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Resurgence Structure

resurgent trans-series 92 . coupling constant
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this talk: small SUSY breaking parameter  0¢€
[Dunne-ftnsal 2016]

aperturbative expansion w.r.t.  from the SUSY point

afully non-perturbative w.r.t. 92

explicit and non-trivial resurgent structure
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asmall S limit ¢ * ¢ Quantum mechanics

all-order bion contribution
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CP! model in two dimensions

2d N = (2,0) supersymmetric CP ! model

£= o o |1wel® + D]

. _J

(t,z) ~ (t,x + 2w R) :coordinate on cylinder R X Ch

p(x 4 2mR) = ™% p(x)

(X +27R) = €™ o)(x)




Fractional Instanton

aEuclidean action density of instanton on R x Sl

high

[Eto-TF-Isozumi-Nitta-
Ohashi-Ohta-Sakai, 2006]

ainstanton » two fractional instantons (N for CP 1)

kinks in small S ! limit v quantum mechanics



Fractional Instanton

aEuclidean action density of instanton on R x Sl

high

[Eto-TF-Isozumi-Nitta-
Ohashi-Ohta-Sakai, 2006]

ainstanton » two fractional instantons (N for CP 1)

kinks in small S ! limit v quantum mechanics



Dimensional Reduction

2d N =(2,0) supersymmetric CP* model

£= o o |1wel® + D]

small St limit - - - dimensional reduction



Dimensional Reduction

2d N =(2,0) supersymmetric CP* model
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a Fermionic part of Lagrangian

L=---+i1poup + A(p, Orp) 1)

a Fermion number f = 1) : conserved charge

HZHf:()@Hle » Z:Zf:O‘I‘Zle

apartition function of f=0 sector

Z £—0 :/Dgo exp —/dT(L—I—Vf)

/

Induced potential



CP! Quantum Mechanics

Quantum mechanics of particle on sphere

(" )

1 G2 "
7 gt VD

\ _J

CP ~S°

complex !- plane



CP! Quantum Mechanics

Quantum mechanics of particle on sphere
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2d N =(2,0) SUSY CPmodel

dim. reduction w/  twisted bc

projection to Pxed fermion number

complex !- plane .




Potential on Sphere

¥ potential ¥¥¥twisted b.c. + fermion projection

e - N ([ )
V =—m %22 + ¢°Y + const !
- _ ,
> 1_ :ili ' height of S 2
A /
=1




Potential on Sphere

¥ potential ¥¥¥twisted b.c. + fermion projection

e - N ([ )
V =—m %22 + ¢°Y + const !
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Ground State Energy

Schrsdinger equation

HYV = |-g°A+ V]| T

* \ Laplacian on S °

4 - N
2g°?
. ground state wave function p

ground state energy Is exactly zero due to SUSY
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SUSY Breaking Deformation

¥ deformation of potential

m2

V = Y2 emy
4q°
¥ response of E under deformation #$=% -1 expansion
n
pm - L9 g
n! Je™ e=1
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First Order Coefbclent

a First order perturbation with respect to oe —e—1
(1) K
po = Q0 g0 — Ly =y 218
(0]0) 1+ |pf?
a using explicit form of ground state wave function
d?p m
0/0) :/ exp (-2)
| T+1pPy P\ g2
4 relation between 10|0'and E )
~ )
0 (1) _ 2 e
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Bion Expansion of E (1)

a First order #$ expansion coefpbcient
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T = [0) + Je|TD) + O(5€2) : #$ expansion of ground state
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a First order ground state wave funciton
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Bion Expansion of E ()

F 2nd order coefbcient

E®) = g% — 2mcot h—
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multl bion contribution
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Bion Expansion of E ()
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multl bion contribution
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: semi-classical
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Saddle Point Method

a partition function in path integral formalism

Z: /Dgpe_SE[QPﬁO] »

