), B-11
— —F(X.1) (B-11)
where n may be infinity. Let X (t) = W{(t) be an vet unknown exact solution to
Eq.(B-11), and we try to solve the equation with the initial condition at t = Witp; X (t)
| o vl [X(T) .
X(t =1tn) = W{to). W (t o)

Then, the solution may be written as X (t; ty, W (tg)). ol W (to X(1: 15, W(1p))
0. X(t; t,, W(zo\)j
X (t;to, W (to)) = X (t:tg, W (tp)). e [T

Taking the limit £ —+ ¢y, we have

dX ﬂx JdX dWw
dtg B Aty Ej“‘ dl"[}

Pert. Theory:
X (t;tg, Wity)) and X (t;t5, W(ty)) may be valid only for ¢ ~ tg and t ~ 3,

th < t < t; (or &y < t < fp)

L OX dW
o OW dtg

ax
dip

09X
to=t atﬂ

—0, With 5 =t  RG equation!

top=t




Let X (f:fg) is an approximate solution to Eq.(B-11) around ¢ ~ to;

dxc{ﬁ; ) L (X (t:t).1).

Then, we have
AW (1) 98X (t:t) 0X (t;tg)
a ot i
_ 0X(t:1p)
ot to=t
~ F(X (t;tp), f”m:t:
— F(W(1),1),

to=t dto to=t

showing that our envelope function satisfies the original equation (B.11)
In the global domain uniformly.



The correspondence to the renormalization-group theory
S.Ei, K.Fujii and TK, Ann. Phys. (2000)

arbitrary initial timet_0O

RG/Flow equation in QFT (Wilson, Wegrg);/7 /

['(¢,g(A),A) =T(d,g(A), \).

If we take the limit A" — A, we hav
dl'(¢, g(A), A)
dA
which is the RG /How equation.

Equations for the would-be

Integ. constants, i.e., I d AT
the infrared/slow variables\ . g = ——.
dg dA dA

Integral const’s

=0,

The yet unknown function ( Is solved exactly and inserted into F
, which then becomes valid in a global domain of the energy scale.



How to deal with zero modes which appear in the pert. Theory?

_ _ : Alis an nxn Hermite matrix with
A linear eq. with zero modes:

. ACC —b © dim|kerA] =m > 0
€I & kel‘ A k=1.2....m<n)

It (! (V) b) =0 s _ (solubility cond.)
Then, ax=A"'b+ Z ckwg})

Otherwise, no solution to (*). See for resummation methods based

on the solubility cond,C.M.Bender
(Fredholm alternation th.) and S.A. Orszag, "Advanced

Mathematical Methods
For Scientists and Engineers”
(McGraw-Hil,1978)

Such problems with a linear op. having zero modes is ubiqutous in
mathematical sciences.

How about the time-dependent case?
Appearance of secular terms!



Generic example with zero modes

S.Ei, K. Fujii & T.K.('00)

du = Au+ eF(u) ld<1
u(t: to) = uo(t; to) + eus(t; to) + e ua(t; to) + - - -

W (to) = Wolto) + eW1(to) + € Wa(to) + - - -,

= Wo(to) + p(to),
{ai o A}“D — ﬂ:
(0 — A)uy = F(uy).
(0 — A)ug = F'(up)uy



When A has semi-simple zero eigenvalues.
AU, =0. (i=1.2,....m).
We suppose that other eipenvalues have negative real parts;
AU, =AU,, (a=m+1m+2,---,n),

where ReA, < 0. One may assume without loss of generality
that U,’s and U, 's are linearly independent.

The adjoint operator A" has the same eigenvalues as A
has:

AU; =0, (i=1,2,...,m),
Aiﬁa:.l;ﬁa, (a=m+1,m+2,---,n).

Def. P the projection onto the kernel ker A

P+Q=1



An asymptotic analysis

Since we are interested in the asymptotic state as t — oo,
we may assume that the lowest-order initial value belongs to

ker A:

Wa(to) = 3. Cilto) U = Wo[C). < M,

1_1[|-I[t-; tn} = EU_!“J‘J{WDHD] = E:.'Tll i:'i{tulei.
Parameterized with Mvariables, C= YC,Cy,---,Chp)
Instead of !
wi(t; to) = e [Wi(t0) + A7 QF (Wo(to))]
+(t — tg) PF(Wo(tg)) — A'QF(Wo(tp)).

