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Calculated ground state

+Ä+=+ 213.087.02/1 2/52/1 ds

Exp.: 
J.S. Winfield et al., Nucl.Phys. A683 (2001) 48

+Ä+=+ 216.084.02/1 2/52/1 ds

11Be(p,d)10Be in inverse kinematic 
detecting both the ground state and 
the 2+ excited state of 10Be.



PVC: Vibrational Core (even-even) + One particle (neutron)

Standard Coupled Channel Equation
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The simplest way to take care
of the Pauli principle:
expand on a basis excluding
occupied single-particle states
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Include the effect of ground state correlations
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Fermionic degrees of freedom: 

• s1/2, p1/2, p3/2, d5/2 Wood-Saxon levels in a box

•Bosonic degrees of freedom: 

• 2+  (3-, pair vib. )   QRPA solutions tuned to 
reproduce available exp. data: 

•B(E2) = 10.4 �1.2  e2 fm4

•!em =  1.12                    !n   ≈  0.8

Ingredients of our calculation for 11Be

F. Barranco et al, PRL 119 (2017) 082501



Parameter optimization

We perform the many-body calculation starting from a Woods-Saxon 
potential,
with a spatially dependent  effective mass, with 

mk(r=0)  = 0.7 m , m_k(r >> R) =   ! =0.91 m

The following parameters are fitted to obtain the best agreement of the 
renormalized energies  with the experimental 1/2+,1/2- and 5/2+ states 
in 11Be and 3/2- in 9Be:

- Depth, diffuseness,radius, strength of spin-orbit  coupling

Structure and reactions of

11
Be studied with Nuclear Field Theory: many-body basis for single-neutron halo 8
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Figure 2: The central potential (left panel) and the effective mass calculated with a
Saxon-Woods potential parameterized as reported in Table ?? with m

k

(0) = 0.7 are
compared to the corresponding quantities obtained in the HF approximation with the
SGII Skyrme interaction.
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11Be within NCSMC:  
Discrimination among chiral nuclear forces 

29 

Feb 17 2016 Angelo Calci

11Be with NCSMC

1

exp.

n+10Be(0+)

Robert Roth - TU Darmstadt - February 2015

9Be: NCSM vs. NCSMC

! NCSMC shows much better Nmax convergence 

! NCSM tries to capture continuum effects via large Nmax 

! drastic difference for the 1/2+ state right at threshold
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Parity inversion 

9/2+ 

A. Calci, P. Navratil, R. Roth, J. Dohet-Eraly, S. Quaglioni, G. Hupin, PRL 117, 242501 (2016) 

3.87
10Be(2+)+n

• parity inversion 
shell model predicts  
g.s. to be J∏=1/2-

• Halo structure  
weakly bound J=1/2 states  
spectrum dominated by n-10Be

Angelo Calci 17March 27 2017

Neutron-rich halo Nucleus 11Be

•  Z=4, N=7 
–  In the shell model picture g.s. expected to be Jπ=1/2-  

•  Z=6, N=7 13C and Z=8, N=7 15O have Jπ=1/2- g.s. 
–  In reality, 11Be g.s. is Jπ=1/2+ - parity inversion 
–  Very weakly bound: Eth=-0.5 MeV 

•  Halo state – dominated by 10Be-n in the S-wave 
–  The 1/2- state also bound – only by 180 keV 
 

•  Can we describe 11Be  
     in ab initio calculations? 

–  Continuum must be included 
–  Does the 3N interaction play  
    a role in the parity inversion?  

    
 

Neutron-rich halo nucleus 11Be 

28 

0s1/2 

0p3/2 

0p1/2 

1s1/2 N=7Z=4

Spectrum

Can Ab Initio Theory Explain the Phenomenon of Parity Inversion in 11Be?
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The weakly bound exotic 11Be nucleus, famous for its ground-state parity inversion and distinct
nþ 10Be halo structure, is investigated from first principles using chiral two- and three-nucleon forces.
An explicit treatment of continuum effects is found to be indispensable. We study the sensitivity of the 11Be
spectrum to the details of the three-nucleon force and demonstrate that only certain chiral interactions are
capable of reproducing the parity inversion. With such interactions, the extremely large E1 transition
between the bound states is reproduced. We compare our photodisintegration calculations to conflicting
experimental data and predict a distinct dip around the 3=2−1 resonance energy. Finally, we predict
low-lying 3=2þ and 9=2þ resonances that are not or not sufficiently measured in experiments.

