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Correlation functions in planar N =4 SYM 
from integrability   

¥ Integrability of planar N=4 SYM theory opened a window into exploring in a 
detailed and precise manner the gauge/string, or the AdS/CFT correspondence. 

¥ Local, gauge-invariant operators with definite conformal dimension correspond to 
eigenstates of a long-range interacting (super)spin chain - and to a string propagating 
in the AdS5 x S5 background (described by a sigma model). 

É

¥ Correlation functions of such operators can be computed with techniques inspired from 
2d integrable field theories (non-local form factors). 

¥ A practical motivation is to replace the tedious Feynman graph computations in gauge 
theories with more powerful techniques based on symmetries, and eventually to get a 
non-perturbative description for the gauge theory observables. 
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Three point functions in N =4 SYM

3
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initial data:  three states with definite conformal dimensions and psu(2,2|4) charges
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the three point function  
dual to three-string interaction 

is the basic building block for correlation function 

each characterised by a set of rapidities 
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The hexagon decomposition of the correlation 
functions

[Basso, Komatsu, Vieira, 15]

the asymptotic part of the three point function can be written as a sum over partitions for  

the three groups of rapidities

data of the three operators, namely the charges of the global symmetry groupPSU(2, 2|4)

and the charges of the inÞnite symmetry group associated to integrability. The latter ones,

dependent on the coupling constantg, can be encapsulated, at least in the regime of in the

small g, by three collections of rapiditiesu1, u2, u3, each associated to one of the operators

O1(x1), O2(x2), O3(x3). At g = 0 the three sets of rapidities are determined by Bethe

ansatz equations for threePSU(2, 2|4) spin chains with lengthsL1, L2 and L3. At non-zero

values of the coupling constantg, the spin chains acquire long-range interaction and the

so-called asymptotic Bethe ansatz is not exact anymore. The long-range corrections can be

interpreted as coming from virtual particles circulating in the so-called mirror channel, where

time and space are interchanged. These virtual particles are called mirror particle. Their

contribution to the spectrum of conformal dimensions�(g) can be exactly determined via

a set of functional equations known under the name of Quantum Spectral Curve, equivalent

to a system of Thermodynamic Bethe Ansatz equations. In the large volume limit the

contribution of the virtual particles is exponentially small.

Through the AdS/CFT correspondence [23], the three-point function is dual to a three-

string interaction connecting three strings with energies�1, �2, �3. The rapidities can

be then associated to the momenta of excitation modes, or magnons, propagating on the

1+1 dimensional worldsheet. For a particular subset of the operators, the BPS operators,

the conformal dimensions do not depend on the coupling constantg and the associated

rapidities are trivial ( i.e. inÞnite). We are going to use a bullet to symbolise a non-BPS

operator and an empty circle to denote the BPS one with the same global charges. To

remove some trivial combinatorial factors we are dividing the three-point function by the

three-point function of the corresponding BPS operators,e.g.

C¥¥!
123 !

C¥¥!
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C!!!
123

!
N1N2 (2.2)

denotes the three-point function of two non-BPS and one BPS operator. In the above

formula,
"
Ni are the normalisation of the three incoming states, which can be expressed

in terms of the Gaudin determinants. In this work we are not considering the explicit

expression of the norms, and prefer considering the unnormalised structure constantsC123

deÞned in (2.2) instead of the normalised structure constantsC123. The semiclassical limit

of the norms in the absence of mirror correction was taken in [7, 24].

An all-loop prescription to compute the three-point function was given in [1]. The

guiding principle of the proposal is to split the worldsheet of the three interacting strings

into two overlapping hexagons, and then sum over all possible ways of distributing the

magnon excitations between the two hexagons,u1 = ! 1 # ø! 1, u2 = ! 2 # ø! 2, u3 = ! 3 # ø! 3

as illustrated in Þgure2.1. In the absence of the mirror corrections (asymptotic limit) the
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Figure 2.1: A possible arrangement of excitations for the hexagon form factors.
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Explicit expressions for transition factorsw"i ! 1,i (! i , ø! i ) and hexagon form factors H(! 1|! 3|! 2)

were proposed in [1] and will be given later. The building blocks of the hexagon form factors

are the bi-local hexagon amplitudesh(u, v) proposed in [25] and the elements of the BeisertÕs

scattering matrix [26]. Here we are going to consider only structure constants of operators

from the rank-one sectorssu(2) and sl(2) and we are therefore not going to use the matrix

structure of the hexagon form factors.

Figure 2.2: Vacua and su(2) excitations in the reservoir picture of BKV [ 1].

To connect with the weak-coupling picture and the corresponding notations, it is useful

to represent the three-point function we consider in the reservoir picture of [1] represented
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from the rank-one sectorssu(2) and sl(2) and we are therefore not going to use the matrix

structure of the hexagon form factors.

Figure 2.2: Vacua and su(2) excitations in the reservoir picture of BKV [ 1].

To connect with the weak-coupling picture and the corresponding notations, it is useful

to represent the three-point function we consider in the reservoir picture of [1] represented
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Comparison with the hexagon bootstap
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more precise meaning? 

translate the properties of the vertex into the scattering image? 

data of the three operators, namely the charges of the global symmetry groupPSU(2, 2|4)

and the charges of the inÞnite symmetry group associated to integrability. The latter ones,

dependent on the coupling constantg, can be encapsulated, at least in the regime of in the

small g, by three collections of rapiditiesu1, u2, u3, each associated to one of the operators

O1(x1), O2(x2), O3(x3). At g = 0 the three sets of rapidities are determined by Bethe

ansatz equations for threePSU(2, 2|4) spin chains with lengthsL1, L2 and L3. At non-zero

values of the coupling constantg, the spin chains acquire long-range interaction and the

so-called asymptotic Bethe ansatz is not exact anymore. The long-range corrections can be

interpreted as coming from virtual particles circulating in the so-called mirror channel, where

time and space are interchanged. These virtual particles are called mirror particle. Their

contribution to the spectrum of conformal dimensions! (g) can be exactly determined via

a set of functional equations known under the name of Quantum Spectral Curve, equivalent

to a system of Thermodynamic Bethe Ansatz equations. In the large volume limit the

contribution of the virtual particles is exponentially small.

Through the AdS/CFT correspondence [23], the three-point function is dual to a three-

string interaction connecting three strings with energies! 1, ! 2, ! 3. The rapidities can

be then associated to the momenta of excitation modes, or magnons, propagating on the

1+1 dimensional worldsheet. For a particular subset of the operators, the BPS operators,

the conformal dimensions do not depend on the coupling constantg and the associated

rapidities are trivial ( i.e. inÞnite). We are going to use a bullet to symbolise a non-BPS

operator and an empty circle to denote the BPS one with the same global charges. To

remove some trivial combinatorial factors we are dividing the three-point function by the

three-point function of the corresponding BPS operators,e.g.

C¥¥�
123 ⌘ C¥¥�
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denotes the three-point function of two non-BPS and one BPS operator. In the above

formula,
p

Ni are the normalisation of the three incoming states, which can be expressed

in terms of the Gaudin determinants. In this work we are not considering the explicit

expression of the norms, and prefer considering the unnormalised structure constantsC123

deÞned in (2.2) instead of the normalised structure constantsC123. The semiclassical limit

of the norms in the absence of mirror correction was taken in [7, 24].

An all-loop prescription to compute the three-point function was given in [1]. The

guiding principle of the proposal is to split the worldsheet of the three interacting strings

into two overlapping hexagons, and then sum over all possible ways of distributing the

magnon excitations between the two hexagons,u1 = ! 1 [ ø! 1, u2 = ! 2 [ ø! 2, u3 = ! 3 [ ø! 3

as illustrated in Þgure2.1. In the absence of the mirror corrections (asymptotic limit) the
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data of the three operators, namely the charges of the global symmetry groupPSU(2, 2|4)

and the charges of the inÞnite symmetry group associated to integrability. The latter ones,

dependent on the coupling constantg, can be encapsulated, at least in the regime of in the

small g, by three collections of rapiditiesu1, u2, u3, each associated to one of the operators

O1(x1), O2(x2), O3(x3). At g = 0 the three sets of rapidities are determined by Bethe

ansatz equations for threePSU(2, 2|4) spin chains with lengthsL1, L2 and L3. At non-zero

values of the coupling constantg, the spin chains acquire long-range interaction and the

so-called asymptotic Bethe ansatz is not exact anymore. The long-range corrections can be

interpreted as coming from virtual particles circulating in the so-called mirror channel, where

time and space are interchanged. These virtual particles are called mirror particle. Their

contribution to the spectrum of conformal dimensions! (g) can be exactly determined via

a set of functional equations known under the name of Quantum Spectral Curve, equivalent

to a system of Thermodynamic Bethe Ansatz equations. In the large volume limit the

contribution of the virtual particles is exponentially small.

Through the AdS/CFT correspondence [23], the three-point function is dual to a three-

string interaction connecting three strings with energies! 1, ! 2, ! 3. The rapidities can

be then associated to the momenta of excitation modes, or magnons, propagating on the

1+1 dimensional worldsheet. For a particular subset of the operators, the BPS operators,

the conformal dimensions do not depend on the coupling constantg and the associated

rapidities are trivial ( i.e. inÞnite). We are going to use a bullet to symbolise a non-BPS

operator and an empty circle to denote the BPS one with the same global charges. To

remove some trivial combinatorial factors we are dividing the three-point function by the

three-point function of the corresponding BPS operators,e.g.
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denotes the three-point function of two non-BPS and one BPS operator. In the above
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"
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in terms of the Gaudin determinants. In this work we are not considering the explicit

expression of the norms, and prefer considering the unnormalised structure constantsC123

deÞned in (2.2) instead of the normalised structure constantsC123. The semiclassical limit

of the norms in the absence of mirror correction was taken in [7, 24].

An all-loop prescription to compute the three-point function was given in [1]. The

guiding principle of the proposal is to split the worldsheet of the three interacting strings

into two overlapping hexagons, and then sum over all possible ways of distributing the

magnon excitations between the two hexagons,u1 = ! 1 # ø! 1, u2 = ! 2 # ø! 2, u3 = ! 3 # ø! 3

as illustrated in Þgure2.1. In the absence of the mirror corrections (asymptotic limit) the
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data of the three operators, namely the charges of the global symmetry group PSU(2, 2|4)
and the charges of the infinite symmetry group associated to integrability. The latter ones,

dependent on the coupling constant g, can be encapsulated, at least in the regime of in the

small g, by three collections of rapidities u1, u2, u3, each associated to one of the operators

O1(x1), O2(x2), O3(x3). At g = 0 the three sets of rapidities are determined by Bethe

ansatz equations for three PSU(2, 2|4) spin chains with lengths L1, L2 and L3. At non-zero

values of the coupling constant g, the spin chains acquire long-range interaction and the

so-called asymptotic Bethe ansatz is not exact anymore. The long-range corrections can be

interpreted as coming from virtual particles circulating in the so-called mirror channel, where

time and space are interchanged. These virtual particles are called mirror particle. Their

contribution to the spectrum of conformal dimensions ! (g) can be exactly determined via

a set of functional equations known under the name of Quantum Spectral Curve, equivalent

to a system of Thermodynamic Bethe Ansatz equations. In the large volume limit the

contribution of the virtual particles is exponentially small.

Through the AdS/CFT correspondence [23], the three-point function is dual to a three-

string interaction connecting three strings with energies ! 1, ! 2, ! 3. The rapidities can

be then associated to the momenta of excitation modes, or magnons, propagating on the

1+1 dimensional worldsheet. For a particular subset of the operators, the BPS operators,

the conformal dimensions do not depend on the coupling constant g and the associated

rapidities are trivial (i.e. infinite). We are going to use a bullet to symbolise a non-BPS

operator and an empty circle to denote the BPS one with the same global charges. To

remove some trivial combinatorial factors we are dividing the three-point function by the

three-point function of the corresponding BPS operators, e.g.
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Ni are the normalisation of the three incoming states, which can be expressed

in terms of the Gaudin determinants. In this work we are not considering the explicit

expression of the norms, and prefer considering the unnormalised structure constants C123

defined in (2.2) instead of the normalised structure constants C123. The semiclassical limit

of the norms in the absence of mirror correction was taken in [7, 24].

An all-loop prescription to compute the three-point function was given in [1]. The

guiding principle of the proposal is to split the worldsheet of the three interacting strings

into two overlapping hexagons, and then sum over all possible ways of distributing the

magnon excitations between the two hexagons, u1 = ! 1 # !̄ 1, u2 = ! 2 # !̄ 2, u3 = ! 3 # !̄ 3

as illustrated in figure 2.1. In the absence of the mirror corrections (asymptotic limit) the
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- sewing back over the black lines: insertion of an arbitrary number of virtual particles 
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The hexagon as a non-local form factor
[Basso, Komatsu, Vieira, 15]

the hexagon can be seen as the form factor of a twist-like operator inducing a curvature  
excess of 180  degrees [Cardy, Castro-Alvaredo, Doyon, 06]
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Figure 2.3: The physical and bottom mirror excitations.

2.2 Results and comparison with strong coupling

In the case when the incoming operators correspond to semiclassical strings, the lengths

L1, L2, L3 of the three chains and the numbers of the magnon excitations M1, M2, M3 are

large.4 The semiclassical limit is controlled by a small parameter ! such that !Li and !Mi

remain finite when ! ! 0. This limit exists for any value of the ’t Hooft coupling g. In

addition to the semiclassical limit, one can take the strong coupling limit where the e! ective

coupling g0 = !g remains finite when ! ! 0.

In general, we need to take into account the partitions of three sets of physical rapidities

and sum over all mirror excitations on the mirror edges, which is still open. Here we report

some modest progress, by taking the sum and the semiclassical limit in three particular

cases when the operators belong to the rank-one su(2) and sl(2) sectors:

¥ the expression of the asymptotic part of the structure constant for one non-BPS and

two BPS operators, [C¥��
123]

asympt for any value of the coupling constant,

¥ the expression of the asymptotic part of the I-I-II structure constant5 for three non-

BPS operators belonging to two di! erent su(2) or sl(2) sectors, [C¥¥¥
123]

asympt , for any

value of the coupling constant,

¥ the expression of the bottom mirror contribution for one non-BPS and two BPS

operators, [C¥��
123]

bottom in the strong coupling limit.

