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Correlation functions in planar N =4 SYM
from integrability

¥ Integrability of planar N=4 SYM theory opened a window into exploring in a
detailed and precise manner the gauge/string, or the AdS/CFT correspondence.

¥ Local, gauge-invariant operators with definite conformal dimension correspond to

eigenstates of a long-range interacting (super)spin chain - and to a string propagating
In theAdS5 x S5 background (described by a sigma model).
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¥ Correlation functions of such operators can be computed with techniques inspired from
2d integrable field theories (non-local form factors).

¥ A practical motivation is to replace the tedious Feynman graph computations in gauge
theories with more powerful techniques based on symmetries, and eventually to get a
non-perturbative description for the gauge theory observables.



Three point functions INnN =4 SYM

the three point function
dual to three-string interaction
IS the basic building block for correlation function
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Initial data: three states with definite conformal dimensions and psu(2,2|4) charge:

O/ (x), "=1,23

each charactemsl by a set of rapiditiee U,

and polarisations (or global rotations with respect to some reference BPS state,“¢.(
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The hexagon decomposition of the correlation
functions

[Basso, Komatsu, Vieira, 15]

the asymptotic part of the three point function can be written as a sum over partitions for
the three groups of rapidities 185 = 1 # G, ux = 1, # o, u3 = | 3 # 13
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- contribution of virtual particles exponentially suppressed if the bridges%:, %, >> 0
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- sewing back over the black lines: insertion of an arbitrary number of virtual particles



he hexagon as a non-local form factor

[Basso, Komatsu, Vieira, 15]

the hexagon can be seen as the form factor of a twist-like operator inducing a curvature
excess of 180 degreg€ardy, Castro-Alvaredo, Doyon, 06]
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solution from bootstrap (form factor axiom
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The hexagon as building block for correlation
functions

four point function by hexagon decomposition:

Fleury, Komatsu, 16: also Eden, Sfondrini, 16
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1/N correctionsBargeer, Caetano, Fleury, Komatsu, Vieira, 1B

<Kl
ese ' '
<K
> 7

decomposition of the torus with 4 insertsc

torus with 2 insertion

& non-planar resummatig®argeer, Coronado, Vieira, 19



Four point functions: the OsimplestO correlator

four point function: dependence on two cross ratios:
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for BPS operators with large R-charges and particular
polarisations: factorisation into two octagoQsronado, 18]
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compute the octagon analytically by resumming the virtual particle contribution
— Fredholm determinafbstov, Petkova, D.S., 19]

analysis of the Fredholm determinant in the light-like lii®dtitsky, Korchemsky, 19]



Four point functions: the OsimplestO correlator

" more general setting: octagon

Oz, B,#,%) = 1+ Xn(z,B,#,#)$ | (2,8 with a bridge of lengtla
n=1 (0,0)
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simple kinematical factor

(1,1) x| %> | |(z,2)
multiple integral over virtual particles:
(0, 00)

1 #e  #o B o %
In,l(zvz): m aaa duléé-é dun ﬂaj (Uj,|,Z,ﬂ)$ Pajak(uj;uk)

“a1=1 an =1 j=1 j<k

- 1 sinal " Ea(u)l " ipa(u)

one-particle measure:@a(u,l,z, ) = %= $ Ha(u) S e $ (zm)

zp Sin!
two-particle interaction Pas(u,v) = KL (u, V)KL (u, V)KL (u,v) K5, (u,v)

YA 1 xEBl(y) e, 1 _utia2 T
11 x[Fal(u) xb(v) x[Eal g SRR

Ot Hooft coupling consta

Ka (u,v) =




Four point functions: the OsimplestO correlator
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the two-particle measure separates— sum of factorised ladder integrals
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find a systematic way to determine the coefficien [Coronado, 18]

- atstrong coupling the two-particle measure does not separate but simplifies
[Jiang, Komatsu, Kostov, D.S., 16; Bargeer, Coronado, Vieira, 19]



Exact results for the octagon

) : . . — A5t %
convenient parametrisation for the cross ratios: 2= € i

(here the R-charge cross ratios= 8 =1
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The octagon as a Fredholm Pfaffian

L #o g 3 S o %
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- octagon aany coupling: Fredholm PfaffiafBasso, Coronado, Komatsu, Lam, Zhong, 17]
- bilocal measure Pan(u,v) = KL (u, V)KL (u,v)KLH(u,v) KL, (u,v)
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- fermionic dipole representatior  p,,(u,v) = %e “# U7 g (VIFTOT) g

fermions on the Zhukovsky surface; Majorana-li
[Kostov, Petkova, D.S., 19]

$ o &
X # X2

XjXk # 1 ij =1

(Zn X # Xy
XjXk # 1

- Cauchy-like identity: Pf
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The octagon as a Fredholm Pfaffian
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- definition of a Fredholm Pfaffiar
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- relation to Fredholm determinan [Rains, 00; Borodin, Kanzieper, 07]

Pi[J + K] = /det[I" JK].

$
- formal result: O«z,B,a,@) = 5 , Pf[J + \K]
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The octagon at weak coupling

- when expanded in powers @fthe octagon depends on="! log z»
only through the ladder integrédisoronado, 18]

- this is not true on individual matrix elements, since
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The octagon at strong coupling

[Bargheer, Coronado, Vieira, 19]

- hard to extract the strong coupling behaviour directly from the determinant;
restart from scratch and use the method fiding, Komatsu, Kostov, D.S., 16]
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TBA-like answer!
[Alday, Gaiotto, Maldacena, 09]

area delimited by geodesics in AdS5 (x sphere)

get the answer from semiclassica:
[Kazama, Komatsu, Nishimura, 13-16}




The null octagon limit

- an interesting limit is that where successive operators become
like separated,xi,, Xo4, X34, X13' O

- this means for the crossratins 0,1/m" O

useful parametrisation z =#e * Y,z =#¢ *V y'#

In this limit the octagon is amazingly simpi&aronado, 18]
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for ' =0 derived ifBelitsky, Korchemsky, 19]by methods similar to Tracy-Widom

notably: I (g) = log(cosh(2' g)), C(g) =" log SianA;' 9)




The null octagon limit

[Belitsky, Korchemsky, 19]

for '=0 y'# the kernels simplify considerably :
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The null octagon limit

[Belitsky, Korchemsky, 19]

natural rescaling: x; =(29gt)* bk =4g%?

H (2011, 2gt) = 27 X1X2 K (X1, X2)
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1
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new feature: Fermi-Dirac like distribution  $(x) =

s :chemical potentig g : temperature

the rest follows the standard treatmentiof, Izergin, Korepin, Slavnov, 92; Tracy, Widom, 93]

how to derive the (simple) dependence from the complicatedly - looking k



Summary and outlook

We have given a compact, all-loop expression for a simple yet non-trivial four-point
correlation function in an integrable 4-dimensional gauge theory

Underlying the solution there is a representation of the form-factors in terms of
Majorana-like fermions; the origin of these fermions is still mysterious

Other exact solutions for the correlation functions can be written in fermionic terms
(Fredholm determinants)

Integrals associated with Feynman graphs (ladder integrals) have a nice TBA
representation

We need a better understanding of the properties of the Fredholm determinant in
particular limits (strong coupling, light-like) and in general

Five point functions have a richer structure, being associated to more complicated
Feynman diagrams - but their analysis is more compligateay, Komatsu, 17]

Some simplifications occur when studying non-supersymmetric deformations (fishnet
theories)zamolodchikov, 80, Kazakov, Gurdogan, 15]good laboratory to study the
Feynman integral®asso, Dixon, 17]
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