DOI: 10.1103/PhysRevLett.117.242501

The theoretical understanding of exotic neutron-rich nuclei
constitutes a tremendous challenge. These systems often
cannot be explained bymean-field approaches and contradict
the regular shell structure. The spectrum of 11Be has some
very peculiar features. The 1=2þ ground state (g.s.) is loosely
bound by 502 keVwith respect to the nþ 10Be threshold and
is separated by only 320 keV from its parity-inverted 1=2−

partner [1], which would be the expected g.s. in the standard
shell-model picture. Such parity inversion, already noticed by
Talmi and Unna [2] in the early 1960s, is one of the best
examples of the disappearance of the N ¼ 8 magic number
with an increasing neutron to proton ratio. The next
(nþ nþ 9Be) breakup threshold appears at 7.31 MeV [3],
such that the rich resonance structure at low energies is
dominated by the nþ 10Be dynamics. Peculiar also is the
electric-dipole transition strength between the two bound
states, which has attracted much attention since its first
measurement in 1971 [4] and was remeasured in 1983 [5]
and2014 [6]. It is the strongest known transitionbetween low-
lying states, attributed to the halo character of 11Be.
An accurate description of this complex spectrum is

anticipated to be sensitive to the details of the nuclear force
[7], such that a precise knowledge of the nucleon-nucleon
(NN) interaction, desirably obtained from first principles,
is crucial. Moreover, the inclusion of three-nucleon (3N)
effects has been found to be indispensable for an accurate
description of nuclear systems [8,9]. The chiral effective
field theory constitutes one of the most promising candi-
dates for deriving the nuclear interaction. Formulated by
Weinberg [10–12], it is based on the fundamental sym-
metries of QCD and uses pions and nucleons as relevant
degrees of freedom. Within this theory, NN, 3N, and
higher many-body interactions arise in a natural hierarchy

[10–16]. The details of these interactions depend on the
specific choices made during the construction. In particular,
the way the interactions are constrained to experimental
data can have a strong impact [17].
In this Letter, we tackle the question if ab initio

calculations can provide an accurate description of the
11Be spectrum and reproduce the experimental ground
state. Pioneering ab initio investigations of 11Be did not
account for the important effects of 3N forces and were
incomplete in the treatment of either long- [18] or short-
range [19,20] correlations, both of which are crucial to
arrive at an accurate description of this system.
In this Letter, we report the first complete ab initio

calculations of the 11Be nucleus using the framework of
the no-core shell model with continuum (NCSMC) [21–23],
which combines the capability to describe the extended
nþ 10Be configurations of Refs. [19,20] with a robust
treatment of many-body short-range correlations. We adopt
a family of chiral interactions in which theNN component is
constrained, in a traditional sense, to two-nucleon properties
[24] and the 3N force is fitted in three- and sometimes four-
body systems [25–28]. In addition, we also employ a newer
chiral interaction, obtained from a simultaneous fit of NN
and 3N components to nucleon-nucleon scattering data and
selected properties of nuclei as complex as 25O [29–31].
Many-body approach.—The general idea of the NCSMC

is to represent the A-nucleon wave function as the gener-
alized cluster expansion [21–23]

jΨJπT
A i ¼

X

λ

cJ
πT

λ jAλJπTiþ
X

ν

Z
drr2

γJ
πT

ν ðrÞ
r

AνjΦJπT
νr i:

ð1Þ
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Can ab initio theory 
describe this complicated 

system?

YES 

The description of the experimental results from     
complementary approaches is of great interest



Wavefunctions of renormalized states

The renormalized 5/2+  phase shift is
very different from the d5/2 phase shift
In the bare potential.

5/2+: a ‘Fano resonance’   (Orrigo et al.  PLB 633 (2006)469) 
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FIG. 5. (Color online) Proton energy in keV in the laboratory
frame as a function of strip number for SIDAR at backward angles at
an equivalent deuteron energy, Ed = 21.4 MeV.

The calculations using the original P-P global optical potential
are shown for comparison. The agreement with the elastic data
is of similar quality for the new fitted potential compared to
P-P; however, the fit provides much better agreement with the
data in the case of the inelastic scattering, except at the highest
energy, as described above.