4Based on the experience with the spectrum [36], we may expect that, for sl(2), the results for the
semiclassical strings can be applied safely to small values of!L i .

5 The I-I-I type structure constant remains out of reach of our method for the moment.
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solution from bootstrap (form factor axioms) 

dynamical part matrix part

3

u3! v2! w

h(u3! , v2! , w) = H
!

w v !
! u !

"

FIG. 4. A mirror transformation ! : u ! u! moves an
excitation to a neighbouring edge. As illustrated here on
a simple example, we can iterate it to relate a creation
amplitude h with all particles at the top to the most
general hexagon processH where excitations can inhabit
any of the six edges.

Furthermore, combining symmetry arguments with el-
ementary bootstrap considerations hints at a simple and
natural generalization to multi-particle states. The con-
jecture is that the N -magnon hexagon amplitude (1) is
exactly given by

hA 1 ˙A 1 ááá=( " 1)f
!

i<j

hij #"
˙A N

N . . . "
˙A 1

1

| S |" A 1
1

. . . " A N
N $, (2)

where" A = #a|$ " is a state in the fundamental SU(2|2)
multiplet and S is Beisert SU(2|2) S-matrix [32] with
dressing phase set to one. (f is a simple integer which
accommodates for the grading [34].) The multi-particle
formula (2) identiÞes the hexagon form factor with the
(factorized) scattering matrix elements up to the scalar
factor hij = h(ui , uj ), which is a function of two magnon
rapidities. The latter can be constrained by crossing sym-
metry and argued to be given by

h
12

=
x!

1

" x!
2

x!
1

" x+

2

1 " 1/x !
1

x+

2

1 " 1/x +

1

x+

2

1
%

12

, (3)

where x± = x(u ± i
2

) are familiar Zhukowsky variables
(with u/g = x + 1 /x ) and %

12

is (half) the BES dressing
phase [35]. Accordingly, the hexagon form factor is as
depicted in Þgure 5, and its evaluation is straightforward,
as exempliÞed in appendices K and L. It shows, in the
end, some similarities with the pentagon transitions for
null Wilson loops, in that it factorizes into a dynamical
part (the product of hÕs) and a matrix part (the S-matrix
element). An important di ! erence is that the relevant
symmetry group for the null Wilson loops was justSO(6)
whereas here it involves a more sophisticated supergroup,
leading, as a byproduct, to a coupling dependent matrix
part.

Relations (2) and (3) Þnalize our proposal, which pro-
vides, in principle , a complete non-perturbative recipe
for computing structure constants of any planar gauge
invariant operators in this theory. Of course, it is cru-
cial to sharpen it and verify its predictions on the sim-
plest possible examples. This is what the rest of paper is
about.

SU(2|2) 
Beisert 
S-matrix

SU(2|2) 2 
excitation

Matrix Part

Scalar Part

=
N!

i<j

h(ui , uj ) !

L R

FIG. 5. The multi-particle conjecture relates the hexagon
creation amplitude to a multi-particle scattering process
as depicted here.

III. PROPERTIES OF THE HEXAGON ANSATZ

In this section we elaborate on the properties of the
hexagon ansatz (2).

An equivalent way of thinking about our problem is by
introducing a vertex #h| which can be contracted against
three spin-chain states, like in [19Ð21], e.g.

hA ˙A = #h|
"
|" A ˙A $

1

%|0$
2

%|0$
3

#
, (4)

for a single magnon on top of the Þrst spin chain. We
use here an invariant notation where each operator-ket is
thought of as being made out of excitations on top of the
same BMN Z -vacuum. Implicit in there is the need to
actually rotate (and translate) the kets in order to get a
non-zero result compatible with R-charge conservation.
There are several realization of these rotations, one of
which is discussed in appendix B and applied (up to a
small twist) in the next section.

The symmetry group of each ket in (4) is the usual
one for excitations on top of the BMN vacuum, that is
the extended PSU(2|2)2 introduced by Beisert in [32].
The intersection of the three symmetry groups for the
three rotated vacua is a singlePSU(2|2), which can be
thought of as a diagonal subgroup of symmetries of the
BMN vacuum, as explained in appendix B. This group
is nothing but the supersymmetrization of the obvious
bosonic groupO(3)

Lorentz

& O(3)R ! charge

that preserves
3 points in space time and 3 (generic) null vectors in
ÔR-spaceÕ.

As mentioned earlier, for low number of magnons,
this symmetry leaves very little freedom. For a single
magnon, as explained in appendix C, it Þxes the form
factor to be [36]

haȧ = #h|" aȧ$= &aȧ , h" "̇ = #h|D" "̇ $= N &" "̇ , (5)

such that the only non-zero one point functions are those
corresponding to so-calledlongitudinal magnons, that is,
the two scalars Y = " 1

˙

2, øY = " 2

˙

1 and the two deriva-
tives D = D1

˙

2, øD = D2

˙

1 polarized along the direction of
the three-point function. The relative weight N is rather
arbitrary, since it absorbs the normalization freedom be-
tween states of thePSU(2|2)2 ! R3 magnon irrep (see
e.g. (C6)). It can be Þxed to N = i in the commonly
used string frame normalization and to N = 1 in the

H

[Beisert, 06]
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The hexagon as building block for correlation 
functions

≏�–

≏�—

≏�˜
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Figure 1: Hexagonalization of a four-point function: A planar four-point function can be
represented as a surface with four holes. The idea of hexagonalization is to cut it into
four hexagonal patches as depicted above. The contribution from each patch is given by a
hexagon form factor. It is conceptually di! erent from the usual operator product expansion.
(The colors of the Þgure represent the two places where this work was done.)

limits of higher-point functions, one can study interesting physical phenomena1 which cannot
be explored just by looking at individual two- and three-point functions.

The situation is more interesting, and at the same time, more intricate in largeN confor-
mal Þeld theories such as planarN = 4 supersymmetric Yang-Mills theory (N = 4 SYM).
This is because the operator product expansion (OPE) and the largeN limit are not quite
ÒcompatibleÓ: Basic observables in largeN CFTÕs are correlation functions of single-trace
operators. Even at largeN , the OPE series of these correlators contains not only single-
trace operators but also multi-trace operators. Therefore one cannot compute higher-point
functions just by knowing two- and three-point functions of single-trace operators2.

This appears to be an inconvenient truth for integrability practitioners: Owing to the
remarkable progress in the last ten years, we now have powerful nonperturbative methods to
study the spectrum [5] (see [6] for the current state of the art), and the structure constants [7]
of planar N = 4 SYM. However these approaches are so far limited to single-trace operators.
The aforementioned fact seems to indicate that we must extend these methods to multi-trace
operators before studying higher-point functions.

This however isnot the case: In this paper, we propose an alternative route to higher-
point functions, which does not necessitate explicit information on multi-trace operators.
The key idea is to decompose the correlation functions not to two- and three-point functions,
but to more fundamental building blocks called thehexagon form factors. The hexagon form
factors were introduced in [7] as the building blocks for the three-point function of single-
trace operators. They compute a Òsquare-rootÓ of the structure constant, which is associated
with a hexagonal patch of the string worldsheet. The purpose of this work is to show that

1Examples of such interesting physics discussed recently are the Regge limit [1], the emergence of the
bulk locality [ 2] and chaos [3].

2There are certain limits where contributions from multi-trace operators are suppressed. In such limits,
one can construct (approximate) higher-point functions from two- and three-point functions of single trace
operators. See [4] for more detailed discussions.
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   [Fleury, Komatsu, 16; also Eden, Sfondrini, 16]

four point function by hexagon decomposition: 

& non-planar resummation [Bargeer, Coronado, Vieira, 19]

1/N corrections [Bargeer, Caetano, Fleury, Komatsu, Vieira, 18]2

order and any value of the Õt Hooft coupling using inte-
grability.

THE DATA

Our experimental data Ð against which we will test
our integrability predictions Ð are the four-point corre-
lation functions of single-trace half-BPS operatorsQk

i !
tr([ ! i á! (xi )]k ) studied in [19, 20] in the simplifying con-
Þguration ! 1á! 4 = ! 2á! 3 = 0. Here, ! i is a null vec-
tor, and ! = ( " 1, . . . , " 6) are the scalar Þelds ofN = 4
SYM theory. The loop correlator Gk ! " Qk

1Qk
2Qk

3Qk
4# $

"Qk
1Qk

2Qk
3Qk

4#tree can then be decomposed according to
the propagator structures that connect the operators as

Gk =
k!

m =0

"
!!

l =1

g2l F ( l )
k,m

#

X m Y k" m , (1)

where X ! (! 1 á! 2)( ! 3 á! 4)/x 2
12x2

34, Y ! X |2# 3 are
the R-charge and space-time propagators, andg2 =
g2

YM Nc/ 16#2. The quantum corrections dressing the
propagator structures depend on the conformally invari-
ant cross ratios |z|2 = x2

12x2
34/x 2

13x2
24 and |1 $ z|2 =

x2
23x2

14/x 2
13x2

24. The one- and two-loop contributions
were computed in [19, 20]. A key ingredient are the con-
formal box and double-box functions

F (1) (z, øz) =
x2

13x2
24

#2

$
d4x5

x2
15x2

25x2
35x2

45
= , (2)

F (2)

x2
14

=
x2

13x2
24

(#2)2

$
d4x5 d4x6

x2
15x2

25x2
45x2

56x2
16x2

36x2
46

=

1

2

4

3.

Other key players are the so-called color factors, which
consist of color contractions of four symmetrized traces
from the four operators, dressed with insertions of gauge
group structure constants. For instance [21],

Cc
m = =

f abef cd
ef pqt f rs

t

2m!2(k $ m $ 2)!2
% (3)

%tr(( d1 ... dk ! a1 ... am bd)) tr(( a1 ... am b1 ... bk ! ar ))

% tr(( d1 ... dk ! c1 ... cm cp)) tr(( c1 ... cm b1 ... bk ! qs)) ,

where k$ = k $ m $ 2. We explicitly performed the
contractions with Mathematica , for up to k = 8 or 9
and various values ofm. Then, we used the fact that Ð
by their combinatorial nature Ð the various color factors
should be quartic polynomials ink and m (up to bound-
ary cases at extremal values ofk or m), which we can Þt
using the data points at Þnite k and m. At the end of
the day, one ÞndsCc

m /N 2k
c k4 = 2k4 + Pc/ 6N 2

c + O(N " 4
c ),

FIG. 2. We sum over all polygonizations of the torus with
four operators/holes (left Þgure). Each polygonization is then
broken apart into hexagons (right Þgure, edges with the same
arrow marks are identiÞed). Finally, we dress the hexagon
junctions with mirror particles (sprinkling). In this example,
we sprinkle 1 + 1 + 2 mirror particles on one such hexagonal-
ization. The two particles on a zero-length bridge (right) and
the single particle on a bridge of non-zero length l (left) kick
in at 4 and at l + 1 loops respectively, and are thus highly
suppressed (for large bridges). The remaining (middle) con-
tribution with a single particle on a zero-length bridge is the
only one relevant for this note; it kicks in at one loop already.

where Pc = k4 + 4k3m + 42k2m2 $ 92km3 + 46m4 + . . . ,
and similar expressions for all other color factors.

We consider the further simpliÞcation of large external
operators with k & 1 and m/k ! r + 1 / 2 held Þxed.
Putting the above ingredients together, and keeping only
the leading largek result at each genus order, we Þnally
obtain our much desired experimental data

F (1)
k,m =

$ 2k2

N 2
c

%
1 +

k4( 17r 4

6 $ 7r 2

4 + 11
32 )

N 2
c

&
|z $ 1|2F (1) ,

F (2)
k,m =

4k2

N 2
c

'%
1 +

k4( 17r 4

6 $ 7
4 r 2 + 11

32 )
N 2

c

&
|z $ 1|2F (2)

+
%

1 +
k4( 29r 4

6 $ 11
4 r 2 + 15

32 )
N 2

c

&
|z $ 1|4

4

(
F (1) ) 2

*
. (4)

INTEGRABILITY PROPOSAL

We propose that the connected part of any correlator
in the U(Nc) theory, including the full expansion in 1/N c,
can be recovered from integrability via the formula

"Q1 . . . Qn #= S'
!

skeleton
graphs

!

labelings

!

bridge
Þllings

!

"
R-charge &
space-time
propagators

#

$ %

%
!

mirror
states

!

"
mirror

propagation
factors

#

$ %
+

Hexagons

!

"
hexagon

form
factors

#

$ . (5)

The outermost sum runs over all graphs withn vertices,
including all topologies, planar and non-planar. Each
edge (bridge) stands for a collection of one or more (pla-
nar, non-crossing) propagators connecting two operators.
Hence parallel edges must be identiÞed, and this deÞnes a
skeleton graph, see Figure 3 for examples of such graphs.

decomposition of the torus with 4 insertions

Handling Handles: Nonplanar Integrability
in N = 4 Supersymmetric YangÐMills Theory
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We propose an integrability setup for the computation of correlation functions of gauge-invariant
operators in N = 4 supersymmetric YangÐMills theory at higher orders in the large Nc genus
expansion and at any order in the Õt Hooft coupling g2

YM Nc. In this multi-step proposal, one
polygonizes the string worldsheet in all possible ways, hexagonalizes all resulting polygons, and
sprinkles mirror particles over all hexagon junctions to obtain the full correlator. We test our
integrability-based conjecture against a non-planar four-point correlator of large half-BPS operators
at one and two loops.

INTRODUCTION

Integrable theoriesare rather special 2D quantum Þeld
theories where the scattering of fundamental excitations
factorizes into a sequence of two-body scattering events.
This simpliÞcation often translates into solvability. The
worldsheet theory describing superstrings in AdS5⇥S5 is
integrable [1, 2]. Exploiting integrability machinery, the
full Þnite-size spectrumhas been obtained at any value
of the coupling [3Ð5], yielding the energy spectra of single
strings in this curved background or Ð equivalently Ð the
spectra of anomalous dimensions of single-trace operators
in N = 4 supersymmetric YangÐMills (SYM) theory in
the planar limit.

