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Introduction

1. Introduction

The aim of this talk is to relate the Gauss hypergeometric function and
Borel resummed WKB solutions.

The Gauss hypergeometric function ,F;(a, b, c; z) is a standard solution of
the hypergeometric differential equation.

If we introduce a large parameter in the hypergeometric differential
equation suitably, we can construct WKB solutions of the equation.

These formal solutions are Borel summable under suitable generic
conditions. Taking the Borel sum, we have analytic solutions of the
hypergeometric differential equation.

2F1(a,b,c;z) can be expressed explicitly as a linear combination of the Borel
resummed WKB solutions.

As an application, we obtain asymptotic expansion formulas of the Gauss
hypergeometric function with respect to the parameter.



The hypergeometric differential equation

2. The hypergeometric differential equation

o The hypergeometric differential equation:

d*w dw
E +(c—(a+b+1)x)$ —abw =0,

where a, b, c € C. Regular singular atx = 0, 1, co.
e The hypergeometric series (or function): (c # 0,-1,-2,...)

(2.1) x(1-x)

- (@), ,
(2.2) 2Fia,b,c;x) = ; (C)Tx
T'(a+n)
where (@), =a(@+1)---(@a+n-1) = —, etc.
I'(a)

o The radius of convergence = 1.
Thus ,F(a, b, c; x) defines a holomorphic function on {x; [x| < 1}.
(lfaorb € Z<y, 2F1(a,b,c;x) is a polynomial of x.)

o ,F1(a,b,c; x) defines a holomorphic function on the universal covering of
C -{0,1}.



The hypergeometric differential equation

1
o szl(a,b,c;x) is an entire function of a, b and c.
c

e Characteristic exponents (Riemann scheme):

0 1 )
0 0 a
1-¢c c¢c—a-b b

o Standard solutions of (2.1) (notation of BMP):

uy = ,F(a,b,c;x),

u, = ,Fi(a,b,a+b+1-c;1-x),

1
uz = (=x)™,F; (a,a +1-c,a+1-b; ;),

1
uy = (—x)"%,F, (b,b +1-c,b+1-a; ;),
us =x""Fia+1-¢,b+1-¢,2-c;x),
ug =01 -x)*"""Fic-a,c—-bc+1-—a-b;1-x).

(Six of Kummer’s 24 solutions.)
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The hypergeometric differential equation

e Standard bases of solution space of (2.1):
(ul,u5)7 (u29 u6)’ (u3’ u4) ((l,b,C : genel’ic)

e Connection formulas:

I'c)I'(c —a—-b) I'Q-c)I'(c—a->b)

I'(c —a)l'(c - b) I'd-al'(d->b)
(wy,us) = (u2,ue) ’
I'c)I'@a+b-c) I'Q-cl'@a+b-c)
L'(@)I'(b) TFa-c+DI'b-c+1)

TG -a) TC-olb-a) .
Te-al®) TAd-alb+l-o

(w1, us) = (u3,uy) ’
I'e)I'(a - b) I'Q-c)l'(a-b) £im1-0)

I'lc -b)'@ TA-bI'@a+1-c)

......
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3. A quick review of the exact WKB analysis

e Consider the differential equation in the complex domain

2

(3.1) (- La Q)Y = 0.

dx?

N

Here n (= 1/h) is a positive large parameter and Q = Z q'ij(x) isa
Jj=0

polynomial of 5~ with rational coefficients Q; (j = 0,1,...,N).

e Assume: Fo)
G(x)Q;(x) (j = 1,2,...,N) are polynomials in x, where Qy(x) = Kx) with
X

coprime polynomials F(x), G(x).
o WKB solutions:

(3.2) ¥ = exp (fS(x, l])dx) .
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e Associated Riccati equation:

(3.3) as + 5% = 0.
dx

e Formal solutions: S = Z n7’S; constructed recursively by
j=-1

(34) S, =0,

1
284

as; ;
(35)  Sji=- —* > SiSk = Q| J = -1,0,1,2,....
k=0

(Q; =0forj > N)
According to the choice of the leading term S_; = S(_*l) = + /0y, we have two

formal solutions
o0
S@® = Z n‘fS}*)
j=—1

to the Riccati equation.
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o Normalization

1 S
(3.6) Soda = E(S(H I ES Z 77 Soda,js
Jj=-1
1 =
(37) Seven = E(S(H + S(_)) =: Z U_Jseven,j-
Jj=0

Then we have S® = +S.44 + Seven and

1d
(3.8) Seven = _Ea log Soda-

1
Thus we can take normalization of the integration of S.., as -3 log Soqq-
WKB solution normalized at a generic point x, € C:

