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1.

Introduction: “Historical background”

The origin of “the valley method™?
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1. Instanton — Anti Instanton interaction is crucial for
unitary amplitude in Baryon and Lepton number
violation (via Sphareron) process in the standard model
at TeV scale. (We miss you, SSC.)

2. Streamline method was applied.

3. But it is ambiguous and has difficulties.

4. “The new valley method” was invented in order to
overcome all those problems.

5. It was applied to Q.M., which lead us to a finding on P
and NP interplay.
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1. Introduction: “Who needs the valley method?”

And we wrote:

“The novel feature of our investigation is that the valley we
introduce is not merely an improvement of the saddle point
method but a unification of perturbative and non-perturbative
methods, which opens a way to go beyond the dilute gas
approximations. The process of unification will be discussed in
detailin ......
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2. The Valley and the Functional Integral

Toy model: a double well potential for a particle in 1 dimensional space.

Anti-Instanton €

» Instanton
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“Bird’s Eye View”
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The “Aoyama-Kikuchi” (AK) © Valley Equation

3’S  a4S R aS
dbogp; ap;,  ™"ag,

Discrete Notation

Continuous Notation / dr’ 625[4] Ss[q] = AaS[q] .
8q(7)dq(7') 8q(7')  dq(7)

- 5 |1 [(851q1\" ,,
which can be - _ -0
rewritten as aq(f) [2 / (aq(ff)> dr AS[q]

Length of the gradient Constraint on
= L vector2 the action -
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The Fadeev-Popov and the AK valley

i . The valley line
FP method of introduction

of the collective coordinate + = fdo: 3((¢:i — di(a))Ri(a))A(d(a)),

1 as :
where R':_\//Ta_t;,-’ ,E(aqs,)

Remember that the valley is defined by

a*s as N EM
a(i)la(ﬁj a(bj min a¢! .

1

l
1
1
1

= _—

g; Jiil | Therefore, the smallest eigenvalue is completely 'Hr;

removed from the rest of the functional integration!
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Yet another form of the AK valley equation
“External Force”
6S(q] F‘( ),
5q(1)
8’S[q]
dr’ F(T')=AF(7),
/ 6q(1)bq(7")
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3. Symmetric double well, doubly well done!

Symmetric double well potential

_ 1 (dg\*
Slq] -/dr [E (E) + V(q}] .

V(g)=54'(1-g9)’ M ~
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Analytical constructions

11 valley

Configuration, action, determinant, were analytically
constructed at large separation.

o R? at R — 0;
S(R) = ] &
g —2e at R — oq,
“Interaction term”
=
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The transition amplitude

Changing the integration variable R to r = S(R).

=T/
=72

Z= lim |#(0)[? /d:F(:)e—*:’f
1—1/3

Cy

gl

where x = §(T) = 1/3 - 2¢77, Cy = [0, x].

Note that this contains everything, both perturbative and non-
perturbative parts.

Then, how do we separate them?

— =
g =
w__ir :
5L P

Hideaki Aoyama 16
K¥YOTO UNIVERSITY




“Separation conjecture”

Lt

Equivalent to
Bogomolny’s analytic
continuation

to g2 <0.
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3. Asymmetric double well: Valleys

Take the following;

_ I (dq 2
S[G’]—/d‘f f:i (E) ‘f‘V{f])] )

1
V(g)=5q"(1 - 89)" — egq.

Bounce is the only (interesting) solution of the equation of motion.

Then, what can we do?
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Valley instanton and anti-instanton comes into rescue

q(1)
q.

o I valley

valley
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Analytical Construction

g S 1 (dg\* . .
Scaling: S141= 7514, S[q]-fdr {5 (E}‘) +V(q)},
V(3) =V(g) +egW(@).  W(d) = %42(1 —9 W) =-d

We constructed valley instantons, actions and determinant at large
separation for small €g%, not small €. Using the same separation
of P and NP as before, we obtained...
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Energy and the Wavefunction for € ¢ Z

i 2
11 valley E: (e, Ny =0) = —a? (_?

) I'(—e).