Beyond the planar limit, we are dealing with world-
sheets with handles. These induce non-local interactions
in the two-dimensional theory, wormholes of sorts, which
also appear in the gauge theory spin-chain description,
see Figure 1. One would guess that such non-local inter-
actions could ruin integrability. Indeed, known degenera-
cies in the spectrum of the weakly coupled gauge theory
Ð related to the hidden higher charges of the integrable
theory Ð are lifted as one takes non-planar corrections
into account [6], and fermionic T-duality Ð responsible
for dual conformal symmetry, which in turn is closely
related to integrability in the usual sense Ð is not a sym-
metry of string theory at higher genus [7, 8]. Because of
all this, it has been common lore that integrability would
not be useful beyond the planar limit [9]. See [10] for a
very nice summary.

On the other hand, numerous otherplanar quantities
have been explored at Þnite coupling using integrabil-
ity, from scattering amplitudes or Wilson loops [11] to

��

��

FIG. 1. (a) Non-planar e ! ects include handles in the string
world-sheet inducing nontrivial non-local e ! ects. (b) The
same e! ect can be seen in the gauge theory; non-planar
processes induce non-local interactions in the e! ective spin
chain. (c) From a hexagonalization point of view, we tessellate
higher-genus string topologies, always maintaining locality.

structure constants [12], higher-point correlation func-
tions [13Ð15], and even mixed quantities involving cor-
relation functions in the presence of Wilson loops [16].
Underlying all these computations is the idea of taming
complicated string topologies by cutting the string into
smaller and simpler patches (hexagonal or pentagonal),
which are then glued back together. This is implemented
by so-called branch-point twist Þeld operators [17, 18],
whose expectation values can be bootstrapped.

All these works strongly suggest that, instead of think-
ing about the non-planar e! ects as non-local corrections
to the planar world-sheet, we should from the get-go con-
sider the theory in more general topologies, treat handles
using the twist operators mentioned above, and keep ev-
erything else as local as possible, see Figure 1. Following
this philosophy, in this Letter, we propose a framework
for computing correlation functions at any higher-genus
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Four point functions: the ÒsimplestÓ correlator

four point function: dependence on two cross ratios: 

Figure 8: Weight factor and symmetry. In the second hexagonH 2, the operators are posi-
tioned at 0, (z, øz) and ! . To obtain this conÞguration starting from the Òcanonical oneÓ,
one needs to perform the transformations,e! D log |z| and ei L! as depicted in the Þgure. Note
that these transformations leave the points 0 and! invariant.

On the other hand, öH 2 is not canonical since the position and the polarization ofO2 in this
frame are given in terms of the conformal and the R-symmetry cross ratios as

O2 : x2 = (0 , Re(z), Im(z), 0) ,

Y2 = (2 / |! |)((1 + ! ø! )/ 2, i (1 " ! ø! )/ 2, i Im(! ), iRe(! ), 0, 0) ,
(22)

wherez and ! are deÞned in a standard way as follows:

zøz =
x2

12x
2
34

x2
13x

2
24

, (1 " z)(1 " øz) =
x2

14x
2
23

x2
13x

2
24

, ! ø! =
y2

12y
2
34

y2
13y

2
24

, (1 " ! )(1 " ø! ) =
y2

14y
2
23

y2
13y

2
24

. (23)

To obtain the conÞguration for öH 2 starting from the canonical conÞguration, we need to
perform the dilatation and the rotation (see Þgure8),

e! D log |z|ei L! , (24)

where L and" are given by13

L =
1
2

(L1
1 " L2

2 " L ú1
ú1 + L ú2

ú2) , ei ! =

!
z
øz

. (25)

The same argument applies also to the R-symmetry part and the full transformation which
brings öH to öH 2 is

g = e! D log |z|ei L! eJ log |" |ei R# = e! (D ! J ) log |z|eJ (log |" |! log |z|)ei L! ei R# , (26)

whereJ is the R-charge which rotatesZ and øZ and R and # are the R-symmetry analogue
of L and " :

R =
1
2

(R1
1 " R2

2 " Rú1
ú1 + Rú2

ú2) , ei # =

!
!
ø!

. (27)

Thus, the weight factor can be determined as

W$ = e! 2i ÷p! log |z|eJ! %ei L! ! ei R! # , (28)

13Here L !
" and úL ú!

ú" are Lorentz generators contained inpsu(2|2)2.
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Bootstrapping the simplest correlator in planar N = 4 SYM at all loops
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We present the full form of a four-point correlation function of large BPS operators in planar
N = 4 Super Yang-Mills to any loop order. We do this by following a bootstrap philosophy based
on three simple axioms pertaining to (i) the space of functions arising at each loop order, (ii) the
behaviour in the OPE in a double-trace dominated channel and (iii) the behaviour under a double
null limit. We discuss how these bootstrap axioms are in turn strongly motivated by empirical
observations up to nine loops unveiled through integrability methods in our previous work [9] on
this simplest correlation function.

I. INTRODUCTION

Integrability methods have shaped a new path for the
explicit evaluation of correlators of local operators in pla-
nar N = 4 SYM [1Ð5] and also non-planar [6Ð8], specially
for four-point functions of large protected single-trace op-
erators. In [9] we used integrability-based methods to
Þnd the loop corrections to the polarized four-point func-
tion we named as thesimplest. This correlator consists
of four external protected operators with R-charge po-
larizations chosen as shown in Þgure 1. In the limit of
long operators1 (K ! 1), we argued this four-point func-
tion admits a factorization into the tree level part which
carries all the dependence on the external scaling dimen-
sion K and the loop corrections which are given by the
squared of the functionO (the octagon)
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In this paper we present some of the analytic properties
of the octagonO which follow from the explicit nine-loop
results in [9]. These properties include a restriction on
the space of functions that appear at any loop order and
the remarkable simplicity of the octagon in two di↵erent
kinematical limits: the OPE limit ( z & 1, øz & 1) and
the double light-cone limit ( z & 0, øz & ' ).

We also state that these three analytic properties can
be used to uniquely deÞne the octagon and with that

1 The rank of the gauge group Nc ! " is the largest parameter
followed by K . Then the planar correlator is expanded in powers
of the Õt Hooft coupling g2.
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2 . According to Hexagonal-
izaiton [3] in the limit K " 1 the loop corrections are ob-
tained by summing over 2D intermediate multiparticle states
! in and ! out on mirror cuts 1-4 and 2-3 respectively, with
both sums evaluating to O. Alternatively the octagon O rep-
resents the resummation of planar Feynman diagrams draw
inside(outside) the perimeter.

also the simplest correlator (1). We show how to solve
this bootstrap problem by Þrst introducing a Steinmann
basis of Ladders which resolve two of the aforementioned
analytic properties. Then using the third property to
completely Þx the coe�cients in an Ansatz constructed
with the Steinmann basis.

This bootstrap approach reproduces the explicit re-
sults obtained from perturbation theory and integrabil-
ity and allows us to easily extend them to arbitrary loop
order. We accompany this letter with an ancillary Þle
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Four point functions: the ÒsimplestÓ correlator
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and the correspondent conjugate charges are: the angular momentumL ! , the R-charges
R! and J! . Including also the momentump! conjugate to translation.

Using the details about the multi-particle mirror basis %and the hexagon form factors
"H| %# provided in appendix A, we can express the octagon as a sum over the number of
particles n. Including an integral over the rapidity ui and a sum over the bound state
number ai for each particle. More precisely this is:
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where the unity stands for the vacuum contribution and the factor Xn that we name the
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The n-particle sum and integral I n,l is given by:
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The integrand contains the coupling dependence and is composed as follows:

¥ The one-particle e! ective measureøµ where we package the chemical potentials for
each particle:

øµa(u, l, z, øz) =
1

%
zøz

sina!
sin !

$ µa(u) $ e" Ea (u) l $ (zøz)" i pa (u) (2.8)

where the one-particle measureµa(u),energyEa(u) and momentum pa(u) are deÞned
in (A.2).

¥ The(abelian) symmetric product of two-particle hexagon form factorsPab(u, v) deÞned
in (A.8).

Two comments are in order regarding the simplicity of the integrand (2.7) and the
structure of the character (2.5):

¥ The matrix part simpliÞes: The hexagon form factors are in general complicated
tensors with as manysu(2|2)2 ßavour indexes as the number of particles. For an-
particle state this matrix part is constructed multiplying n copies of thesu(2|2) Beis-
ertÕsS-matrix (see appendix A.2). Fortunately when contracting "%|H # and "H|%#
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one-particle measure: 
and the two-particle symmetric hexagon form factor is:
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To perform the weak coupling expansion of the integrand we need the expansion of the
Zhuckovsky variable:
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This exhibits poles whose degree increases with each loop order. Likewise the integrand
inherits these poles for each of the variables of integration. In particular we do not obtain
extra poles coupling two rapidities. Di! erences of rapidities comming from (B.9) only
appear on the numerator so they can be easily expanded out to.

In order to make more explicit the pole structure of the integrand we propose the
following change of variables:
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(B.12)

Similarly we use other letters for other pairs of rapidity-bound state number, for instance:
B for (v, b), C for (w, c), etc.

Under this new notation the expansion in (3.2) looks like:

x [±a](u) =
1

gA±
� gA± � g3A3

± � 2g5A5

± � 5g7A7

± + O(g)9 (B.13)

Plugging in this latter expansion for each rapidity in the components (B.6),(B.7),(B.8) and
(B.9) we Þnd the mirror integrand takes the schematic form:
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log(zøz)k ⇥ Polynomial(A,B, C · · · ) (B.14)

where stripped integrand is the integrand after we have stripped out theblue factors in
(B.4),(B.6),(B.7) for each rapidity. The expansion onlog(zøz) comes from the loop expansion
of (B.8). The function Polynomialis a polynomial on the variables (B.12). Schematically
for the n = 3 integrand it has the form:

Polynomial(A,B, C) = coef⇥Am1
! An1
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Bm2
! Bn2
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Cm3
! Cn3
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+ · · · (B.15)

where the dots represent analog terms with di! erent coe" cients and exponents (mk, nk).
Now to go from the integrand (B.14) to the integral we just need to perform a re-

placement. Whenever we see a coupleA! 1

A
1

in (B.15) we replace it by the basis in (B.2)
as:

stripped integrand
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perform sums and integrals
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Determinant formula for the octagon form factor in N = 4 SYM
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We compute to all loop orders correlation function of four heavy BPS operators in N = 4 SYM
with special polarisations considered recently by Frank Coronado. Our main result is an expression
for the octagon form factor as determinant of a semi-inÞnite matrix. We Þnd that at weak coupling
the entries of this matrix are linear combinations of ladder functions with simple rational coe ! cients
and give the full perturbative expansion of the octagon.

I. INTRODUCTION

The discovery of integrability in the planar N = 4
SYM [1] initiated a ÔworldsheetÕ approach powered by
the analytic tools developed for two-dimensional solv-
able models. In this approach a single-trace operator
is described as a state of a two-dimensional Þeld theory
compactiÞed on a circle. The state consists of a set of
physical excitations on the top of a ground state asso-
ciated to a half-BPS operator. By gauge-string duality,
this is also a closed string in theAdS5 ⇥S5 background.

The full spectrum of such operators has been obtained
for any value of the gauge coupling applying the integra-
bility techniques related to the Thermodynamic Bethe
Ansatz [2Ð4]. The computation of the OPE structure
constants needed a new theoretical input. It came with
the Ôhexagon proposalÕ of Basso, Komatsu and Vieira [5].
The authors of [5] proposed to split the worldsheet of
a three-point function into two hexagonal patches, each
containing a curvature defect. The observables associ-
ated with the two hexagons are special form factors which
can be computed using the symmetries of the theory. The
prescription using a ÔhexagonalisationÕ of the worldsheet
was then extended to the case of the four-point functions
[6Ð8] and to non-planar corrections [9, 10]. The hexagons
are glued back by inserting complete sets of virtual states
in the intermediate channels.

The contribution of virtual particles in the spectrum
of ÔheavyÕ operators (i.e. with large dimensions) is sup-
pressed in the weak coupling limit. This is also the case
for the three-point functions of such operators. In the
strong coupling limit the virtual particles cannot be ne-
glected anymore, and in the cases amenable to analyti-
cal treatment their contribution is expressed in terms of
Fredholm determinants [11].

In the computation of the of four-point functions of
heavy operators by hexagonalisation, the virtual parti-
cles are not suppressed at weak coupling anymore [6]
and the evaluation of their contribution represents a chal-
lenge. Recently, Frank Coronado obtained some remark-
able results for the four-point functions of heavy half-BPS
operators with particular polarisations of the R-charges
[12, 13]. In that conÞguration, the four-point function
factorises into sum of products of the so called octagon

!

(0,0)

(�, �)

(z, z̄)(1,1) �1 �2

FIG. 1. A sketch of the octagon O! . The red
lines symbolise the mirror particles propagating
between the two hexagons, each one characterised
by a rapidity u and a bound state number a. Each
mirror particle has to pass across a ÔbridgeÕ com-
posed of ! physical particles.

form factors, or octagons. An octagon is obtained by glu-
ing together two hexagons by inserting a complete set of
virtual particles. The Boltzmann weights of the virtual
particles depend on the coordinates and theR-charge po-
larisations of the two hexagons, as well as on the length
! of the ÔbridgeÕ composed of tree-level propagators (the
vertical lines in Fig. 1).

The octagon was expressed in [12] as an inÞnite series
of non-singular contour integrals which can be evaluated
by residues. It is claimed that full perturbative expansion
of the octagon can be recast as a multilinear combination
of conveniently normalised ladder integralsf 1, f 2, ... [14],
see equation (27) for their deÞnition,

O
`

= 1 +
!!

n =1

Xn

!!