~— ground state energy
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a e.g. Airy function
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Complexipcation

a real and imaginary parts of ¢ =

p = ¢Yr+1Q] (SU(z) \ SU(2)C>

cpP! T*CP!

a analytic continuation of Euclidean action

Selp.7 = Sclp,l

a saddle point eqg. = Euclidean e.o.m

0Sr  0Sx
e — p— O
0P
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Symmetry of Euclidean Action

- time shift ™

T — T

a

OenergyO conservation

\_

p — %

azimuthal angle

~—phase rotation —
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Saddle Point Solutions

solution (up to sym.)

o=@ =Acs(QdT,k) (Jacobi elliptic function)

(A, 2, k) : complex constants depending on

(pa q : integers labeling solutions )

p=>0 0<qg<p-1

¥ complex saddle points © # @ forgeneric D4
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¥ single bion solutionin I 1" limit
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Complex Bion Solution (p=1)

¥ complex bion : not on the original contour =P

( - ||2 1 \




Real and Complex Bion

a kink-antikink ansatz

(O = [exp(—wT — 2) + exp (WT + z)]_l

Kink

antikink

2 = wAT + iA¢@ :relative kink position and phase

real bion ~
1 WA
AT: %long_mZ
Ap =
Y

s

complex bion

w2

1
AT— ZIOQ( wz

A¢p = 0
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Real and Complex Bion

a kink-antikink ansatz

(O = [exp(—wT — 2) + exp (WT + z)]_l

Kink antikink

2 = wAT + iA¢@ :relative kink position and phase

4 . o )
a in the weak coupling limit g — 0

1 jog
2m  © 2"g >

a loosely bounded pair of kink-antikink

(AT, A¢) : quasi-modull




Kink probPle of multi-bion

a p : number of bions

a g : label saddle points in p-bion sector

complex bion real bion complex bion

(p, q) — (3, 1) : multi bion solution
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L efschetz thimble method

a decomposition of integration contour

C = Z Ne S o S : set of saddle points

d_SO _ 0SE dual thimble ICy: Bow from %
dt 0(p
- “/intersection# N, = (Ky,C)




Reduction to Quasi Moduli Space

a semi-classical limit g — 0 & zero temperature 1 1"

4 _1 )
OLE = [exp(—wT — 2) + exp(wT + z)}
kink antikink
2 = wAT + 1A :relative kink position and phase
- _J




Reduction to Quasi Moduli Space

a semi-classical limit g — 0 & zero temperature 1 1"

4 _1 )
OLE = [exp(—wT — 2) + exp(wT + z)}
kink antikink
2 = wAT + 1A :relative kink position and phase
- _J

“nearly Rat directionsO \ guasi moduli parameters

— 2"
= et O



Reduction to Quasi Moduli Space

a semi-classical limit g — 0 & zero temperature 1 1"

4 _1 ~
Pk — [GXP(—MT — 2z) + exp(wT + z)}
kink antikink
2 = wAT + 1A :relative kink position and phase
- _
“nearly Rat directionsO \ guasi moduli parameters
— 2"
=1 kP + g |

\""massive modesO



Reduction to Quasi Moduli Space

a semi-classical limit g — 0 & zero temperature 1 1"

4 _1 ~
Pk — [GXP(—MT — 2z) + exp(wT + z)}
kink antikink
2 = wAT + 1A :relative kink position and phase
- y
“nearly Rat directionsO \ guasi moduli parameters
— 2"
=1 kP + g |

\"“massive modesO

[" S[']= Se (2)+ "H! "1 + O(g?) j




Contribution from Saddles

a semi-classical limit g — 0 & zero temperature 1 1"

=P massive modes : one-loop determinant det A

a integral along nearly 3at directions : quasi-moduli

kink gas with complexibPed quasi-moduli




Contribution from Saddles

a semi-classical limit g — 0 & zero temperature 1 1"

=P massive modes : one-loop determinant det A

a integral along nearly 3at directions : quasi-moduli

kink gas with complexibPed quiasi-modaull




Quasi-Moduli Integral

¥ semi-classical p-bion contribution to the partition function

iIntegral over nearly [3at directions

. 12p
dd'; det! ' exp(! Se)

1=1
. _J

Lp

effective action zi =m(1; — Ti1) + (¢ — di_1)

27 2m
S — Z e " +€;2; | + c.cC.