1
(3.9) l/l(:)) = exp (ifSodddx).
\/ xo

S odd




A quick review of the exact WKB analysis

e Some basic notions:
o a (simple) turning point < a (simple) zero of Q,

o a Stokes curve < an integral curve of Im \/Qodx = 0 emanating from
a turning point

o a Stokes region <= a region surrounded by Stokes curves

+ a regular singular point < a singular point r such that (x — r)?Q, is
regularatx =r

WKB solution normalized at a simple turning pointa € C:

1
(3.10) VA exp (ifsodddx),
1’ a

Sodd

where the integration is understood as a half of the contour integral

starting from x in the second sheet of the Riemann surface of \/Qo going
back to x in the first sheet detouring the turning point.
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e The Borel resummation

o Under some conditions, a suitably normalized WKB solution ¢ is Borel
summable in each Stokes region (Koike-Schéafke).

s The Borel sum of i in a Stokes region D is denoted by Y.
e Connection formula (Voros [V])

o .: WKB solutions normalized at a simple
I turning point a

o '¥0: The Borel sums of ¢, in D = I, IL.

I o lf Re [* 4/Qydx > 0 on the boundary Stokes
curve between I and II, then we have

¥o= ! il
LS O

In this case, we say that ¢, is dominant (y_ is recessive) on the Stokes
curve.
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o WKB solutions normalized at a regular singular point

Assume that 0, has a double pole atx = r and (x — r)ZQj G=12,...,N)are
holomorphic atx =r.

o Define p = py + Tl_lpl + ﬂ_zpz + .-+ by
N
p=ts@ [0-3ro
j=0

By Proposition 3.6 in Kawai-Takei [KT], we have
R_es Sodd = 01
with
1
4prp
o WKB solutions normalized at the regular singular point x = r:

— 7)o
lﬁ(: = &exp (if(Sodd - %)dx).

Sodd

og=p/l+
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o Recessive WKB solution at the regular singular pointx = r

We assume Re py > 0. Then z//(:) is recessive on any Stokes curve flowing
intox =r.

o By the connection formula, the recessive WKB solution does not have
Stokes phenomena on the Stokes curves.

Theorem 3.1 ([ATT2])

Set ) := (x - r)‘i"”’x//(:). There is a neighborhood U of x = r such that §’
is Borel surpmable in U — {r} and x = r is a removable singularity of the
Borel sum ‘I’i’). Hence it is holomorphic in U x {n; Re n >> 0}. Moreover

YO, = §00n) = (0n)?

holds.




A quick review of the exact WKB analysis

e Analytic solutions at the regular singular point r and WKB solutions

1
o The characteristic exponents of our equation at x = r are 3 + o).

o There exist two independent analytic solutions ®.. of the forms
®.(x, 1) = (x = ) FEID o (x, )
of (3.1) such that @, y(x, n) are holomorphic in a neighborhood of x = r and
Do) = 1.
o By Theorem 3.1, the Borel sum ¥’ of ¢’ near x = r has the form
r 1 as (7
Y, m) = (x = )P0 (x, ),

where ¥ (x, ) is holomorphic near x = r and ¥ (r, ) = (o)1

Theorem 3.2 ([ATT2])

Under the assumptions and notation given above, we have the relation

@, (x, ) = ()Y (x, )

in a neighborhood of x = r.

Remark: If Re p, < 0, we have to exchange “+” and “-”.
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4. Exact WKB analysis of the hypergeometric differential equation

o We apply Theorem 3.2 to the hypergeometric differential equation

4’ d
(4.1) x1-022 s c—@+b+ 0% —apw = 0.
dx? dx
Introduce a large parameter n by setting
a=ay+an, b=pBy+pn, c=yo+yn.
Eliminate the first order term:

w= x—%(l _ x)—%(a+b—c+l)l/’.

2
Equation for y: ( - + r]ZQ)x// =0. HereQ =0+ n7'0Q; + n72Q, with

dx?
(@ = px* +2Q2ap - ay - By)x +7*
0" 4x2(x — 1) ’
0 = (@ = B)(@o — Bo)x? + (2(aBo + aoB) — Byo — Boy — Y@ — Yo + V)X + y(yo — 1),
22(x — 1)2
0 = (@0 = Bo + D(eo — Bo — Dx? + 2By — Bovo — Yoo + ¥0)x + Yo(yo — 2).