J = n (n + `)

g2J

⇥
!

j 1 + ...j n = J

cj 1 ,áááj n f j 1 á á áf j n ,
(1)

where the dependence on the polarisations is carried by
the factors

Xn = 1
2

"
(X + )n + ( X " )n #

(2)

and the coe! cients cj 1 ...j n are rational numbers to be
determined. The conjectured form of the perturbative

more general setting: octagon  
with a bridge of length l

Õt Hooft coupling constant



Four point functions: the ÒsimplestÓ correlator

The cross ratios now enter through the angle variables:

! = !
i
2

log
! z

øz

"
" = !

i
2

log
! #

ø#

"
$ =

1
2

log
! # ø#

zøz

"
(2.3)

and the correspondent conjugate charges are: the angular momentumL ! , the R-charges
R! and J! . Including also the momentump! conjugate to translation.

Using the details about the multi-particle mirror basis %and the hexagon form factors
"H| %# provided in appendix A, we can express the octagon as a sum over the number of
particles n. Including an integral over the rapidity u

i

and a sum over the bound state
number a

i

for each particle. More precisely this is:

O
l

(z, øz,#, ø#) = 1 +
1#

n=1

X
n

(z, øz,#, ø#) $ I
n,l

(z, øz) (2.4)

where the unity stands for the vacuum contribution and the factor X
n

that we name the
character is given by:

X
n

(z, øz,#, ø#) =
(X +)n + ( X �)n

2
(2.5)

with:

X + = !
(z ! #)(øz ! #)

#
and X � = !

(z ! ø#)(øz ! ø#)
ø#

(2.6)

The n-particle sum and integral I
n,l

is given by:

I
n,l

(z, øz) =
1
n!

1#

a1=1

á á á
1#

an =1

$
du

1

á á á
$

du
n

n%

j=1

øµ
aj (u

j

, l, z, øz) $
n%

j<k

P
aj ak (u

j

, u
k

) (2.7)

The integrand contains the coupling dependence and is composed as follows:

¥ The one-particle e! ective measureøµ where we package the chemical potentials for
each particle:

øµ
a

(u, l, z, øz) =
1

%
zøz

sina!
sin !

$ µ
a

(u) $ e�Ea (u) l $ (zøz)�i pa (u) (2.8)

where the one-particle measureµ
a

(u),energyE
a

(u) and momentum p
a

(u) are deÞned
in (A.2).

¥ The(abelian) symmetric product of two-particle hexagon form factorsP
ab

(u, v) deÞned
in (A.8).

Two comments are in order regarding the simplicity of the integrand (2.7) and the
structure of the character (2.5):

¥ The matrix part simpliÞes: The hexagon form factors are in general complicated
tensors with as manysu(2|2)2 ßavour indexes as the number of particles. For an-
particle state this matrix part is constructed multiplying n copies of thesu(2|2) Beis-
ertÕsS-matrix (see appendix A.2). Fortunately when contracting "%|H # and "H|%#

Ð 7 Ð

- at weak coupling  

and the two-particle symmetric hexagon form factor is:

Pab(u, v) = K++
ab (u, v)K+ !

ab (u, v)K ! +
ab (u, v) K !!

ab (u, v) (B.9)

with:

K±±
ab (u, v) =

x[± a](u) � x[± b](v)
1� x[± a](u) x[± b](v)

(B.10)

To perform the weak coupling expansion of the integrand we need the expansion of the
Zhuckovsky variable:

x[± a] =
u ± i

2 a
g

� g
u ± i

2 a
� g3

(u ± i
2 a)3

� 2g5

(u ± i
2 a)5

� 5g7

(u ± i
2 a)7

+ O(g)9 (B.11)

This exhibits poles whose degree increases with each loop order. Likewise the integrand
inherits these poles for each of the variables of integration. In particular we do not obtain
extra poles coupling two rapidities. Di! erences of rapidities comming from (B.9) only
appear on the numerator so they can be easily expanded out to.

In order to make more explicit the pole structure of the integrand we propose the
following change of variables:

!
u � i

2
a
"

! 1
A !

and
!

u +
i
2

a
"

! 1
A +

(B.12)

Similarly we use other letters for other pairs of rapidity-bound state number, for instance:
B for (v, b), C for (w, c), etc.

Under this new notation the expansion in (3.2) looks like:

x[± a](u) =
1

gA ±
� gA ± � g3 A 3

± � 2g5 A 5
± � 5g7 A 7

± + O(g)9 (B.13)

Plugging in this latter expansion for each rapidity in the components (B.6),(B.7),(B.8) and
(B.9) we Þnd the mirror integrand takes the schematic form:

stripped integrand =
"#

m=0

$
g2%m

m#

k=0

log(zøz)k ⇥ Polynomial(A , B, C á á á) (B.14)

where stripped integrand is the integrand after we have stripped out theblue factors in
(B.4),(B.6),(B.7) for each rapidity. The expansion onlog(zøz) comes from the loop expansion
of (B.8). The function Polynomialis a polynomial on the variables (B.12). Schematically
for the n = 3 integrand it has the form:

Polynomial(A , B, C) = coef⇥ A m1
! A n1

+ Bm2
! Bn2

+ Cm3
! Cn3

+ + á á á (B.15)

where the dots represent analog terms with di! erent coe" cients and exponents (mk, nk).
Now to go from the integrand (B.14) to the integral we just need to perform a re-

placement. Whenever we see a coupleA ! 1 A 1 in (B.15) we replace it by the basis in (B.2)
as:

stripped integrand
restore blue factors ,

perform sums and integrals
=) I n,l

A m1
! A n1

+ Bm2
! Bn2

+ Cm3
! Cn3

+

restore blue factors ,
perform sums and integrals

=) I m1,n1 I m2,n2 I m3,n3 (B.16)
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the two-particle measure separates                  sum of factorised ladder integrals

2

with our explicit results up to 24 loops.

II. ANALYTIC PROPERTIES OF OCTAGON

The following analytic properties were observed up to
nine loops from the explicit results in [9]. These em-
pirically found properties will then be converted into
bootstrap axioms used to fully determine our correlator.
Some of these empirical observations can be a posteri-
ori derived and better understood as discussed in more
detail in [12].

A. Single-Valuedness and Ladders

Our explicit results in [9] provided the octagon2 as a
multilinear combination of Ladder integrals:

O = 1 +
!!

n=1

!!

J= n

2

!

!
j" Z

+
n (J)

g2J ! d!
j

! f
j1 · · · f jn (2)

where Z +
n

(J ) represents the group of sets of positive in-
tegers!j " {j 1, · · · , j

n

} which add up to j 1 + · · ·+ j
n

= J .
The rational coe! cients d!

j

are not known in closed form
and could be zero for some integer partitions. The basis
of conformal Ladder integrals is given by [10]

f
p

= # v
2p!

j= p

j !(p # 1)! [# log(zøz)]2p# j

(j # p)!(2p # j )!

"
Li

j

(z) # Li
j

(øz)
z # øz

#

where v = (1 # z)(1 # øz).
This expansion of O makes manifest its single-

valuedness and its uniform maximal transcendentality at
each loop order.

B. Double-trace OPE channel

Here we consider the OPE expansion in channel 2-3,
see Þgure 1. Unlike the other two-channels3 (1-2 and 2-
4), this one receives double-trace contributions already
at leading twist 2K .

This OPE limit corresponds to z $ 1, øz $ 1 (or v $
0, u $ 1). At weak coupling we Þnd the behaviour of the
octagon in this kinematics to be given by4

lim
z,øz$ 1

O(z, øz) = a(z, øz, g2) + b(z, øz, g2) log v (3)

2 here we are refering to the polarized octagon form factor which
only depends on spacetime cross ratios z, z̄ and has bridge pa-
rameter l = 0. For the more general octagon see [9]

3 The 1-2 channel was considered in [9]. In this channel, at weak
coupling, we only get single-traces between the leading twist K
and the double-trace threshold 2K .

4 Similar truncations have been observed in the study of extremal
three-point functions in [11]

where both functions a and b have a series expansion in
the coupling g2 and the cross ratios (1# z) and (1 # øz).

In the limit of large operators where the expression 1
holds up to arbitrary loop order this octagon limit (3) im-
plies that the simplest four-point function has at most a
log2 v singularity. This type of truncations is expected in
the planar limit for OPE channels dominated by double-
trace operators hence we dub this channel as the double
trace channel [12].

C. Null-square limit

This limit corresponds to the kinematics where
the external operators become light-like separated:
x2

12, x2
24, x2

34, x2
13 $ 0 forming a null square. This limit of

the four-point function was considered in [13] for smaller
operators where a relationship where a relationship be-
tween null correlators and null polygonal Wilson loops
was established.

For our simplest four-point function, see (1), the non-
trivial part of this null limit is given by the limit of the
octagon5

lim
z$ 0, øz$!

log O(z, øz) = # ÷" (g) log2(z/ øz)

+
1
2

g2 $
log2(# z) + log 2(# 1/ øz)

%

(4)

where the coe! cient ÷" admits an expansion in the cou-
pling

÷" (g) =
1
2

g2 #
1
6

" 2g4 +
8
45

" 4 g6 #
68
315

" 6 g8 + O(g)10

To appreciate better the simplicity of (4) we contrast it
against the result for short operators,K = 2

• For the case K = 2 the coe! cient ÷" is replaced
by the cusp anomalous dimension"

cusp

which is
associated to the energy density of the ßux tube
between the Wilson lines. It also appears in
the anomalous dimension of the large spin lead-
ing twist-operator tr (ZD SZ ) dominating the light-
cone OPE

# = S + 2 + "
cusp

(g) log S + O(1/S )

For our simplest correlator the operator(s) dom-
inating the light-cone OPE is of the form
tr (Z

K
2 DSX

K
2 ). Furthermore the limit K % 1 im-

plies a huge number of nearly-degenerate operators
at leading twist K . It would be interesting to an-
alyze how these two latter considerations account

5 We also know this limit at strong coupling [12] at which the
isolated g2 term is absent. This makes us believe that its presence
in (4) is only a curious artifact of the weak coupling limit.
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II. ANALYTIC PROPERTIES OF OCTAGON

The following analytic properties were observed up to
nine loops from the explicit results in [9]. These em-
pirically found properties will then be converted into
bootstrap axioms used to fully determine our correlator.
Some of these empirical observations can be a posteri-
ori derived and better understood as discussed in more
detail in [12].
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where v = (1 # z)(1 # z̄).
This expansion of O makes manifest its single-

valuedness and its uniform maximal transcendentality at
each loop order.

B. Double-trace OPE channel

Here we consider the OPE expansion in channel 2-3,
see figure 1. Unlike the other two-channels3 (1-2 and 2-
4), this one receives double-trace contributions already
at leading twist 2K .

This OPE limit corresponds to z $ 1, z̄ $ 1 (or v $
0, u $ 1). At weak coupling we find the behaviour of the
octagon in this kinematics to be given by4

lim
z, øz$ 1

O(z, z̄) = a(z, z̄, g2) + b(z, z̄, g2) log v (3)

2 here we are refering to the polarized octagon form factor which
only depends on spacetime cross ratios z, øz and has bridge pa-
rameter l = 0. For the more general octagon see [9]

3 The 1-2 channel was considered in [9]. In this channel, at weak
coupling, we only get single-traces between the leading twist K
and the double-trace threshold 2 K .

4 Similar truncations have been observed in the study of extremal
three-point functions in [11]

where both functions a and b have a series expansion in
the coupling g2 and the cross ratios (1 # z) and (1 # z̄).
In the limit of large operators where the expression 1

holds up to arbitrary loop order this octagon limit (3) im-
plies that the simplest four-point function has at most a
log2 v singularity. This type of truncations is expected in
the planar limit for OPE channels dominated by double-
trace operators hence we dub this channel as the double
trace channel [12].

C. Null-square limit

This limit corresponds to the kinematics where
the external operators become light-like separated:
x2
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the four-point function was considered in [13] for smaller
operators where a relationship where a relationship be-
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at leading twist K . It would be interesting to an-
alyze how these two latter considerations account
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isolated g2 term is absent. This makes us believe that its presence
in (4) is only a curious artifact of the weak coupling limit.
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The following analytic properties were observed up to
nine loops from the explicit results in [9]. These em-
pirically found properties will then be converted into
bootstrap axioms used to fully determine our correlator.
Some of these empirical observations can be a posteri-
ori derived and better understood as discussed in more
detail in [12].

A. Single-Valuedness and Ladders

Our explicit results in [9] provided the octagon2 as a
multilinear combination of Ladder integrals:
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where v = (1 # z)(1 # øz).
This expansion of O makes manifest its single-

valuedness and its uniform maximal transcendentality at
each loop order.

B. Double-trace OPE channel

Here we consider the OPE expansion in channel 2-3,
see Þgure 1. Unlike the other two-channels3 (1-2 and 2-
4), this one receives double-trace contributions already
at leading twist 2K .

This OPE limit corresponds to z $ 1, øz $ 1 (or v $
0, u $ 1). At weak coupling we Þnd the behaviour of the
octagon in this kinematics to be given by4

lim
z, øz$ 1

O(z, øz) = a(z, øz, g2) + b(z, øz, g2) log v (3)

2 here we are refering to the polarized octagon form factor which
only depends on spacetime cross ratios z, øz and has bridge pa-
rameter l = 0. For the more general octagon see [9]

3 The 1-2 channel was considered in [9]. In this channel, at weak
coupling, we only get single-traces between the leading twist K
and the double-trace threshold 2 K .

4 Similar truncations have been observed in the study of extremal
three-point functions in [11]

where both functions a and b have a series expansion in
the coupling g2 and the cross ratios (1# z) and (1 # øz).

In the limit of large operators where the expression 1
holds up to arbitrary loop order this octagon limit (3) im-
plies that the simplest four-point function has at most a
log2 v singularity. This type of truncations is expected in
the planar limit for OPE channels dominated by double-
trace operators hence we dub this channel as the double
trace channel [12].

C. Null-square limit

This limit corresponds to the kinematics where
the external operators become light-like separated:
x2

12, x2
24, x2

34, x2
13 $ 0 forming a null square. This limit of

the four-point function was considered in [13] for smaller
operators where a relationship where a relationship be-
tween null correlators and null polygonal Wilson loops
was established.