2
1=1 9

¥ Interaction between nearest neighbor pair of kinks




Thimble 7, and Dual Thimble [,

¥ single bion case (a pair of kink-antikink)
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Thimble 7, and Dual Thimble [,

¥ single bion case (a pair of kink-antikink)

dm
Seff = e " cos @+ 2emT
9
¥ discontinuity of intersection numbers at Img=20

Jo—Ji1 forimg<0O

= Ji1—Jg forimg>0

* Stokes phenomenon

om (1—6)< e~ ™€ for Img > 0

\

7 . g° . ['(e) [ e™ for Img <0
T m I'




Multl-Bion case

¥ complexibed relative quasi-moduli parameters

i = m(Ti — 7'z'—1) T i(@ — §bz'—1)

~

Zi =m(Ti — Ti—1) — i(Pi — Pi—1)

¥ constraint (sum of relative kink positions = period of S H
2p - B 2p ~ ]
zi + 2 do . zi + Z;
(&) - Sl (&

¥ factorization into single bion contributions

2p

do »

Lp X _06—205 H],L- with I, = /dzzdgz e~ V(zi)=V(Z)
1=1

2T



Multl-Bion case

¥ complexibed relative quasi-moduli parameters

i = m(Ti — Tz’—l) T i(Qbi — §bz'—1)

~

Zi =m(Ti — Ti—1) — i(Pi — Pi—1)

¥ constraint (sum of relative kink positions = period of S H
2p - B 2p ~ ]
zi + 2 do . zi + Z;
(&) - Sl (&

¥ factorization into single bion contributions

2p

do »

Lp X _06—205 H],L- with I, = /dzzdgz e~ V(zi)=V(Z)
1=1

single bion result

2T




Non-Perturbative Contributions

I,(0) = (2_7”67;)“’_6"' g I((e; —io)/2)




Non-Perturbative Contributions

\_

(”” i
_6__
92

 2imf _imBo |
N /2’m 1_[1]7’(0)

\4

1o —€i I’((ez — ZJ)/Q)
F(l — (67; — ZO’)/Q)

Imaginary ambiguity

bion expansion of partition function e~ Obion — ¢
_2m _4m
Z:ZO—|—216 g2 —|—ZQG g2 -+




SUSY and Near SUSY Cases

1
EO) ~ > 0
SUSY case o F(l — e)P

consistent with the exact result (SUSY : E=0)



SUSY and Near SUSY Cases

1
EO) s ()
SUSY case > F(l — e)P

consistent with the exact result (SUSY : E=0)

PO = —mt g2, B o
T




Bion Expansion of E ()

multl bion semi-classical contribution \

-~

2 \  _2pm _
Ez(f) = —4mp? (7 + log g—ZL + W—Z> e 9° +(’)p(gz) e 92
\_ S

resurgence + m < -m symmetry gives

2\ — —t |
OMQ)_”@A e N o zm e Ty 2

consistent with the exact results




Plan of Talk

1. CP! Quantum Mechanics and ““Exact ResultsO

2. Bilon Solutions : Saddle Points in ComplexibPed CP

3. Multi-Bion Contributions and Quasi-Moduli Integral

4. Generalization to CP N1 Quantum Mechanics

1QM



Plan of Talk

1. CP! Quantum Mechanics and ““Exact ResultsO

2. Bilon Solutions : Saddle Points in ComplexibPed CP

3. Multi-Bion Contributions and Quasi-Moduli Integral

1QM

[ 4. Generalization to CP N1 Quantum Mechanics




CPN-1 Quantum Mechanics

1

= (1
with V = GY (—23@'# O; b — e&@ﬂ)

g
\_ W,
Gip=!ilglog 1+ |'|? :Fubini-Study metric (i=1, - - - N-1)
_ it .
U = SNTRIE: :moment map of U(1)! SU(N)