4x2(x — 1)?
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We assume (a,8,7) € Eq U E; U E,, where

Ey={(@B,7) € C’ | aBy(@-P)a-y)B-ya+B-7) =0}
E; = {(,B,7) € C’ | Rea Re SRe(y — @)Re(y — B) = 0},
E; = {(@,B,7) € C* | Re(@ — pRe(a + B — y)Rey = 0}.

Then there are two distinct turning points ay, a; and no Stokes curves
connect turning point(s).

We take the branch of \/Qo as
Y
Res Vo = 7
Then we have

Yo—l+yn c¢-1
2 )

Res Sodd =
x=0

and
@+By—vo+(@+B-y) _ a+b-c

2 2
if we take the branch cut for \/Qo suitably.

Res Sodd = -
x=1
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Normalization of WKB solutions:

o WKB solutions normalized at q, (a simple turning point):

Y. = ! exp (i f, Sodddx) s
v/ ap

Sodd

o WKB solutions normalized at the origin:

-1 -1
wg)) = L exp (i f (Sodd - ch )dx).
1’ 0

Sodd

o WKB solutions normalized at x = 1:

— 1)x(c—a-b) Yy
Y = Codnt i exp (i f (Sodd . b)dx).
* N 1 2 -1

S odd
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o Dominance:
Rey >0 = y, isrecessiveatx =0 («— uy)
Rey <0 = y_isrecessiveatx =0 (e us)

Theorem 4.1
(i) If Rey > 0, then

- 1 (4
2Fi(a,b,c;x) = \, ¢ 5 x:(1-x ‘%("”"”D‘I’(f)

holds near the origin. Here ‘I’(f’ denotes the Borel sum of the WKB solution
¥ normalized at the origin.

(i) If Re ¥ < 0, then

- 1 (4
xS Fi@@a-c+1,b-c+1,2-c;x) = \’ ¢ - x2(1 —x)"%(“"b"‘“)‘l‘(_")

holds near the origin. Here ‘I'(_O) denotes the Borel sum of the WKB solution
¥ normalized at the origin.
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Re(a+B-y)>0 = yY_isrecessiveatx=1 (e u;)
Re(a+pB-y)<0 = ¢, isrecessiveatx =1 (e ug)

Theorem 4.2
(i) If Re (@ + B — ) > 0, then

+b - c
2Fia,ba+b—c+1;1-x) = \’%fi(l —x)"%(‘””'””‘l’(_l)

holds near x = 1. Here ‘I‘(_” denotes the Borel sum of the WKB solution «ﬁ‘_”
normalized at x = 1.

(i) If Re (@ + B — ) < 0, then

—a-b _.
(1-x),Fy(c—a,c—b,c—a—b+1;1-x) = \,%x'i(l —x) d@rb-erg®

holds near x = 1. Here ' denotes the Borel sum of the WKB solution y'"
normalized atx = 1.
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The first statement of Theorem 4.1 gives the relation between the
hypergeometric function ,F,(a, b, c; x) and the WKB solution nﬁ‘f) normalized
at the origin when Rey > 0.

We consider the following two questions:

Q1: What is the relation between ,F(a, b, c; x) and the WKB solutions ..
normalized at the simple turning point ay when Rey > 0?

Q2: What happens when Rey < 0?
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Answer to Q1:
Formally we have
Y = exp(Vy) s

with
0 c-1 1
Vo = Sodd — —— |dx + =(c — 1) loga
0 fol ( oda = ) 2( ) log ay
and
Yy = exp(Vy) s
with

0 c—a-b 1
Vi = Soda — —— |dx + =(c—a—-b)1 -1).
1 f ( dd 20 - 1)) X 2(C' a ) log(ay )

We call V, (resp. V;) the Voros coefficient of our equation of the origin
(resp. of x = 1).
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We may write

Vo = Vo,>0 + Vo, <0
with 1
Vo,50 1= = Sodd, >0 dX,
Co
1
Vo, <0 = lim = Soda,<0dx + (c — 1) logx],
x>0 2 Cx
where '
Sodd, >0 = Z 17Soad,js  Sodd, <0 = Z N7 Soda,js
Jj>0 J<0
C,: a contour starting from x, going around a, and back to x.
Similarly,
Vi=Vis0 + Vi<o05
with

1
V1,>0 = —f Sodd,>0dxa
2 Je,

1
Vi,<0 :=lim = (f Sodd, <0 dx + (¢ —a — b) log(x — 1)) .
Cx

x-1 2
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Explicit forms of the Voros coefficients:

Theorem 4.3

V. _ 1 — (_1)”_1”1_n Bn(Q'O) Bn(ﬂO) Bn(70 - 00) Btl(70 _ﬂl))

0,>0 5 Z -1 n—1 W n—1 W — n—1 i — n—1
nn-1) a B y-a -B
Bn(70) + Bn(70 - 1)
- ,yn—l ’