For our simplest four-point function, see (1), the non-
trivial part of this null limit is given by the limit of the
octagon5

lim
z$ 0, øz$!

log O(z, øz) = # ÷�(g) log2(z/ øz)

+
1
2
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log2(# z) + log 2(# 1/ øz)

%

(4)

where the coe�cient ÷� admits an expansion in the cou-
pling

÷�(g) =
1
2

g2 #
1
6
⇡2g4 +

8
45

⇡4 g6 #
68
315

⇡6 g8 + O(g)10

To appreciate better the simplicity of (4) we contrast it
against the result for short operators,K = 2

¥ For the case K = 2 the coe�cient ÷� is replaced
by the cusp anomalous dimension�cusp which is
associated to the energy density of the ßux tube
between the Wilson lines. It also appears in
the anomalous dimension of the large spin lead-
ing twist-operator tr (ZD SZ ) dominating the light-
cone OPE

� = S + 2 + �cusp (g) log S + O(1/S )

For our simplest correlator the operator(s) dom-
inating the light-cone OPE is of the form
tr (Z

K

2 D SX
K

2 ). Furthermore the limit K % 1 im-
plies a huge number of nearly-degenerate operators
at leading twist K . It would be interesting to an-
alyze how these two latter considerations account

5 We also know this limit at strong coupling [12] at which the
isolated g2 term is absent. This makes us believe that its presence
in (4) is only a curious artifact of the weak coupling limit.

[Coronado, 18] find a systematic way to determine the coefficients d

- at strong coupling  the two-particle measure does not separate but simplifies
[Jiang, Komatsu, Kostov, D.S., 16; Bargeer, Coronado, Vieira, 19]



Exact results for the octagon

convenient parametrisation for the cross ratios:
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The momentum and the energy of the physical particles of typea are given by

p
a

(u) = ! i (Da ! D�a) log x, E
a

(u) = !
ig
2

!
Da ! D�a

"
(x !

1
x

) , (1.10)

where D = ei! u /2 is the shift operator, to be used repeatedly in the following,

D : f (u) " f (u + i/ 2). (1.11)

For some computations this operator representation of functions with shifted arguments
can be quite e! cient. We will use sometimes the commonly accepted notations,

f (u ± ia/ 2) = f [± a](u) = D± af (u) = f (u)D± a
. (1.12)

We are interested in summing over the particles in the mirror dynamics whose energy
and momentum are given by

÷p
a

(u) = 1
2g(Da + D�a) (x ! 1

x

), ÷E
a

(u) = ( Da + D�a) log x. (1.13)

We consider an octagon with four physical and four mirror edges with the corresponding
BMN vacuum at each physical edge, as shown schematically in Þgure1. The octagon is
obtained by gluing the hexagonsH 1 and H 2 along the common edge(0, 0)Ð(# , # ) by
inserting a complete set of virtual states! with energies ÷E" . A state ! contains an arbitrary
number of fundamental particles and their bound states transforming in the skew-symmetric
representations ofpsu(2|2)$ psu(2|2). Symbolically

O# =
#

"

%H 2|! &e�
÷
E! # %! |H 1&. (1.14)

To write the explicit expression one should bring the two hexagon operators to the canonical
hexagonH. The dependence on the cross ratios in the coordinate and ßavour spaces appears
through the similarity transformations H 1 " H and H 2 " H :

O#(z, øz, " , ø" ) =
#

"

%H| ! &e�
÷
E! # e2i÷p! $ eiL! %eiR! &eiJ! ' %! |H &. (1.15)

The parameters #, $, %, & conjugated to L , p, R , J are related to the cross ratios in the
Minkowski and in the ßavour spaces, eq. (1.6), as

z = e�$+ i%, øz = e�$�i%,

" = e' �$+ i&, ø" = e' �$�i&.
(1.16)

An n-particle virtual state ! is completely characterised by the rapidities and the
bound state numbers(u

j

, a
j

) of the individual particles (j = 1 , ..., n). Taking into account
the explicit form of the hexagon form factors, one writes (1.15) as the following series of
multiple integrals,

O# =
1#

n=0

1
n!

#

a1 ,...,an �1

$
n%

j=1

du
j

2'
(! 1)aj µ

aj (u
j

, (, z, øz) W matrix
a1 ...an

n%

j<k

÷H
aj ,ak (u

j

, u
k

) . (1.17)
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! = g2
YM N = R4/ (" !)2

gs ! 1/N

SD=10 = "
1

g2
YM

!
d10x

"
1
4

Tr FMN F MN +
1
2

Tr # ! M DM #
#

(104)

Tr ZZXXZZXZZZ... (x)

#
$

 

|#$%#|

x[± a] +
1

x[± a]
=

u ± ia/ 2
g

g =

&
!

4$
%12, %23, %31 >> 0

%ij =
1
2

(L i + L j " Lk)

|&A i
i $

" = ø" = 1
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(here the R-charge cross ratios                    )     
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This form of the psu(2|2) characters follows from the generating function

W± (t) =
1X

a=0

(! 1)

a�±
a eat

=

(1 ! e± ! + i " et
)(1 ! e⌥! �i " et

)

(1 ! ei # et
)(1 ! e�i # et

)

= 1 +

�±

2(cosh t ! cos�)
.

(1.25)

The Þnal expression of the series expansion for the octagon takes a form resembling a
Coulomb gas of dipole charges

O$(g, z,z̄,↵, ↵̄) =
1

2

X

±

1X

n=0

X

a1,...,an �1

1

n!

Z nY

j =1

duj

2⇡
(! 1)

aj �±
aj

µ aj (uj )
Y

j<k

˜Haj ,ak (uj , uk).

= 1 +

1X

n=1

Xn(�,',↵) In,$(z, z̄)

(1.26)

with

Xn =

(�+
)

n
+ (��

)

n

2

e�n%. (1.27)

The multiple contour integrals were evaluated by residues order by order up ton = 4 in [2].
The perturbative result for the octagon obtained in [2] matched the Þve loops results in [23]
obtained previously using the conformal symmetry, the hidden dual conformal symmetry
and analytic bootstrap conditions. As explained before, it allows to extend these results to
any loop order.

1.3 Summary of the results

1.3.1 The [octagon] 2 as a determinant

Based on the representation of the series (1.26) as Fredholm pfa! an, explained in sec-
tion 2.1, we give an explicit formula for the octagon in terms of the square root of the
determinant,

O$(z, z̄,↵, ↵̄) =

1
2

P
±

p
Det [I ! �± CK]. (1.28)

The matrices I,C and K are semi-inÞnite matrices of the typeM = {Mm,n }1m,n =0 . The
matrices I and C are standard,

Im,n = �m,n , Cnm = �n+1 ,m ! �n,m +1 , m, n " 0, (1.29)

while the matrix K depends on the gauge couplingg and the cross ratios in the coordinate
space through the angle� and the parameter⇠ deÞned in (1.16). Its matrix elements Knm

are given for any couplingg by a non-singular integral of a product of two Bessel functions,

Kmn =

g
2i

Z 1

|%|
dt

⇣
i
q

t+ %
t�%

⌘m�n
!

⇣
i
q

t+ %
t�%

⌘n�m

cos� ! cosh t
Jm+ $(2g

p
t2 ! ⇠2

) Jn+ $(2g
p

t2 ! ⇠2
),(1.30)
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This form of the psu(2|2) characters follows from the generating function

W± (t) =
!!

a=0

(! 1)a! ±
a eat =

(1 ! e± ! + i " et )(1 ! e" ! # i " et )
(1 ! ei # et )(1 ! e# i # et )

= 1 +
" ±

2(cosht ! cos#)
.

(1.25)

The Þnal expression of the series expansion for the octagon takes a form resembling a
Coulomb gas of dipole charges

O$(g, z,øz,$, ø$) =
1
2

!

±

!!

n=0

!

a1,...,an $ 1

1
n!

" n#

j =1

duj

2%
(! 1)aj ! ±

aj
µaj (uj )

#

j<k

÷Haj ,ak (uj , uk).

= 1 +
!!

n=1

Xn(#, &, $) I n,$(z, øz)

(1.26)

with

Xn =
(" + )n + ( " # )n

2
e# n%. (1.27)

The multiple contour integrals were evaluated by residues order by order up ton = 4 in [2].
The perturbative result for the octagon obtained in [2] matched the Þve loops results in [23]
obtained previously using the conformal symmetry, the hidden dual conformal symmetry
and analytic bootstrap conditions. As explained before, it allows to extend these results to
any loop order.

1.3 Summary of the results

1.3.1 The [octagon] 2 as a determinant

Based on the representation of the series (1.26) as Fredholm pfa! an, explained in sec-
tion 2.1, we give an explicit formula for the octagon in terms of the square root of the
determinant,

O$(z, øz,$, ø$) = 1
2

$
±

%
Det [I ! " ± CK ]. (1.28)

The matrices I , C and K are semi-inÞnite matrices of the typeM = { Mm,n } !
m,n =0 . The

matrices I and C are standard,

Im,n = ' m,n , Cnm = ' n+1 ,m ! ' n,m +1 , m, n " 0, (1.29)

while the matrix K depends on the gauge couplingg and the cross ratios in the coordinate
space through the angle# and the parameter( deÞned in (1.16). Its matrix elements Knm

are given for any couplingg by a non-singular integral of a product of two Bessel functions,

Kmn =
g
2i

" !

|%|
dt

&
i
'

t+ %
t# %

( m# n
!

&
i
'

t+ %
t# %

( n# m

cos# ! cosht
Jm+ $(2g

%
t2 ! ( 2) Jn+ $(2g

%
t2 ! ( 2),(1.30)
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This form of the psu(2|2) characters follows from the generating function

W± (t) =
!!

a=0

(! 1)a! ±
a eat =

(1 ! e± ! + i " et )(1 ! e" ! # i " et )
(1 ! ei # et )(1 ! e# i # et )

= 1 +
" ±

2(cosht ! cos#)
.

(1.25)

The Þnal expression of the series expansion for the octagon takes a form resembling a
Coulomb gas of dipole charges

O$(g, z,øz,$, ø$) =
1
2

!

±

!!

n=0

!

a1,...,an $ 1

1
n!

" n#

j =1

duj

2%
(! 1)aj ! ±

aj
µaj (uj )

#

j<k

÷Haj ,ak (uj , uk).

= 1 +
!!

n=1

Xn(#, &, $) I n,$(z, øz)

(1.26)

with

Xn =
(" + )n + ( " # )n

2
e# n%. (1.27)

The multiple contour integrals were evaluated by residues order by order up ton = 4 in [2].
The perturbative result for the octagon obtained in [2] matched the Þve loops results in [23]
obtained previously using the conformal symmetry, the hidden dual conformal symmetry
and analytic bootstrap conditions. As explained before, it allows to extend these results to
any loop order.

1.3 Summary of the results

1.3.1 The [octagon] 2 as a determinant

Based on the representation of the series (1.26) as Fredholm pfa! an, explained in sec-
tion 2.1, we give an explicit formula for the octagon in terms of the square root of the
determinant,

O$(z, øz,$, ø$) = 1
2

$
±

%
Det [I ! " ± CK ]. (1.28)

The matrices I , C and K are semi-inÞnite matrices of the typeM = { Mm,n } !
m,n =0 . The

matrices I and C are standard,

Im,n = ' m,n , Cnm = ' n+1 ,m ! ' n,m +1 , m, n " 0, (1.29)

while the matrix K depends on the gauge couplingg and the cross ratios in the coordinate
space through the angle# and the parameter( deÞned in (1.16). Its matrix elements Knm

are given for any couplingg by a non-singular integral of a product of two Bessel functions,

Kmn =
g
2i

" !

|%|
dt

&
i
'

t+ %
t# %

( m# n
!

&
i
'

t+ %
t# %

( n# m

cos# ! cosht
Jm+ $(2g

%
t2 ! ( 2) Jn+ $(2g

%
t2 ! ( 2),(1.30)
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The three factors in the integrand/summand are deÞned as follows.
• The local integration measure

µ a(u) = ÷µa(u) e�
÷Ea (u)! e2i " ÷pa (u) (1.18)

contains the intrinsic measure coming from the canonical hexagons

÷µa(u) =
x[+ a] ! x[�a]

x[+ a]x[�a] ! 1
"

1
ig

!

#= ±

1
"
x[#a] ! 1/x [#a]

# (1.19)

as well as factors depending on! = ! 1
2 logzøz and the bridge length ".

• The symmetric bilocal factors ÷Hab(u, v) are produced by the diagonal part of the
hexagon weights in mirror-mirror kinematics

÷Hab(u, v) =
!

#,$= ±

x[#a] ! y[$b]

x[#a]y[$b] ! 1
, (1.20)

where x = x(u) and y = x(v). The bi-local weights can be written with the help of the
shift operator (1.11) as

÷Hab(u, v) = K (u, v)(Da
u + D! a

u )( Db
v + D! b

v ) , K (u, v) =
x ! y
xy ! 1

. (1.21)

• The factor W matrix
a1...an

accounts for the matrix part. The contraction of the ßavour
indices in the matrix factor can be done using the unitarity of the psu(2|2) S-matrix and
the result is expressed in terms of the traces (transfer matrices), which in absence of physical
excitations are simply the psu(2|2) characters.4 The characters are expressed in terms of
the variables #, $, %parametrizing the cross sections in the coordinate and in the ßavour
space. As suggested in [8, 10] and elaborated upon in [2], one should consider two ways
of dressing the mirror basis withZ markers and then take the average between the two
choices. The matrix part takes the form of a sum of two terms

W matrix
a1...an

=
1
2

$

%
n!

j =1

&+
aj

+
n!

j =1

&�
aj

&

' (1.22)

where&±
a are the characters of the antisymmetric representations ofpsu(2|2), [8, 10] (cf eq.

(47) of [8])

tr a[(! 1)F e%J+ i &÷L + i ' ÷R ] = &+
a + &�

a , &±
a = ( ! 1)a ' ± sin(a#)

sin#
, (1.23)

where the dependence on$ and %is carried out by the factor5

' ± (#, $, %) = 2 [cos # ! cosh($ ± i ( )] . (1.24)

4This is true only if the integrand does not contain singularities as e.g. double poles.
5The factor ! ± is related to X ± in [2] by X + = ! ( z ! ! )(øz ! ! )

! = ! + e! " ; X ! = ! ( z ! ø! )(øz ! ø! )
ø! = ! ! e! " .