IV. THE NEUTRON TRANSFER REACTION 10Be(d, p)

Angular distributions of protons emerging from (d,p)
reactions with low orbital angular momentum transfer are
typically peaked at small center-of-mass angles. For this reason
most of the data for the neutron-transfer channel comes from
the SIDAR array, which was placed at backward angles in
the laboratory frame. Figure 5 shows the energies of protons
measured in SIDAR at Ed = 21.4 MeV as a function of angle,
represented by the strip number, where strip 1 covers the largest
laboratory angles. Contours of constant Q value, indicating the
population of a discrete state, have been labeled.

The reaction Q value was calculated on an event-by-event
basis. Figure 6 shows the Q-value spectrum at 140◦ in the
laboratory frame. The energy resolution in Q value for the
(d,p) reaction was more than sufficient to resolve peaks
from the population of the ground state and the first excited
state at 0.320 MeV. The background was identified as fusion
evaporation on 12C by measuring reactions on a carbon
target. It was then possible to account for this background
by fitting an exponential curve for the data at Ed = 12.0,
15.0, and 18.0 MeV, and subtracting measured background
at Ed = 21.4 MeV. The background was significantly less
obtrusive for curve fitting at the higher energies as the energies
of protons from the (d,p) reaction increase more with beam
energy than do the energies of fusion-evaporation ejectiles.

The two bound states in 11Be were populated at each beam
energy. Data were extracted for the 1.78-MeV resonance from
the three higher beam energy measurements. The peaks for the
bound states were fitted with Gaussian curves. A Voigt profile
was used to fit the peak at 1.78 MeV, using the Gaussian
widths (associated with detector resolution) found for the
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FIG. 6. (Color online) Q-value spectrum for 10Be(d,p)11Be in
inverse kinematics at 140◦ in the laboratory reference frame for
an equivalent beam energy of Ed = 21.4 MeV. Background from
fusion evaporation on 12C was accounted for by subtracting data
from reactions on a carbon target.

bound states in each spectrum and treating the natural width of
the state as a free variable. For the data taken with ORRUBA,
Gaussian curves were fitted to each peak, resulting in a Q-value
resolution of approximately 200 keV.

Angular distributions of protons emitted from the
2H(10Be,p)11Be reaction to the ground and first excited state
are presented in Fig. 7. The curves show the results of
FR-ADWA calculations using the global optical potentials
CH89 and K-D as used for the elastic scattering channel above.
The spectroscopic factors, S, were extracted for each state at
each energy by scaling the calculation to the data. The shape of
the experimental angular distributions are well reproduced by
calculations using either CH89 or K-D; however, there is some
variance in the intensity of up to 13% between the calculations.

Cross-section data for population of the resonance at
1.78 MeV could be extracted at the higher three energies
and are presented in Fig. 8. The protons emitted following
transfer to the 1.78-MeV resonance at Ed = 12 MeV were too
low in energy to extract a reasonable angular distribution. The
transfer to the resonance data is discussed more fully in the
next section.

V. TRANSFER ANALYSIS AND DISCUSSION

The conventional method of analyzing data from transfer
reactions using the DWBA has been shown to be particularly
sensitive to the optical potentials used [34]. In the 1970s,
Johnson and Soper [50] showed the importance of including
the breakup channel for the deuteron in the theoretical
treatment of (d,p) reactions, and by using a zero range
formulated a method called the ADWA. The finite-range
version by Johnson and Tandy [51] (FR-ADWA) was recently
applied to a wide range of reactions by Nguyen, Nunes, and
Johnson [41].

The transfer data presented are analyzed using FR-ADWA.
In FR-ADWA, the reaction is treated as a three-body n + p +
10Be problem, and thus neutron and proton optical potentials
are needed, along with the binding potentials for the deuteron
and the final state in 11Be. For the nucleon global potentials we
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FIG. 4. (a-c) (continuous curve) Absolute di↵erential and (insets) summed cross sections associated with the reactions 2H(10Be,11Be)1H at
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(ẽs1−(ed5k+ℏωl))

∑
k

xn h(.2 l ; p3 , p1n)
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(ẽ s1−(ed5k−e p3+ ̃e p1))
×(d5 /2k , p−1

3/2∣ME1∣gs)×.

〈1/2,(2 ;2)0 ;1/2∣(1/2,2)5/2,2 ;1 /2〉×.