- li I )i (B (@) . B, (Bo) _ B, (yo — @) _ B, (0 — Bo)
T2 G Ty Vet T g T gt -t
_ Bu(@o + o —y0) + Bul@y +Bo — 70 + 1))

(@+ -y )

Here B, (x) denotes the n-th Bernoulli polynomial :

— B, (x)
=n§ =
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Explicit forms of V, <y and V; <, depend on the choice of the simple turning
point ay and of the branch of logarithms. Under suitable choice, we may
write, for example,

—(C—l)logw}’
Y
1 op a(a —7y)
Vi = 71~ Dlog ——r—— +(a - c)log - —
1,20 4{(c )Og(a—y)(ﬁ—y)+(a C)Ogﬂ(ﬁ—y)

+(a+b_c)logw}.

(@+p-y)¢



Exact WKB analysis of the hypergeometric differential equation

The explicit forms of V, and V, are obtained by solving the following
system of difference equations:

Lemma 4.4

1 1 1

Ay0,Vy = = ( - )’
2\e—y+(@-yo+ D' a+amn’!
1 1 1

A,g(?,gVo = = ( 1 - l) ’
2\B=y+Bo—vo+ Dyt B+ B
1 1 1 1

Ay('ijo = - i =+ " + "
2\y+ym™t y+@o-Dnt e—y+ (@ -y

5 1 )
B—v+(Bo—yon!

Here we set A, := exp(57'9,,) — 1, 3, := 0/0da, etc.




Exact WKB analysis of the hypergeometric differential equation

1 1 1
AHB(,Vl:—( +
2\e+agn™!  @—y+ (@ —yo+ D!
1 1 )
a+B—y+@+Bo—yu!l a+B—y+(@+po-vo+yt)
1 1 1
AﬂﬂﬂV]:- + 5
2\B+Bont B—y+(Bo—vo+ Dy~
1 1 )
a+B-y+(@+Bo—you! a+B-y+(a+Bo—vo+Dyt)
1 1 1
Aya)'Vl:—( +
2\y—a-B+(o—ao—Po+ D! y—a-B+@o—a—Poy!
1 1 )
y—a+@o—a)nl  y—B+@o-Bon!

These systems can be solved by using formal differential operators of
infinite order of the form

. i & Buleo) o
(exp(7™'8,) = D778, expleon™8,) = Y| ——— (117 8,)".
n.

n=0
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o Borel sums of the Voros coefficients

Divergent parts of the Voros coefficients consist of sums of formal series of
the form

i (=1)""'B,(s)'™"

1
U(t,s ==
(@81 24 n@n -1l

This is Borel summable if Re 7 # 0 and the Borel sum 4. of U with respect
to ! depends on the signature of Re 7:
1 (@)™

Ret>0 = U, =-log s
2 I'(s + e

1. T -s— (-1

- log

2 e™ ‘/2_77

Thus the explicit forms of the Borel sums of V, and V; depend on the
signatures of

Ret<0 = U_

Rea, RepB, Re(a@—7y), Re(B—7y), Re(a+8-7y).

These signatures determine the type of Stokes geometry of the
hypergeometric differential equation.
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Characterization of the Stokes geometry in terms of parameters

w; = {(@,8,7) € C}]0 <Rea < Rey <Re 8},
wy = {(@,B8,7) € C’l0 <Rea <Ref <Rey <Rea+Rep},
w3 = {(@,B8,7) € C’]0 <Rey <Rea < Re g},
ws = {(@,B,7) € C)]0 <Rey <Rea+Re B <RefB},
G = group generated by ¢, im = 0,1,2),
where ¢,, (m = 0,1,2) are involutions in the parameter space defined by
w:@py) P Bay),u:(@py)» (y—-ay-pB7y and
u:(@,pB,y) P (—a,—B,—y).
Moreover, we set I, = Ur(wk) k=1,...,4).

reG

Theorem 4.6 [AT1].

Let n. (* = 0,1, o) denote the nhumber of Stokes curves flowing into the
singular point * and set i = (n¢, n1,n.,)-

1) @By ellh = n=(2,22). (2) (Byelhb=n=411).
(3) (a9ﬂa 7) € HS = = (1’ 49 1)- (4) (aaﬁy 7) € l-I4 = = (17 ls 4)-
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By our assumption, (o, 8,y) € II, for some k and then V, and V; are Borel
summable. To specify the explicit forms of the Borel sums, we assume «, £,
v to be real.