The would-be rapidly changing terms can be eliminated by the
choice; Wy (tg) = — A™'QF(Wo(to)), PW(tg) =0

Then, the secular term appears only the P space;

: — {+_ _ A1 a deformation of
ul{t’tn}_“ tD}PF A QF§the manifold 0



Deformed (invariant) slow manifold:M; = {uju = W — eA‘lQF{Wu]}
u(t; ty) = Wy + €{(t — to) PF — A'QF}
A set of locally divergent functions parameterized by
The RG/E qu%%ion ou/ ot ‘to:t -0 gives the envelope, which is
globally valid: Wo(t) = e PF(Wy (1)),

which 1s reduced to an m-dimensional coupled equation,

Cilt) = €@, F(Wo[C])), (i=1,2,---,m).

=

The global soluti he | lant manifod):

u(t) =u(t;tp =1t) = 2 Ci(t)U; — e Wi|CT)

We have derived the invariant manifold and the slow dynamics
on the manifold by the RG method.



The RG/E equation du/dt,|, , =0

gives the envelope, which is globally valid:
Wi(t) = ePF(W(t)),
which is reduced to an m-dimensional coupled equation,
Ci(t) = E{ﬂi,F{Wﬂ[G]}}, (i=1,2,---,m).
The global solution (the invariant manifod):
u(t) =u(t;tg =t) = f: Ci(t)U; (EA_IQF{WQIG]}J
i—1

Y
p(C)

c.f. Polchinski theorem
In renormalization theory
In QFT.




Remarks

We have derived the invariant manifold and the slow dynamics
on the manifold by the RG method.

Extension:

a) A is not semi-simple. b) Higher orders.
S. Ei, K. Fujii and T.K. , Ann.Phys 280.(’00), 236

c) PDE; Brusselator; Layered pulse dynamics for TDGL and Non-lin Schroedinger
TK, Jpn.J.Ind.Appl.Math.,14(1997); S. Ei, K. Fujii and T.K. ('00).

d) Derivation of kinetic eq. including Langevin to Fokker-Planck and further

adiabatic elimination of fast variables.
Y. Hatta and T.K. Ann. Phys. 298 (2002), 24

e) Reduction of difference equations
J. Matsukidaiara and T.K. PRE57 (1998),4817

f) Incorporation of excited modes for constructing inv. manifold and derivation
of (non-)relativistic diss. Fluid dynamics K. Tsumura, Y. Kikuchi and T.K.

L. Physica D336 (2016),1 and many
e) Application to QM References cited therein.

T.K. PRD57 (1998), 2035; RG construction of WF of AHO.
T.K. (2009) (unpublished); t-dep. Perturbation th.



An example of the nonlinear eq.
--- Limit cycle in van der Pol eq. ---
i+ x=¢(l—z%).

Let Z(t; tg) be a local solution around  ~ Vi

Expand:  &(t; tg) = Folt: to) + eFq(t: to) + €2 ot to) + - - -
with ‘Initial Cond.’.
W (to) = Z(to; to) = (to)
,supposed to be an exact sol.,
which is also expanded as
W (to) = Wolto)+e Wi(to)+e* Wa(to)+- .

EE
0(50) Lig= L;? + 1] ro =0,  Zg(t; tg) = A(tg) cos(t + O(tg)).
12 13
O(s') Li1=-A (1 — %) sin ¢(t) + % sin 3 o(t),
O(t) = t + Oy(ty).



A A? 3
r1(t;tg) = (t — 1) 0] (1 — I) cos ¢(t) — % sin 3 ¢(t).

dz

d_f-l]t[}=t:{]! I:IU—I_EIl
j> A= A ( Ag) Limit cycle with a radius 2!
=€ E 1— I . Ab
| A(t) =
@ = 1. \/egt +('62\))2(1_e5t)

Extracted the asymptotic dynamics that is a slow dynamics.
The deformation of

An approximate but globaly valid sol. as the egnvelope(/ The unpert. sol. like

I‘E{t,} = ‘I{f, t:} — Fl;r(t) :w{}ﬂ(f- -+ QD:} — € Agét} Si]l{gfl + 3 ED): tgeEgaU“ term in

The secular terms are renormalized
Into the would-be integral
const.



A typical linear equation with zero modes apeears
In perturbation theory in QM.

Time-indep. Case: H|<{9n> — Enw”) H = Hy + \H,
~ 0 ~
H0|&97(qo)> — E(O)h’?(m)a < :Ez’)|‘r’ > On/n-

i T

Pert. Exp.
) = 1e) + Mel) + X2y + ..
E, = EO +XEV + NXE® + ...
O\ Lo |y = H|a(0)> E()|ﬁ(0)> —

n 'n

LD‘ 'n, HU has zero modes!
Solubility cond.:
0 — <{r’3£10)|b(1)> E(l — <“r’n)|H1|“r” >
| —1(1 1 0
o) = L' o) + c0)el))
And so on.
How about the time-dep. case? (10 — Hp) = AV,

Appearance of secular terms, not so familiar fact.