〈5 /2,(3/2 ;1/2)2 ;1/2∣(5 /2,3/2)1,1/2 ;1/2〉

2 +
+

Figure 9: Main processes contributing to the dipole transition between the first excited state
and the ground state of 11
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! <r2 >1/2
11Be (th.) =  0.12 fm /  0.27 fm ! <r2 >1/2

11Be (exp.)= 0.11 fm



Taking properly into account the empirical coupling between single-particle
and collective degrees of freedom leads to a quantitative description
of various structure properties and of reactions of 11Be
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5/2+  : a |d5/2> + b |s1/2x2+> + c|d5/2x2+>

1/2+ :  A |s1/2> + B |d5/2x2+>

1/2-     α |p1/2> + β |p3/2x2+>

PAULI!

PAULI!

PAULI!

V
0
=70MeV

a=0.81fm

R=2.1fm

Butterfly Diagrams

Two Phonon Anharmonicities

The initial 2s1/2 state is not bound .  After the first diagonalization, the ½+ state becomes 
bound, 1/2 + = 0.95 s1/2 + 0.3 d5/2 x 2+ while the 5/2+ state contains an admixture of the 
2s1/2 x 2+ configuration. 
By iterating, in the calculation of the dressed 5/2+ state we take into account  the              
2-phonon contribution and the fact that the 1/2+ state is localized.





Aim of the talk:

To present the variety of many body effects at the basis of the structure

of 11Be states of quasi-particle character, by using the framework of Nuclear Field Theory.

It will be shown that in order to

Simultaneously explaining:

O spectra,

O one neutron transfer absolute dσ/dEdΩ cross sections in 10Be(d,p)11Be and in   

….11Be(p,d)10Be reactions,

O dipole transitions and

O isotopic rms charge radius change

up to 3p-2h configurations are unavoidable, and that antisymmetrization (Pauli principle) 

between neutron and core, and of the 2p-2h core configurations, play a crucial role, as well as the

coupling to the single-particle continuum.

By incorporing coupling to the single-particle continuum, a common framework for the study of 
structure and reactions, based on the Nuclear Field Theory emerges. A formulation in terms of  

Generalized Coupled Channels allows for the proper inclusion of Pauli principle.



attenuate oscillate 

!  The transition matrix of the post-form representation for the (d, p) reaction 
within the distorted-wave Born approximation (DWBA): 

p

n 20C

rrd

rα
rn

βd

21C

rp

B Α

Stripping reaction to unbound state: A(d, p)B�

Motivation�

The      integration does not converge! rn

T (post)

DWBA =
D
�(�)

�  n

���Vpn + VpA � U�

��� d�
(+)

↵

E

⇠
D
�(�)

�  n

���Vpn

��� d�
(+)

↵

E

=

Z
drd

Z
drn�

⇤(�)

� (rd, rn) 
⇤
n(rn)Vpn(rd) d(rd)�

(+)

↵ (rd, rn).

VpA � U� = VpA � UpB ⇠ 0

The remnant term 

Vpn: deuteron binding potential 
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T. Fukui



These respectively attenuate  
for two independent coordinates. 
→ The integration does converge. 

!   The prior form 

attenuate oscillate attenuate 

Our approach�

Motivation�

VpA � U↵ = 0← If the remnant term 

: interaction for the n-A   
  unbound state 

VnA

p

n 20C

rrd

rα
rn

βd

21C

rp

B Α
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T (prior)

DWBA =
D
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Z
drd

Z
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� (rd, rn) 
⇤
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↵ (rd, rn).



d5/2 phase shift in the bare potential Renormalized 5/2+  phase shift
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Typical spherical 
mean-field results
with Skyrme forces
(Sagawa,Brown,Esbensen 
PLB  309(93)1)

Parity inversion in N=7 isotones is not reproduced by spherical
non relativistic mean field calculations, although the mean field
includes most of the effect of  the neutron-proton interaction

8 MeV

5 MeV
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Mean-field results
(Sagawa,Brown,Esbensen PLB  309(93)1)Experimental systematics

Parity inversion in N=7 isotones
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FIG. 5. (Color online) Proton energy in keV in the laboratory
frame as a function of strip number for SIDAR at backward angles at
an equivalent deuteron energy, Ed = 21.4 MeV.

The calculations using the original P-P global optical potential
are shown for comparison. The agreement with the elastic data
is of similar quality for the new fitted potential compared to
P-P; however, the fit provides much better agreement with the
data in the case of the inelastic scattering, except at the highest
energy, as described above.