Ð 6 Ð



The cross ratios now enter through the angle variables:

! = !
i
2

log
! z

øz

"
" = !

i
2

log
! #

ø#

"
$ =

1
2

log
! # ø#

zøz

"
(2.3)

and the correspondent conjugate charges are: the angular momentumL ! , the R-charges
R! and J! . Including also the momentump! conjugate to translation.

Using the details about the multi-particle mirror basis %and the hexagon form factors
"H| %# provided in appendix A, we can express the octagon as a sum over the number of
particles n. Including an integral over the rapidity u

i

and a sum over the bound state
number a

i

for each particle. More precisely this is:

O
l

(z, øz,#, ø#) = 1 +
1#

n=1

X
n

(z, øz,#, ø#) $ I
n,l

(z, øz) (2.4)

where the unity stands for the vacuum contribution and the factor X
n

that we name the
character is given by:

X
n

(z, øz,#, ø#) =
(X +)n + ( X �)n

2
(2.5)

with:

X + = !
(z ! #)(øz ! #)

#
and X � = !

(z ! ø#)(øz ! ø#)
ø#

(2.6)

The n-particle sum and integral I
n,l

is given by:

I
n,l

(z, øz) =
1
n!

1#

a1=1

á á á
1#

an =1

$
du

1

á á á
$

du
n

n%

j=1

øµ
aj (u

j

, l, z, øz) $
n%

j<k

P
aj ak (u

j

, u
k

) (2.7)

The integrand contains the coupling dependence and is composed as follows:

¥ The one-particle e! ective measureøµ where we package the chemical potentials for
each particle:

øµ
a

(u, l, z, øz) =
1

%
zøz

sina!
sin !

$ µ
a

(u) $ e�Ea (u) l $ (zøz)�i pa (u) (2.8)

where the one-particle measureµ
a

(u),energyE
a

(u) and momentum p
a

(u) are deÞned
in (A.2).

¥ The(abelian) symmetric product of two-particle hexagon form factorsP
ab

(u, v) deÞned
in (A.8).

Two comments are in order regarding the simplicity of the integrand (2.7) and the
structure of the character (2.5):

¥ The matrix part simpliÞes: The hexagon form factors are in general complicated
tensors with as manysu(2|2)2 ßavour indexes as the number of particles. For an-
particle state this matrix part is constructed multiplying n copies of thesu(2|2) Beis-
ertÕsS-matrix (see appendix A.2). Fortunately when contracting "%|H # and "H|%#

Ð 7 Ð

- octagon at any coupling:        Fredholm Pfaffian[Basso, Coronado, Komatsu, Lam, Zhong, 17]

The exponents are normal ordered, but the integration measure takes into account the expectation
values

! e! (u) " = e
1
2 { ! (u)! (u+ ! ) ! =

!
! x"(u)
x2 # 1

" 1/ 2

=

$
! /

$
g

x(1 # 1/x 2)
=

$
g !

#
u2 # 4g2

. (2.22)

Here! is a regulator. We deÞne the vertex operator as

e! (u) =
$

g
#

u2 # 4g2
: e! (v) : =

1
$

g
1

x # 1
x

: e! (v) : . (2.23)

The two-point function of the normal ordered exponents is

G(x, y) = ! : e! (u) : : e! (v) : " =
x # y
xy # 1

! e! (u)e# ! (v) " =
xy # 1
x # y

= G(x, 1/y ).

The 2n-point function of such fermions is a pfafÞan. Let us notice the PfafÞan analog of the
Cauchy identity

Pf

$ %
xj # xk

xj xk # 1

&2n

i,j =1

'

=
2n(

j<k

xj # xk

xj xk # 1
(2.24)

¥ Physical particles
The weights for the physical particles can be written as expectation values of products of the

vertex operators

Vn(u) def= e# ! (u# in/ 2)e! (u+ in/ 2) V$
a(u) def= e# ! (u+ in/ 2)e! (u# in/ 2) = V # n(u) (2.25)

The expectation values of there vertex operators give the measure factors

! Va(u) " = ! V$
a(u) " = e

1
2 %! (u[a ] )! (u[a ] ) ! + 1

2 %! (u[! a ] )! (u[! a ] ) !#%! (u[a ] )! (u[! a ] ) ! (2.26)

= µa(u). (2.27)

The two-point functions give the symmetric part of the hexagon weight factors (2.11)

! : Va(u) : : V b(v) : " = Hab(u, v) =
!

x # y
xy # 1

" (Da
u # D! a

u )( Db
v # D! b

v )

. (2.28)

¥ Mirror particles
We are rather interested in summing over the particles in the mirror dynamics (E % i ÷p, p % i ÷E)

÷pa(u) = # iE a(u" ) = 1
2g

!
x[a] #

1
x[a]

+ x[# a] #
1

x[# a]

"
=

Da + D# a

2
g(x #

1
x

) (2.29)

= u # g
!

1
x[a]

+
1

x[# a]

"
, (2.30)

e# ÷Ea (u) = eipa (u! ) =
1

x[a]x[# a]
= e# (Da + D! a ) log x . (2.31)

5

- Cauchy-like identity:

fermions on the Zhukovsky surface; Majorana-like 

 - fermionic dipole representation: 

! ! R

= exp
R
2

"E mirror
u

"E mirror
u =

!
dz p!(z)

""

n=1

tn(z)tn(z)
n

. (96)

Tr12 Ta(u) Ta(u) #v logSaa(v)|v=0

"
t2a

a2
+ lower

(x, t ) " (# x, # t)

(x, t ) " (it, ix )

= 1 # "ab(u # v)

Ta(u) Ta(v)
haa(u, v)haa(v, u)

#"
Tr 12 S# 1

aa (u # v + i0) Saa(u # v # i0) Ta(u) Ta(v)
haa(u + i0, v)haa(v, u # i0)

$

$̄

v

u # i0

u + i0

1

haa(u + i0, v) haa(v, u # i0)
$

(u # v)2 + a2

(u # v + i0)(u # v # i0)

!
du
2%

1

(u # v + i0)(u # v # i0)

=

! "

#"

p!(u)dp(u)
2%

! R/ 2

0
d!

! R/ 2

0
d! !ei (p(u)# p(v)+ i 0)! ei (p(v)# p(u)+ i 0)! 0

=

! R/ 2

0
p!(u)d! = R p!(u)/ 2 (97)

h(u, v)h(v, u) = %: e" (u+ )# " (u�) :: e" (v+ )# " (v�) :&
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Z+ =
!

n

1

(n!)2

"
dp

(2! )n
dq

(2! )n
!p|q + i0"+ !q # i0|p"+ e! E(p )! L ! E(q)! R . (99)

Z2,+ =
1

2!
[(q1 $ p1 $ q1)(q2 $ p2 $ q2) # (q1 $ p1 $ q2 $ p2 $ q1)] , (100)

Z+ = exp
R
2

"
dp
2!

log
#
1 + e! LE(p)

$
. (101)

L = "
L

+ "
R

u $ u + i#
a

1

2n1#
a1

. . .
1

2n
r

#
ar

=
1

2r
r %r minor of the Gaudin determinant (102)

1

2#

1

2#
a

1

2#
b

(103)

1

4#
a

1

2#
b

1

2#
a

1

2#
b

1

2#
c

%
1+#

a

(K
ab

(u, v)+K
ac

(u, w))
&%

1+#
b

(K
bc

(v, w)+K
ba

(v, u))
&%

1+#
c

(K
ca

(w, u)+K
cb

(w, v))
&

#
a

, #
b

, #
c

P1,1(u, v)
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The octagon as a Fredholm Pfaffian

and the two-particle symmetric hexagon form factor is:

Pab(u, v) = K++

ab (u, v)K+!
ab (u, v)K! +

ab (u, v) K!!
ab (u, v) (B.9)

with:

K±±
ab (u, v) =

x [±a](u) � x [±b](v)
1� x [±a](u) x [±b](v)

(B.10)

To perform the weak coupling expansion of the integrand we need the expansion of the
Zhuckovsky variable:

x [±a] =
u ± i

2

a
g

� g
u ± i

2

a
� g3

(u ± i
2

a)3
� 2g5

(u ± i
2

a)5
� 5g7

(u ± i
2

a)7
+ O(g)9 (B.11)

This exhibits poles whose degree increases with each loop order. Likewise the integrand
inherits these poles for each of the variables of integration. In particular we do not obtain
extra poles coupling two rapidities. Di! erences of rapidities comming from (B.9) only
appear on the numerator so they can be easily expanded out to.

In order to make more explicit the pole structure of the integrand we propose the
following change of variables:

!
u � i

2
a
"

! 1
A!

and
!

u +
i
2

a
"

! 1
A

+

(B.12)

Similarly we use other letters for other pairs of rapidity-bound state number, for instance:
B for (v, b), C for (w, c), etc.

Under this new notation the expansion in (3.2) looks like:

x [±a](u) =
1

gA±
� gA± � g3A3

± � 2g5A5

± � 5g7A7

± + O(g)9 (B.13)

Plugging in this latter expansion for each rapidity in the components (B.6),(B.7),(B.8) and
(B.9) we Þnd the mirror integrand takes the schematic form:

stripped integrand =
"#

m=0

$
g2

%m
m#

k=0

log(zøz)k ⇥ Polynomial(A,B, C · · · ) (B.14)

where stripped integrand is the integrand after we have stripped out theblue factors in
(B.4),(B.6),(B.7) for each rapidity. The expansion onlog(zøz) comes from the loop expansion
of (B.8). The function Polynomialis a polynomial on the variables (B.12). Schematically
for the n = 3 integrand it has the form:

Polynomial(A,B, C) = coef⇥Am1
! An1

+

Bm2
! Bn2

+

Cm3
! Cn3

+

+ · · · (B.15)

where the dots represent analog terms with di! erent coe" cients and exponents (mk, nk).
Now to go from the integrand (B.14) to the integral we just need to perform a re-

placement. Whenever we see a coupleA! 1

A
1

in (B.15) we replace it by the basis in (B.2)
as:

stripped integrand
restore blue factors ,

perform sums and integrals
=) In,l

Am1
! An1

+

Bm2
! Bn2

+

Cm3
! Cn3

+

restore blue factors ,
perform sums and integrals

=) I m1,n1 I m2,n2 I m3,n3 (B.16)
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 - bilocal measure:

and the two-particle symmetric hexagon form factor is:

Pab(u, v) = K++
ab (u, v)K+ �

ab (u, v)K�+
ab (u, v) K��

ab (u, v) (B.9)

with:

K±±
ab (u, v) =

x[± a](u) ! x[± b](v)
1 ! x[± a](u) x[± b](v)

(B.10)

To perform the weak coupling expansion of the integrand we need the expansion of the
Zhuckovsky variable:

x[± a] =
u ± i

2 a
g

!
g

u ± i
2 a

!
g3

(u ± i
2 a)3

!
2g5

(u ± i
2 a)5

!
5g7

(u ± i
2 a)7

+ O(g)9 (B.11)

This exhibits poles whose degree increases with each loop order. Likewise the integrand
inherits these poles for each of the variables of integration. In particular we do not obtain
extra poles coupling two rapidities. Di! erences of rapidities comming from (B.9) only
appear on the numerator so they can be easily expanded out to.

In order to make more explicit the pole structure of the integrand we propose the
following change of variables:

!
u !

i
2

a
"

"
1
A�

and
!

u +
i
2

a
"

"
1
A+

(B.12)

Similarly we use other letters for other pairs of rapidity-bound state number, for instance:
B for (v, b), C for (w, c), etc.

Under this new notation the expansion in (3.2) looks like:

x[± a](u) =
1

gA±
! gA± ! g3 A3

± ! 2g5 A5
± ! 5g7 A7

± + O(g)9 (B.13)

Plugging in this latter expansion for each rapidity in the components (B.6),(B.7),(B.8) and
(B.9) we Þnd the mirror integrand takes the schematic form:

stripped integrand =
1#

m=0

$
g2%m

m#

k=0

log(zøz)k # Polynomial(A,B, C · · · ) (B.14)

where stripped integrand is the integrand after we have stripped out theblue factors in
(B.4),(B.6),(B.7) for each rapidity. The expansion onlog(zøz) comes from the loop expansion
of (B.8). The function Polynomial is a polynomial on the variables (B.12). Schematically
for the n = 3 integrand it has the form:

Polynomial(A,B, C) = coef # Am1
� An1

+ Bm2
� Bn2

+ Cm3
� Cn3

+ + · · · (B.15)

where the dots represent analog terms with di! erent coe" cients and exponents (mk, nk).
Now to go from the integrand (B.14) to the integral we just need to perform a re-

placement. Whenever we see a coupleA�1 A1 in (B.15) we replace it by the basis in (B.2)
as:

stripped integrand
restore blue factors ,

perform sums and integrals
=$ In,l

Am1
� An1

+ Bm2
� Bn2

+ Cm3
� Cn3

+

restore blue factors ,
perform sums and integrals

=$ I m1,n1 I m2,n2 I m3,n3 (B.16)
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The octagon as a Fredholm Pfaffian

3 The Octagon as a PfafÞan (gives the same as the operator form)

We will show that the series give the expansion of a Fredholm PfafÞan. The Fredholm PfafÞan is
deÞned as follows [15]. Let K (u, v) be a2 ! 2 antisymmetric matrix kernel

K (u, v) =
!

K ++ (u, v) K + ! (u, v)
K ! + (u, v) K !! (u, v)

"
, K !! 0

(u, v) = " K ! 0! (v, u) (3.1)

and letI (u, v) andJ(u, v) be the2 ! 2 matrix kernels

I (u, v) = I ! (u " v), J(u, v) = J ! (u " v),

I =
!

1 0
0 1

"
, J =

!
0 1

" 1 0

"
.

(3.2)

Then the Fredholm PfafÞanPf[J + K ] is deÞned as the series

Pf[J + K ] =
"#

n=0

1
n!