Time-dep. perturbation theory in QM revisited
T.K. unpublished (2009, 2016)

« Some ambiguous part of the pert. Theory in QM a la Dirac has been long
noted.

See for example, P.W. Langhoff, S.T.Epstein and M. Karplus, RMP44(1972), 602.
H. Ezawa, Quantum Mechanics I’ (lwanami syoten, 1978)

The problem is how to deal with the initial state due to the appearance of
the secular terms. We shall show that the RG method nicely resolve the

difficulty.



(20y — Ho ) = AV1b, with the “initial cond.” U (t = tg;to) = V()

Hy|n) = €,|n) (n|m) = 0,m

Conversion to an integral equation:
. . t .
W(t;ty) = e_EHO(f_t“)\I’(IfU) + Ae_'EH“t/ dSe?'HUS(—ﬂ’r)ﬂ"(-ﬁl to)
to

Pert. Exp. |
U(titg) = oltite) + AM0y(t;te) + Nbo(titg) + -+,
U(ty) = Wolto) + AWy (tg) + N Us(tg) + - -

O-th order | |
l'ﬂ(f t[]) p— E_EHO“_IF‘D)\IJU(IL,U) p— C(t[j)E_EEan?-)

We assume that the O-th initial state is an unpert. eigen state.

Def. Projection operators
P=n)n|, Q=1-P



1st-order sol.

it ty) = cﬁ:(tg)e_i‘f”t{(—iV}m)(t —to) +

The integral const. €n
secular term!

0

7V Hn)

We can proceed to higher order straightforwardly.

Collecting them up to the 2"9 order,
(i to) = Yo(t; to) + MNu(t; to) + AN (t; to)

Now applying the RG/Envelope equation,
{_}t‘/dfﬂ‘fﬂ:t — [}

we have
¢ = —iA€,c(t), andthus, c(t) = coe” 2!
with  Ae, = A\n|V|n) + X (n|V—— V|n
en = AMn|V|n) + A (n —r n)

The energy correction to be obtained in the time-indep. perturbation theory!



The resummed wave function as the initial value reads

Q
€n — H{]

)\2 Q V4 Q V — Q -V PV} In).
T {Eir:r_. — H{:] €n — HU (Eﬂ o H0)2 }] |n>

E‘R = €, + AEH

Dp(t) = W(tt)=V(t) = c_tDE_'iE”t[l - A

Both the energy and wave function are consistent with the time-independent
Rayleigh-Schroedinger perturbation theory.

We note that the secular terms are renormalized into the energy as the
time-dep. phase.
The method can be successfully applied to

the (quasi) degenerate initial state,

leading to the effective Hamiltonian acting the degenerate subspace.
T.K., In preparation.



From Langevin to Fokker-Planck equation Y. Hatta and TK Ann. Phys. 298 (2002),
24

Langevin eq. with multiplicative noise:

i—t: = h(u) + ﬁ(H)R - (1) H=r(.’,f'1. U, ..., Up), hz;(hh ha, ..., h”J
(i

(G@)R); =3 giR; Ri(i=12..., n); stochastic variable with (R(#)) = 0.

Let J(u, 1) be the distribution function of the dynamical variable u,
which satisfies the continuity equation with v =du/dt ;.

of (u,t
f(u J + Vi - (vf(”a t)) =0,
at
Because of (1), we have 9/

—="Vu [+ 2R FISELES  —(2)

L(s)=—V, - (h(u)+ gR(s))
We apply t-dep. perturbation theory familiar in QM to derive Fokker-

Planck equation from (2). . = Lo+ Ly, with Lo = -V, -h. L1 = —V,éR.
We take the interaction picture of L_1.

c.f. Path-integral approach, J. Zinn-Justin,”"QFT and Critical Phenomena” (1989)



The formal solution to (2) with the initial cond. at 7 =7y reads

t
flu,t:t0)=T exp[f ds L(s)} fu, to: to)
Io

! R.Kubo JMP 4 (1963)
The initial distribution fun. / (u. 7o: 7o) which is to be specified later,

will be found to play the essential role.

[
Def. Unpert. Evolution op.  Uy(r, 1) =T exp[f ds LUU'):| Lo= -V, -h,
I

Def. p(U,t;t;) by f(u, t.tg) = Upl(t, to)p1(u, t:ty)
Def. The averaged distribution function p(y_ ¢:¢,) = <?(u,t;t0)>
R

We require that the bare distribution coincide the averaged one at 7 = fp

f(u,t =to:to) =P(u, ty) 1)
= P, 1 = Iy, -rO) Pu,to) = f(u,t = to; ty)

/

Rl wee




r
pr(u,t.tg) =T exp[/ ds Lq(s: rg)]pl(u._ fo:10),
Uy

Li(t:10) = Uy (1, 10)L1(D)Uo(1, fo)

P(u, t:t0) = (Uo(t, to)pr(u, t310)) = Ug(t, 10)S(t:10) P(u, 1y).

t
S(t:ty) = (T exp[/ ds ﬁl(s;rc.)}).
fo

Evaluation of S(7:79) by a naiive perturbation exp, which is to be resummed
by the RG equation.