CPN-1 Quantum Mechanics

0 _ o & 1 _ N ( 2)
| = e 2 "= 2\11 log 1—I—Z\g0\ +

need to solve PDZE

- )
EO) — 0 (supersymmetry)
5 _J
4 2'"% R
EM — N(N2_ 1)9 — Zmz (1 + Ndie o ) Ai = m.l:Ij m
_ e jgi
\ 1 Z Aje ) J
- )
N 2 NT 1 W e! t i | 2m
E(Z) = g + 2miAi dt om. . + O(e ?2_)
4 . 0 t! ek 10

\_ J




Bions CPN-1 Model

« Embedding CP ? bion

N-1 types of bion
= ~

Sﬁi — CP! bion solution withm=m

=0 (jF0)
- Y

*e.g. CP3 case (N=4) ... three bions




Quasi-Moduli Integral

* quasi-moduli integral for single I-th bion

o N i
Zy = /dV det A' *exp %e! £ — Eez—l— (c.c.)
9 i

* quasi-moduli integral for single i-th bion

detA = A, elN! 2)Rez g CP! determinant

quantum correctionto  $




Single Bion Contributions

* (N-1) types of bion

_ Ml consistent results

2

g h
Efo) =0 (Ve € ZT , quasi-exactly solvable)

\_ Y,
Eil) = —N Z miAz-e! g°

\_ i=1 )

a N—1 a " i ™
E§2):N2ZmiAz- |+ log 7 + ?—|—O(g2) e ¢

\_ i=1 - i y

Tl Rl 2m
cancellation with ~ Im E(()Z) = F =N~ Z m;Ae 9>
i=1



Multl Bion Contributions

assumption for multi-bion conbPgurations

well-separated kink-antikink pairs
each of which iIs either one of the N ' 1 types of bions

\_ W,
* All order multi-bion contributions
a )
EO) — ¢ ( consistent with supersymmetry )

\_ W,
4 ~ 2 B
E(l)—N(Nl)QQ—Zmi(l | NAe s ml)

2 . -2
k 1 1 — Zj Aje g J

exact results are reproduced



Multl Bion Contributions

* second order coefpcient of ground state energy

i N—-1 N—1 T
E(z) = —N 2 m;A;e #f (Sz)Yzz + mjAjYinije_Siq
i=1 j=1
N J
5 = Qﬂ Vi = RiR; o 1 — Zk mzn—z;mk Ape %
g2 1> A s T 1—>, Ages*
p resurgence + m <> -m symmetry N
2m ) 2m . [/ 2m
— B E log— +! — Chi | —
fs)=log “Z 415+ O(F) wp 1o (%)
CP! case

. _J




Multl Bion Contributions

* second order coefpbcient of ground state energy

i N—-1 N—1 T
2) — 2 — &g —5;0
E( ) = —N m;A,e ° #f (Sz)Yzz + mjAjYz-inje °
i=1 j=1
N J
s — 21| Y = RiRj R — 1 — Zk mzn—z;mk Ape 5
g2 1> A s T 1—>, Ages*
P resurgence + m <> -m symmetry N
2m 5 5 prediction of
=log =5 + ! + O(g°) mp
J(5) =log g2 2 (9°) resurgence
L CPN-1 case )




a Explicit resurgence structure in CP N guantum mechanics

a Small SUSY breaking deformation
a Complex saddle points : multi bion solution

a All order multi bion contributions

a Consistent with exact results and resurgence structure

a generalization to Peld theory : 2d NL %M, 4d gauge theory