$

R

n%

j =1

dµ(uj ) Pf
&

K ++ (uj , uk) K + ! (uj , vk)
K ! + (uj , vk) K !! (uj , uk)

'

1# j,k # n
. (3.3)

The relation with the Fredholm determinant is

Pf[J + K ] =
(

det [I " JK ]. (3.4)

The PfafÞan analog of the Cauchy identity for the two-point function(x " y)/ (xy " 1)

2n%

j<k

xj " xk

xj xk " 1
= Pf

) &
xj " xk

xj xk " 1

' 2n

i,j =1

*

(3.5)

allows us to write the Octagon as Fredholm PfafÞan. In our case, if we retain only the fundamental
particles, the2 ! 2 matrix kernel is given by

K ++ (u, v) =
x(u+ ) " x(v+ )
x(u+ )x(v+ ) " 1

, K + ! =
x(u+ ) " x(v! )
x(u+ )x(v! ) " 1

,

K ! + (u, v) =
x(u! ) " x(v+ )
x(u! )x(v+ ) " 1

, K ++ =
x(u! ) " x(v! )
x(u! )x(v! ) " 1

.
(3.6)

In the case ofn particles, the four kernels form a2n ! 2n antisymmetric matrixM n(u1, ..., un). E.g.
for n = 1 andn = 2 ,

M 1(x) =

)
0 x+ ! x�

1! x�x+

x�! x+

1! x�x+ 0

*

, Pf(u) # Pf [M 1(u)] =
x+ " x!

x+ x! " 1
(3.7)

M 2(u, v) =

+

,
,
,
,
-

0 x+ ! x�

1! x�x+
x+ ! y+

1! x+ y+
x+ ! y�

1! x+ y�

x�! x+

1! x�x+ 0 x�! y+

1! x�y+
x�! y�

1! x�y�

y+ ! x+

1! x+ y+
y+ ! x�

1! x�y+ 0 y+ ! y�

1! y�y+

y�! x+

1! x+ y�
y�! x�

1! x�y�
y�! y+

1! y�y+ 0

.

/
/
/
/
0

. (3.8)
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"
.
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Then the Fredholm PfafÞanPf[J + K] is deÞned as the series

Pf[J + K] =
1#

n=0

1
n!

$

R

n%

j =1

dµ(uj ) Pf
&
K++ (uj , uk) K+ �(uj , vk)
K�+ (uj , vk) K��(uj , uk)

'

1j,k n
. (3.3)

The relation with the Fredholm determinant is

Pf[J + K] =
(

det [I " JK]. (3.4)

The PfafÞan analog of the Cauchy identity for the two-point function(x " y)/(xy " 1)

2n%

j<k

xj " xk

xj xk " 1
= Pf

) &
xj " xk

xj xk " 1

' 2n

i,j =1

*

(3.5)

allows us to write the Octagon as Fredholm PfafÞan. In our case, if we retain only the fundamental
particles, the2 ! 2 matrix kernel is given by

K++ (u, v) =
x(u+ ) " x(v+ )
x(u+ )x(v+ ) " 1

, K+ � =
x(u+ ) " x(v�)
x(u+ )x(v�) " 1

,

K�+ (u, v) =
x(u�) " x(v+ )
x(u�)x(v+ ) " 1

, K++ =
x(u�) " x(v�)
x(u�)x(v�) " 1

.

(3.6)

In the case ofn particles, the four kernels form a2n ! 2n antisymmetric matrixMn(u1, ..., un). E.g.
for n = 1 andn = 2 ,

M1(x) =

)
0 x+ �x�

1�x�x+

x��x+

1�x�x+ 0

*

, Pf(u) # Pf [M1(u)] =
x+ " x�

x+ x� " 1
(3.7)

M2(u, v) =

+

,
,
,
,
-

0 x+ �x�

1�x�x+
x+ �y+

1�x+ y+
x+ �y�

1�x+ y�

x��x+

1�x�x+ 0 x��y+

1�x�y+
x��y�

1�x�y�

y+ �x+

1�x+ y+
y+ �x�

1�x�y+ 0 y+ �y�

1�y�y+

y��x+

1�x+ y�
y��x�

1�x�y�
y��y+

1�y�y+ 0

.

/
/
/
/
0

. (3.8)

10

3 The Octagon as a PfafÞan (gives the same as the operator form)
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deÞned as follows [15]. Let K (u, v) be a2⇥ 2 antisymmetric matrix kernel

K (u, v) =
✓

K ++(u, v) K +! (u, v)
K ! +(u, v) K !! (u, v)

◆
, K !! !

(u, v) = �K ! ! ! (v, u) (3.1)

and letI (u, v) andJ(u, v) be the2⇥ 2 matrix kernels

I (u, v) = I ! (u � v), J(u, v) = J ! (u � v),

I =
✓

1 0
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◆
, J =

✓
0 1
�1 0

◆
.

(3.2)

Then the Fredholm PfafÞanPf[J + K ] is deÞned as the series

Pf[J + K ] =
"X

n=0

1
n!

Z

R

nY

j =1

dµ(uj ) Pf


K ++(uj , uk) K +! (uj , vk)
K ! +(uj , vk) K !! (uj , uk)

�

1# j,k # n
. (3.3)

The relation with the Fredholm determinant is

Pf[J + K ] =
p

det [I � JK ]. (3.4)

The PfafÞan analog of the Cauchy identity for the two-point function(x � y)/ (xy � 1)

2nY

j<k

xj � xk

xj xk � 1
= Pf

 
xj � xk

xj xk � 1

�
2n

i,j =1

!
(3.5)

allows us to write the Octagon as Fredholm PfafÞan. In our case, if we retain only the fundamental
particles, the2⇥ 2 matrix kernel is given by

K ++(u, v) =
x(u+) � x(v+)
x(u+)x(v+) � 1

, K +! =
x(u+) � x(v! )
x(u+)x(v! ) � 1

,

K ! +(u, v) =
x(u! ) � x(v+)
x(u! )x(v+) � 1

, K ++ =
x(u! ) � x(v! )
x(u! )x(v! ) � 1

.
(3.6)

In the case ofn particles, the four kernels form a2n ⇥ 2n antisymmetric matrixM n(u
1

, ..., un). E.g.
for n = 1 andn = 2 ,

M
1

(x) =

 
0 x+ ! x"

1! x" x+

x" ! x+

1! x" x+ 0

!
, Pf(u) ⌘ Pf [M

1

(u)] =
x+ � x!

x+x! � 1
(3.7)

M
2

(u, v) =

0

BBBB@

0 x+ ! x"

1! x" x+
x+ ! y+

1! x+ y+
x+ ! y"

1! x+ y"

x" ! x+

1! x" x+ 0 x" ! y+

1! x" y+
x" ! y"

1! x" y"

y+ ! x+

1! x+ y+
y+ ! x"

1! x" y+ 0 y+ ! y"

1! y" y+

y" ! x+

1! x+ y"
y" ! x"

1! x" y"
y" ! y+

1! y" y+ 0

1

CCCCA
. (3.8)
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u
j

! u
j

+ i"
j

a
j

/ 2. As a result of this manipulation the integrand for the n-th term takes
the form

!

R

du
j

2⇡
! [! i!" j ](u

j

)! [2" j aj ](u
j

)

⇥ "1 K (u[! i!" 1 ]
1 , u[2" 2a2]

2 ) "2 K (u[! i!" 2 ]
2 , u[2" 3a3]

3 ) ... "
n

K (u[! i!" n ]
n

, u[2" 1a1]
1 )

=
!

R+ i!" j

du
j

2⇡
"1 öK (u[! i!" 1 ]

1 , u[2" 2a2]
2 ) "2 öK (u[! i!" 2 ]

2 , u[2" 3a3]
3 ) ... "

n

öK (u[! i!" n ]
n

, u[2" 1a1]
1 ),

(2.24)

where the non-ßat part of the measure is absorbed in the kernel by dressing it with two
factors (2.20),

K (u, v) ! öK (u, v) = ! #(u) K (u, v) ! #(v). (2.25)

The advantage of this rewriting is that now the multiple sums over the bound state labels
a1, ..., a

n

in the cyclic integral decouples. The sum over each labela
j

can be most easily
performed by introducing the shift operator D

uj with the result being a di! erence operator
acting on öK (u

j! 1, u
j

).
In this way we traded the multiple sum over the bound state labels for a more compli-

cated 2⇥ 2 matrix kernel K = { K! ,$} ! ,$= ± whose matrix elements are

K" ,$(u, v) def=
1
ig

"

a" 1

eia%� e! ia%

ei%� e! i%
öK (u + i"✏, v + i�a)

= � 1
ig

1
2 cos�� 2 cos(@

v

)
öK (u + i"✏, v + i�✏).

(2.26)

The action of the operator function in the last line is well deÞned for any✏ > 0. Returning
to the series (2.23), we write it as the logarithm of a Fredholm determinant of the 2 ⇥ 2
matrix kernel J K

S± = �
#"

n=1

(�± )n

2n

"

" 1 ,...," n = ±

!

R

n#

j=1

du
j

2⇡

n#

j=1

"
j

K! " j ," j +1 (u
j

, u
j+1 )

= 1
2Tr log( I � �± J K),

(2.27)

and respectively for the octagon

O#(z, øz,↵, ø↵) = 1
2

$
±

%
Det [I � �± J K]. (2.28)

The corresponding pfa" an representation is

O#(z, øz,↵, ø↵) = 1
2

$
± Pf [J + �± K] . (2.29)

2.3 From Fredholm kernel to a semi-inÞnite matrix

Our next goal is to perform the multiple cyclic integrations. This can be done by breaking
the cyclic integral into a sum of products of independent integrals. The formula we are
going to obtain is an inÞnite-dimensional version of the Pfa" an integration iheorem [16, 17].

Ð 13 Ð
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The idea is simple. We will expand the scalar kernel (2.8) in a complete set of harmonic
functions on the Zhukovsky Riemann surface, which will allow us to disentangle the multiple
integrals in (2.27) and represent the Fredholm pfa! an as the PfaÞan of a semi-inÞnite skew-
symmetric matrix.

The mode expansion of the scalar kernelK reads for |x| > 1 and |y| > 1

K (u, v) =
x � y
xy � 1

=
!!

m,n =0

x" n Cnm y" m , (2.30)

where

Cnm = ! n+1,m � ! n,m +1

, m, n � 0. (2.31)

We will denote by C the semi-inÞnite antisymmetric matrix with elements Cnm . Assuming
that the variables u and v are in the Þrst sheet (|x| > 1, |y| > 1), we represent the dressed
kernel öK , eq. (2.25), as a double series

öK (u, v) =
!

n,m # 0

Cnm ! !+n(u) ! !+m (v) , (2.32)

with the functions ! j (u) deÞned by (2.20). The kernel (2.26) expands in a similar way,

K"#(u, v) = � 1
ig

!

m,n # 0

! !+n(u + " i#)
Cnm

2 cos$ � 2 cos%v
! !+m (v + ! i#). (2.33)

The operator sandwiched between the two! -functions is obtained as in (2.26). The only
subtlety is that when ! = �, it represents a power series ofD" 1 which shifts by �i/ 2.

After expanding in this way the kernels in then-th term of the series (2.27), the chain of
n entangled integrals decouple into a sum of products ofn simple integrals. The exponents
S± take the form

S± = �1

2

" !
n=1

($±
)

n

n tr( CK )n (2.34)

where K is a semi-inÞnite skew-symmetric matrix with matrix elements (m, n � 0)

Kmn = Pmn � Pnm

Pmn = � 1
2ig

#
du
2&

! !+n(u � i 0)
1

cos$ � cos%u
! !+m (u + i0).

(2.35)

The above procedure is nothing but a change of the basis for the operator representing
the Fredholm kernel. The determinantal representation (2.28) takes in the new discrete
basis the form

O! (z, øz, ' , ø' ) = 1

2

"
±

$
Det [1� ( ± CK ] (2.36)

and the corresponding pfa! an formula is6

O! (z, øz, ' , ø' ) = 1

2

"
±

Pf[C ! 1" $± K ]
Pf[C ! 1

]

. (2.37)

6If we approximate the Fredholm kernel with a degenerate one obtained by truncating the sum in ( 2.30)
to 0 ! m, n ! N " 1, then Pf[C ! 1] = ( " 1)N .

Ð 14 Ð
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In view of the subsequent analysis, it will be important that the integration measure (2.18)
can be written in a factorised form

dµ(u, a) =
1
ig

sin(a! )
sin !

du
2"

!
`

(u + ia/ 2) !
`

(u � ia/ 2), (2.19)

with the function !
`

(u) deÞned as

!
`

(u) ⌘ eig⇠ [x(u)! 1/x (u)]

x(u) � 1/x (u)
x(u)! `. (2.20)

To summarise, the expansion (1.26) of the octagon sums up to a Fredholm pfa! an
which by (2.5) is a square root of a Fredholm determinant,

O
`

(z, øz,#, ø#) = 1
2

!
± Pf (J + $± K )

= 1
2

!
±

"
Det(I � $± JK ),

(2.21)

with the matrix elements of the kernel K deÞned in (2.14) and the integration measure
given by (2.19)-(2.20).

2.2 Summing up the bound states

In order to perform the sum over the bound states it is more convenient to start with the
determinant representation in the second line of (2.21),

O
`

(z, øz,#, ø#) = 1
2 eS+

+ 1
2 eS!

, (2.22)

with

S± = 1
2Tr log( I � $± JK )

= �1
2

! "
n=1

(�± )n

n
1

(ig )n

!
a1,...,an # 1

!
"1,...,"n = ±

# n
j =1

sin(aj �)
sin �

⇥
$

R

n%

j =1

duj

2"
! [! "j aj ]
`

(uj ) ! [+ "j aj ]
`

(uj )

⇥ %1 K (u[! "1a1]
1 , u["2a2]

2 ) %2 K (u[! "2a2]
2 , u["3a3]

3 ) ... %n K (u[! "n an ]
n , u["1a1]

1 ).

(2.23)

The factors %j come fromJ ",! " = %, J "," = 0 , %= ± .
We will take advantage of the fact that the elements of the matrix kernel (2.14) are

obtained by shifting the arguments of the scalar kernel (2.8). This will allow us to replace
the sum over the labelsaj by an appropriate di" erence operator. This is not unrelated to
the fact that the sum over the psu(2|2) characters gives the generating function (1.25). We
will obtain the same generating function, but with t replaced byi&u.