I l I I
S(.r'._ .TD]' =3 + T / ds (/Cl(ff)) - ET / d:‘f] / {4"52 (ﬁl(ﬁ])ﬁl(ﬁg)) ~+ -
fo Io

fo

l I [
=1+ ET/ ds, f ds,T(s1.8,) + - [ (51, 52) = (L1(51)L1(52))
Iy o

Assumption: the stationary noise and the microscopic time-reversal invariance.
P(u,t;tg) = Utz 1)1 + (1 — 10)G(t — 19)]P(u, to)

[
G(t) =f ds I'(s)
0



Now we apply the RG/Envelope equation as
OP(u.t: to)/0fol=r = 0,

A, Uo(t, to) =t P, 1) 4+ 0, P(u, 1) — G(O)P(u, 1) =0

Recalling tha:dy, Uo(t. to)ly=r = —Lo = V,, - h, we arrive at the Foller-Planck eq_;

JdP(u,t)y=-V,-hP(u,t)+ GO)P(u,t)

Here the explicit form of G(0) depends on the properties of the noise.

Simple example: Gaussian noise (Ri(1)R (1)) = 25;iD;8(t — t')
[(s)=Uy " 0;gijokgu2D;8;18(s),  with 9 = 3/du;.
I
1 :
Thus G(r) E/ dsI'(s) = —Uﬂ_'afg,-ja}g-g;\.;iDjéﬂ = G (0). t-independent.
0 2 A(0)=1/2

We have the familiar form of the Fokker-Planck equation for the multiplicative
Gaussian noise as,

O P(u,t) ==V -hP(u, 1)+ D;0; ik gxj P(u, 1)



Brief Summary and concluding remarks

(1) The notion of the RG plays an important role in the reduction theory of
dynamics.

(2) In the classical theory of envelops gives a nice intuitive understanding of
the perturbative RG reduction.

(3) The RG method provides a very powerful tool for the reduction of
dynamics and the explicit construction of the invariant/attractive
manifold.

(4) The RG method gives a natural framework for the resummation method
for the time-dep. Perturbation theory in Quantum Mechanics.

(5) We have seen also that the method can be also applied to a reduction

of the stochastic equations.

(6) There are and will be many subjects to which the RG method can be
nicely applied.



Back Up slides



Soliton-Soliton interaction in the KdV equation
S.El, K.Fujii and TK (2000)

The KdV eq.: Ou~+6ud u+0>u=0

C c(x—ct)| _ :
one-soliton sol.: u(x, t) = 5 sech? {f( 5 )} =@(x—ct; ¢)
Remark: (a)Translational invariance.

(b)The velocity c is arbitrary.

When two one-soitons are located

at x_1(0) and x_2(0) at t=0,

what would happen for t>0? .
X_1(0) X_2(0)

A variational approach with an ansatz:
S.Eiand T. Ohta,PRES50 (1994),4672

u(x,t)=@p(x—ct—x;c+ X))+ e(x—ct—x,;c+x,)+b(x—ct, t)
The RG method gives the foundation and more.



d,u+ F[u] =0,

Flul=—c0,u+6ud,u+0du
One-soliton is a fixed "point’ : F[ ¢p(z —b; ¢)] =0,

u(z, 1) =@z —z1(ty); ¢) + @(z — z,5(1p); ¢) +v(z, 1)

For the case of either z~z, or z~ z,

00+ F' oW+ 9P ]v+60.(p"9™) + O(|v]?) =0.

0,v=AMv—600,(pMg)+ O(6° + |v]*),
AV = —F "] =c 0.~ 6(0.0" + 91 2.)

A has a Jordan cell AU, =0, AU,=U,,
where U, =0_0, U,=—0,¢



z,=—C,— 28ce V=),
C, = 16¢%2e Ve (2221

)

Similar equation to z_2.

Not only the positions of the one-solitons but also the velocity of the
Soliton acquire time-dependence, though quite small.

Eliminating the velocity correction C i, we have equations only
for the positions;

Z1~— 16¢52¢ =/ (z2—=1)
£, ~ 163V @),

which is exactly what Ei-Ohta obtained starting from a plausible ansatz.
S.Eiand T. Ohta,PRES0 (1994),4672
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