IV. THE NEUTRON TRANSFER REACTION 10Be(d, p)

Angular distributions of protons emerging from (d,p)
reactions with low orbital angular momentum transfer are
typically peaked at small center-of-mass angles. For this reason
most of the data for the neutron-transfer channel comes from
the SIDAR array, which was placed at backward angles in
the laboratory frame. Figure 5 shows the energies of protons
measured in SIDAR at Ed = 21.4 MeV as a function of angle,
represented by the strip number, where strip 1 covers the largest
laboratory angles. Contours of constant Q value, indicating the
population of a discrete state, have been labeled.

The reaction Q value was calculated on an event-by-event
basis. Figure 6 shows the Q-value spectrum at 140◦ in the
laboratory frame. The energy resolution in Q value for the
(d,p) reaction was more than sufficient to resolve peaks
from the population of the ground state and the first excited
state at 0.320 MeV. The background was identified as fusion
evaporation on 12C by measuring reactions on a carbon
target. It was then possible to account for this background
by fitting an exponential curve for the data at Ed = 12.0,
15.0, and 18.0 MeV, and subtracting measured background
at Ed = 21.4 MeV. The background was significantly less
obtrusive for curve fitting at the higher energies as the energies
of protons from the (d,p) reaction increase more with beam
energy than do the energies of fusion-evaporation ejectiles.

The two bound states in 11Be were populated at each beam
energy. Data were extracted for the 1.78-MeV resonance from
the three higher beam energy measurements. The peaks for the
bound states were fitted with Gaussian curves. A Voigt profile
was used to fit the peak at 1.78 MeV, using the Gaussian
widths (associated with detector resolution) found for the

0

500

1000

1500

2000

2500

3000

3500

4000

4500

-6 -5 -4 -3 -2 -1 0
Q-Value (MeV)

C
ou

nt
s/

80
 k

eV

G
ro

un
d 

S
ta

te
0.

32
0 

M
eV

1.
78

 M
eV

2.
69

 M
eV

3.
41

 M
eV

FIG. 6. (Color online) Q-value spectrum for 10Be(d,p)11Be in
inverse kinematics at 140◦ in the laboratory reference frame for
an equivalent beam energy of Ed = 21.4 MeV. Background from
fusion evaporation on 12C was accounted for by subtracting data
from reactions on a carbon target.

bound states in each spectrum and treating the natural width of
the state as a free variable. For the data taken with ORRUBA,
Gaussian curves were fitted to each peak, resulting in a Q-value
resolution of approximately 200 keV.

Angular distributions of protons emitted from the
2H(10Be,p)11Be reaction to the ground and first excited state
are presented in Fig. 7. The curves show the results of
FR-ADWA calculations using the global optical potentials
CH89 and K-D as used for the elastic scattering channel above.
The spectroscopic factors, S, were extracted for each state at
each energy by scaling the calculation to the data. The shape of
the experimental angular distributions are well reproduced by
calculations using either CH89 or K-D; however, there is some
variance in the intensity of up to 13% between the calculations.

Cross-section data for population of the resonance at
1.78 MeV could be extracted at the higher three energies
and are presented in Fig. 8. The protons emitted following
transfer to the 1.78-MeV resonance at Ed = 12 MeV were too
low in energy to extract a reasonable angular distribution. The
transfer to the resonance data is discussed more fully in the
next section.

V. TRANSFER ANALYSIS AND DISCUSSION

The conventional method of analyzing data from transfer
reactions using the DWBA has been shown to be particularly
sensitive to the optical potentials used [34]. In the 1970s,
Johnson and Soper [50] showed the importance of including
the breakup channel for the deuteron in the theoretical
treatment of (d,p) reactions, and by using a zero range
formulated a method called the ADWA. The finite-range
version by Johnson and Tandy [51] (FR-ADWA) was recently
applied to a wide range of reactions by Nguyen, Nunes, and
Johnson [41].

The transfer data presented are analyzed using FR-ADWA.
In FR-ADWA, the reaction is treated as a three-body n + p +
10Be problem, and thus neutron and proton optical potentials
are needed, along with the binding potentials for the deuteron
and the final state in 11Be. For the nucleon global potentials we
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The usually quoted  value of width of the 5/2+ resonance (100 keV)   
is derived from 9Be(t,p)11Be spectra
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The width from 10Be(d,p)11Be(5/2+) spectra is much larger and is well reproduced by theory

Pullen et al., Nucl. Phys.  36 (1962)1