¥ (q+) Ifp = —a?|¥(0) (—55) {ln (~-§g) r(—e) - r’(—e)}

i1 val ., €
valley E; (e,N_=0)=—a’ (~g2—2) I'(e),
2 2 2 2 - 2 ~ !
|¥(g_)|fp=—a’|¥(0)| —a In 7 I'(e) —I'(€)
? o
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The role of €

IT valley t=38(R) +€g°Si(R) = S(R)

oR? for R — 0;
So(R) =4 |

§—Ze'R for R — oo,

,e T2 ,
Z= lim [#(0)*— /drF(r)e“f’*
x—1/3 mEe
Cy

T
—— fort — 0;

Vaot

F(r) =
| 1/3—1 1/3 -1 i
Ter ( g )-In(llfi—»\’) for t — 1{3_}
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Summing over multi-valley

1
E{T (e,Ny)==+N,,
0-th order energy levels 2

Eg7(e,N_)=—€e+ % +N_,

e¢Z

2(_|)N-_t+l

Ef (e, Ni) = N

2 if+2~j:
(_g_‘*) I' (Fe — Ni) + O(a*).

T - o
A I8! Y
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Integer €

0-th order energy levels: degeneracy

1 I
Eo(Ni]:E+N+=—E+‘2-+N... g

Energy Splitting:

1 2\ NitN a2 1 2\ NiHN-
E;np(€,Ny) =sa NNl (?) + SN AT (E)

x {ZIn (—;7) —W(Ns+1) —p(N_ + 1}},

T . wheres=+land N. = N, +€ = N, + V. -
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9. Asymmetric Double Well: Large Orders

o0
Perturbative Expansion E|()i) (e,N) = Z ES) (e, N,m)g™.
m=0

1 T Im(ER (e, N))
Ef*) (e, N.m) = —;]dgz s

0

This yields

EfY (e,Nom)=A®) (e, N)3"I'(+€+2N +m+ 1) [1 +0 (1>] ,
m

where the coefficient A‘*) (e, N) is defined as

+) 3 6ie+2N
A JN) = —— .
(&N = = NT(Eer 1o M)
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Numerical Check

Exact calculation of Perturbative coefficients
(using Mathematica) was done for N=0...6
Up to 200" and 478™ order at the Yukawa Institute.

A0
0.002 N
A"€0) i
O T4\ /5 6577 8\ /o 10\ €
-0.002
-0.004
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Numerical Check: Higher levels

ATED 5 0 s
Great agreements between our P-NP .
T .~ method and the Numerical (Exact) =
AT \ Calculation. 4
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6. Asymmetric Double Well: N-fold SYSY

€ = 1 has a supersymmetry.
o' =py'. Q=D
where
D=p—-iW(g), Di=p+iw(g), W(g) =q(l -gq).
H= % {0'.0} = % (P +WH@) + W(9) (Wf - %) :

The ground state (E=0) wave function in not normalizable and
therefore the SUSY is dynamically broken, nonperturbatively.

q 2 ;
T . ¥s(q) =exp —qu’W(q'} = exp (—“2*+g—3-).?' -

g 0 -
w__ik :
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This explains

Perturbation theory does not realize the SUSY
breaking and E=0 is protected by a non-renormalization
theorem. V(@)

A(e0)

0.002

0 34\ 75 657 8

-0.002

-0.004

-
T - =
1N i
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What about all the other zeros?
N-fold supersymmetry:
0 pV 0 0
t_ _
[ iy_/D¥NDW o
Hy=3 {QN‘QN} T2 ( 0 D**"DN’)
We have shown:
]
Hy = 5 detMu (Hp)
Our Hamiltonian
Mp(E)ij=28(i = N)8js1 + QE4AN —1-20)8; + (i +2)(i + 1)8;;-2,
==
T >

A .
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The Isolated levels

The Perturbative energy levels

N=1:E=0,

N=3:E(E-1)(E+1)+28=0,

N=4: (E— ;) (E— %) (E+%) (E+%) + II2Eg2=U.

N=5:EE-2)(E-1)(E+1)(E+2)+6(TE* =52)g*=0.

Finite convergence radios for N >2.

T - -
A I8! Y

+ -------- :
N=2:(E-D(e+1) =0 ' I
' 2 2)
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Numerical confirmation of the NP contribution

For isolated levels in N-fold SUSY, the perturbative part is
completely known. This allowed us to numerically confirm our NP
prediction by looking at differences between their numerical energy
eigenvalues and the perturbative eigenvalues.

Log( IAE] ]
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Summary

* The AK valley method was proposed.

* Instanton solutions were constructed both numerically and analytically, and was
confirmed to have desirable properties. “Instanton interactions” at large
distances were identified.

» Separation of Perturbative and Non-Perturbative contribution to the path integral
was proposed.

* Non-perturbative part was calculated for Asymmetric double well model.

» Large order behavior of the perturbation series were found, and numerically
confirmed.

» N-fold supersymmetry was found. Perturbative part of the energy eigenvalues
were exactly calculated for isolated states.

» Using N-fold supersymmetry, NP contribution was numerically confirms.

* In short, all checks out.
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