Theorem 4.7

If (o, B,7) € wy, the Borel sum V; of V, has the following form:

. 1. T@®-olErc-1)eie
V, = Elog .
@I'®X(c —a)

Here we set
a=ao+an, b=Ppy+pn, c=yo+yn.

Other cases can be managed similarly.
Taking the Borel sums of the formal relation

¥ = exp(Vo)y.,
we have the following analytic relation:
¥ = exp(V))¥,.

Combining this and Theorem 4.1, (i), we have
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Theorem 4.8

Suppose that y > 0. Let .. be the Borel sum of the recessive WKB solution
Y, at the origin normalized at the simple turning point a,.

For (a,B,7) € w; (j = 1,2, 3,4), we have the relation:
2Fr(@,b,c;x) = Gy x5 (1 — x) 2@ty

with a constant C; given by

e HrEOr® - c + 13 R A )
C = - ) C, = 79
VZT@r G - o)) {r@r®re - are -}
r(c){r(a —c+DIB—-c+ 1)}% e-§(‘-1>r(c){r(1 —a)[(b—-c+ 1)}%
C3 = ’ C4 = *

2 ‘/;{F(a)I‘(b)}% 2 1/7_r{I‘(b)I‘(c - a)}%
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Answer to Q2: What happens when Rey < 0?

We give an answer for the case where (o, 8, 7) € y(w1). Other cases can be
treated similarly.

Theorem 4.9
If 8 <y < @ < 0, we have the relation

2Fi(@,byc;x) = x75(1 — x)" 2P H(C W, + Cy L)

with 1
e’%(b-ﬁ%){r(l —a'(1-bI@-c+ 1)}E
Cu = ’
V2rd - o)l(c - b):

3 Ir(e){ra - ara - b)}%
Cy =

-,
Yara - a){r(c —-b)Ia-c+ 1)}2
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Here V. are Borel sums of .. in the yellow-colored region:

[
0 1
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e Applications
If we replace Y. by ¥.. in our relations, we have asymptotic expansion
formulas of ,F;(a, b, c; x) with respect to n‘l (Watson’s Lemma).
The leading term of WKB solution ¢, is
ﬂ
V2x(x = 1) (a—ﬁ)zx+Zaﬂ—ﬁy—ya+(a—ﬂ)‘/6} :
G (@ - B)*x + 2B — By —ya — (@ - B)VG

ST

atp-y

x (“2+ﬁ2+(/3—a)7)x+20/3—/37—70+72—(a+/3—7)‘/5} !
(@+P+(B-a)y)x+2eB-Py—ya+y*+(@+p-y VG

Qap - By — ya)x + ¥ +7"/5}Z
Q2ep - By —ya)x +y2 -y VG

Here we set
G = (a — B)’x* + 2Q2af — By — ya)x + ¥~
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For example, we have not only an alternative proof of the asymptotic
formula for the monic Jacobi polynomial
JrA+ D+ DA +B+1)+1)

P(nA,nB)(x) =2
" I'mA+B+2)+1DI'(nA +1)

1_
szl(—n,n(A+B+1)+1,nA+1;Tx).
(-1<A<0,-1<B<0,-2<A+B<-1)

as n — oo obtained by Kuijlaars and Martinez-Finkelshtein but also an
asymptotic expansion formula for all orders:
pUAB (1~ 2g) ~
z)_%(“”B) I'er1+A+B)+ DI'(-QA+A +Bn)'(n+1)
I'd+n2+A +B)I'(-1 + Byn)IT'(1 — An)

—An I'd+n1+A)I'A -An)'(-An) 1
x| e IRZ
2 I'n+1DI'(-A1 +B +A)n)I'(A + (B + 1)n)

1 —Bn I'A+n1+B)I'A - Bn)I'(-Bn) 1
L i ):

i 2 IT'n+1DI'(-A+B+An)'1+ A + Dn)

I'Ad - An)I'(Bn)

% I'(-A+A))I'A + (1 + B)n) _]

znz—%(1+nA)(1 _
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Summary and concluding remarks

@ A large parameter is introduced in the 3 parameters in the Gauss
hypergeometric differential equation.

@ One can construct WKB solutions of the equation. Taking the Borel
sum, we have analytic solutions of the Gauss hypergeometric
equation.

@ The Gauss hypergeometric function ,F(a, b, c; x) can be written
explicitly in terms of those Borel resummed WKB solutions under the
condition that the Stokes geometry is non-degenerate.

@ As an application, one can obtain asymptotic expansion formulas for
the hypergeometric function with respect to the parameter.
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