First we notice that the integrand is analytic in the strip �aj / 2 < Im(uj ) < a j / 2,
which allows us to displace the contour foruj by �i%j (aj � ' )/ 2. Here ' is a small positive
quantity which will be sent to 0 in the Þnal expression. We will keep it Þnite during the
computation because it indicates whether we are above or below the real axis on whichx(u)
has a cut. The displacement of the contours can be compensated by shifts of the variables

Ð 12 Ð



The octagon at weak coupling

- when expanded in powers of g, the octagon depends on               
only through the ladder integrals [Coronado, 18] 
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, øz) =
j!

s=0

"
2j ! s

j

#
| logzøz|s

s!
Li 2j ! s(z) ! Li 2j ! s(øz)

z ! øz
=

1
j !(j ! 1)!

f j (z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f k and the parameter ! = ! log

"
zøz,

Km+ r,m = e! !
"!

p=0

"
2" + 2m + 2p + r

p

#
(! 1)l+ m (ig)2"+2 m+2 p+ r +1

(" + m + p)!( " + m + p + r )!

#

[ r +1
2 ]!

k=1

"
r ! k
k ! 1

#
|2! |r ! 2k+1 f "+ m+ p+ k(z, øz) ( r $ 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK)n ].
The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCKO! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K#
m+2 s,m = 0 . (3.3)

For odd powers ofr we denoter = 2s! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2 s! 1,m = e! !

"!

j = l+ m+ s

"
2j ! 1

j ! l ! m ! s

#
(! 1)j ! l ! m

(j ! s)!( j + s ! 1)!
g2j f j (z, øz). (3.4)

Sincetr[( CK)n ] = tr[( CK#)n ], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K# to a 2N # 2N matrix

K#
2N ! 2N

=
$
K#

ij

%
i,j =0 ,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" = 1
2

&
±

'
Det

(
1 ! #± C2N ! 2N K2N ! 2N

)
+ o(g4N +2 " )

= ( ! 1)N 1
2

&
± Pf

*
C! 1

2N ! 2N
! #± K#

2N ! 2N

+
+ o(g4N +2 " ) .

(3.6)

7 In the notations of [ 25], Fj (z, øz) = ! v! ( j ) (u, v).
8Note that setting ! = 0 in the ladder functions as well, simpliÞes the integral formula ( 1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

F
j

(z, øz) =
jX

s=0

✓
2j ! s

j

◆
| logzøz|s

s!
Li 2j! s

(z) ! Li 2j! s

(øz)
z ! øz

=
1

j !(j ! 1)!
f
j

(z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f

k

and the parameter ⇠ = ! log
"

zøz,

K
m+ r,m

= e! !
"X

p=0

✓
2` + 2m + 2p + r

p

◆
(! 1)l+ m(ig)2"+2 m+2 p+ r+1

(` + m + p)!(` + m + p + r )!

#

[ r+1
2 ]X

k=1

✓
r ! k
k ! 1

◆
|2⇠|r! 2k+1 f "+ m+ p+ k

(z, øz) ( r $ 1).

(3.2)

The terms with nontrivial powers of ⇠ are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK)n].
The redundant ⇠-dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCKO! 1 which kills all the dependence on
⇠ of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forK

n,m

with the truncated series obtained by removing all terms with
non-trivial powers of ⇠. 8

Let us denote the truncated series byK#
n,m

. For even values ofr all powers of⇠ in (3.2)
are nontrivial and we get

K#
m+2 s,m

= 0 . (3.3)

For odd powers ofr we denoter = 2s! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2 s! 1,m = e! !

"X

j= l+ m+ s

✓
2j ! 1

j ! l ! m ! s

◆
(! 1)j! l! m

(j ! s)!( j + s ! 1)!
g2j f

j

(z, øz). (3.4)

Sincetr[( CK)n] = tr[( CK#)n], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K# to a 2N # 2N matrix

K#
2N ! 2N

=
�
K#

ij

�
i,j=0 ,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" = 1
2

P
±

q
Det

⇥
1 ! �± C2N ! 2NK2N ! 2N

⇤
+ o(g4N+2 " )

= ( ! 1)N 1
2

P
± Pf

h
C! 1

2N ! 2N
! �± K#

2N ! 2N

i
+ o(g4N+2 " ) .

(3.6)

7 In the notations of [ 25], F
j

(z, øz) = ! v! (j) (u, v).
8Note that setting ! = 0 in the ladder functions as well, simpliÞes the integral formula ( 1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, øz) =
j!

s=0

"
2j � s

j

#
| logzøz|s

s!
Li

2j ! s(z) � Li
2j ! s(øz)

z � øz
=

1
j !(j � 1)!

f j (z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f k and the parameter ! = � log

p
zøz,

Km+r,m = e! !
"!

p=0

"
2" + 2m + 2p + r

p

#
(�1)l+m (ig)2"+2m+2p+r+1

(" + m + p)!( " + m + p + r )!

⇥
[

r +1
2 ]!

k=1

"
r � k
k � 1

#
|2! |r ! 2k+1 f "+m+p+k(z, øz) ( r � 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK)n ].
The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCKO! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K#
m+2s,m = 0 . (3.3)

For odd powers ofr we denoter = 2s�1 with s � 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2s! 1,m = e! !

"!

j =l+m+s

"
2j � 1

j � l � m � s

#
(�1)j ! l ! m

(j � s)!( j + s� 1)!
g2j f j (z, øz). (3.4)

Sincetr[( CK)n ] = tr[( CK#)n ], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K# to a 2N ⇥ 2N matrix

K#
2N ! 2N

=
$
K#

ij

%
i,j =0,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" = 1

2

&
±

'
Det

(
1� #± C2N ! 2N K2N ! 2N

)
+ o(g4N +2" )

= ( �1)N
1

2

&
± Pf

*
C! 1

2N ! 2N
� #± K#

2N ! 2N

+
+ o(g4N +2" ) .

(3.6)

7
In the notations of [25], Fj (z, øz) = ! v! ( j ) (u, v).

8
Note that setting ! = 0 in the ladder functions as well, simplifies the integral formula (1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej-loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, z̄) =
j!

s=0

"
2j ! s

j

#
| log zz̄|s

s!

Li

2j ! s(z) ! Li

2j ! s(z̄)

z ! z̄
=

1

j!(j ! 1)!

fj (z, z̄). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals fk and the parameter ! = ! log

"
zz̄,

Km+r,m = e! !
"!

p=0

"
2" + 2m+ 2p+ r

p

#
(! 1)

l+m
(ig)2"+2m+2p+r+1

(" +m+ p)!(" +m+ p+ r)!

#

[

r +1
2 ]!

k=1

"
r ! k

k ! 1

#
|2! |r ! 2k+1 f"+m+p+k(z, z̄) (r $ 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[(CK )

n
].

The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCK O! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K

#
m+2s,m = 0. (3.3)

For odd powers ofr we denoter = 2s ! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = (r + 1)/2 = s we get

K

#
m+2s! 1,m = e! !

"!

j =l+m+s

"
2j ! 1

j ! l ! m ! s

#
(! 1)

j ! l ! m

(j ! s)!(j + s ! 1)!

g2j fj (z, z̄). (3.4)

Sincetr[(CK )

n
] = tr[(CK #

)

n
], in order to obtain the perturbative series of the octagon up

to g4N it is su! cient to replace the semi-inÞnite matrix matrix K # to a 2N # 2N matrix

K #
2N ! 2N

=

$
K

#
ij

%
i,j =0,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" =
1

2

&
±

'
Det

(
1 ! #± C 2N ! 2N K 2N ! 2N

)
+ o(g4N +2"

)

= (! 1)

N
1

2

&
± Pf

*
C! 1

2N ! 2N
! #± K #

2N ! 2N

+
+ o(g4N +2"

) .
(3.6)

7 In the notations of [ 25], Fj (z, øz) = �v! ( j ) (u, v).
8Note that setting ! = 0 in the ladder functions as well, simpliÞes the integral formula ( 1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, øz) =
jX

s=0

✓
2j ! s

j

◆
| logzøz|s

s!
Li 2j ! s(z) ! Li 2j ! s(øz)

z ! øz
=

1
j !(j ! 1)!

f j (z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f k and the parameter ! = ! log

"
zøz,

Km+ r,m = e! ⇠

"X

p=0

✓
2" + 2m + 2p + r

p

◆
(! 1)l+ m (ig)2`+2 m+2 p+ r +1

(" + m + p)!( " + m + p + r )!

#

[ r +1
2 ]X

k=1

✓
r ! k
k ! 1

◆
|2! |r ! 2k+1 f

`+ m+ p+ k(z, øz) ( r $ 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK )n ].
The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCK O! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K#
m+2 s,m = 0 . (3.3)

For odd powers ofr we denoter = 2s! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2 s! 1,m = e! ⇠

"X

j = l+ m+ s

✓
2j ! 1

j ! l ! m ! s

◆
(! 1)j ! l ! m

(j ! s)!( j + s ! 1)!
g2j f j (z, øz). (3.4)

Sincetr[( CK )n ] = tr[( CK #)n ], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K # to a 2N # 2N matrix

K #
2N ! 2N

=
�
K#

ij

�
i,j =0 ,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O
`

= 1
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Det

⇥
1 ! #± C 2N ! 2N K 2N ! 2N

⇤
+ o(g4N +2 `)

= ( ! 1)N 1
2

P
± Pf

h
C! 1
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i
+ o(g4N +2 `) .

(3.6)

7 In the notations of [ 25], Fj (z, øz) = ! v! ( j ) (u, v).
8Note that setting ! = 0 in the ladder functions as well, simpliÞes the integral formula ( 1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, øz) =
j!

s=0

"
2j ! s

j

#
| logzøz|s

s!
Li 2j ! s(z) ! Li 2j ! s(øz)

z ! øz
=

1
j !(j ! 1)!

f j (z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f k and the parameter ! = ! log

"
zøz,

Km+ r,m = e! !
"!

p=0

"
2" + 2m + 2p + r

p

#
(! 1)l+ m (ig)2"+2 m+2 p+ r +1

(" + m + p)!( " + m + p + r )!

#

[ r +1
2 ]!

k=1

"
r ! k
k ! 1

#
|2! |r ! 2k+1 f "+ m+ p+ k(z, øz) ( r $ 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK )n ].
The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCK O! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K#
m+2 s,m = 0 . (3.3)

For odd powers ofr we denoter = 2s! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2 s! 1,m = e! !

"!

j = l+ m+ s

"
2j ! 1

j ! l ! m ! s

#
(! 1)j ! l ! m

(j ! s)!( j + s ! 1)!
g2j f j (z, øz). (3.4)

Sincetr[( CK )n ] = tr[( CK #)n ], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K # to a 2N # 2N matrix

K #
2N ⇥2N

=
$
K#

ij

%
i,j =0 ,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" = 1
2

&
±

'
Det

(
1 ! #± C 2N ⇥2N K 2N ⇥2N

)
+ o(g4N +2 " )

= ( ! 1)N 1
2

&
± Pf

*
C! 1

2N ⇥2N
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+
+ o(g4N +2 " ) .

(3.6)

7 In the notations of [ 25], Fj (z, øz) = ! v! ( j ) (u, v).
8Note that setting ! = 0 in the ladder functions as well, simpliÞes the integral formula ( 1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, øz) =
j!

s=0

"
2j ! s

j

#
| logzøz|s

s!
Li 2j ! s(z) ! Li 2j ! s(øz)

z ! øz
=

1
j !(j ! 1)!

f j (z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f k and the parameter ! = ! log

"
zøz,

Km+ r,m = e! !
"!

p=0

"
2" + 2m + 2p + r

p

#
(! 1)l+ m (ig)2"+2 m+2 p+ r +1

(" + m + p)!( " + m + p + r )!

#

[ r +1
2 ]!

k=1

"
r ! k
k ! 1

#
|2! |r ! 2k+1 f "+ m+ p+ k(z, øz) ( r $ 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK )n ].
The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCK O! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K#
m+2 s,m = 0 . (3.3)

For odd powers ofr we denoter = 2s! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2 s! 1,m = e! !

"!

j = l+ m+ s

"
2j ! 1

j ! l ! m ! s

#
(! 1)j ! l ! m

(j ! s)!( j + s ! 1)!
g2j f j (z, øz). (3.4)

Sincetr[( CK )n ] = tr[( CK #)n ], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K # to a 2N # 2N matrix

K #
2N ! 2N

=
$
K#

ij

%
i,j =0 ,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" = 1
2

&
±

'
Det

(
1 ! #± C 2N ! 2N K 2N ! 2N

)
+ o(g4N +2 " )

= ( ! 1)N 1
2

&
± Pf

*
C! 1

2N ! 2N
! #± K #

2N ! 2N

+
+ o(g4N +2 " ) .

(3.6)

7
In the notations of [25], Fj (z, øz) = ! v�(j )(u, v).

8
Note that setting ⇠ = 0 in the ladder functions as well, simplifies the integral formula (1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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and conclude that



The octagon at strong coupling

- hard to extract the strong coupling behaviour directly from the determinant; 
restart from scratch and use the method from [Jiang, Komatsu, Kostov, D.S., 16]

[Bargheer, Coronado, Vieira, 19]

with

TBA-like answer!
[Alday, Gaiotto, Maldacena, 09]

1 2

3 4 3 4 2
(a) (b)

Figure 10: (a) Several geodesics ending on the same circle are conformally equivalent to
(b) Geodesics ending on the same straight line. In the latter picture, we used conformal
symmetry to put one of the operators at inÞnity. We see very clearly in this frame that
the area becomes the sum of two pieces, separated by the dashed line. More general, had
we started with n points on a line, we would have ended withn ! 2 such world-sheet
patches. In the text, we show that the area of each patch is! . In the left Þgure removing
the area below the geodesics amounts to removing the gray patches of the spherical dome,
leaving only the blue cap.

when getting rid of the 1/n obstruction to factorization, and thus Þnd

logOl "

#
!

2"

!!

"!

d#
2"

"

$ cosh(#) + iL
cosh2(#)

sinh(# + i0)

#

log(1 + Y! (#)) , (B.2)

whereY! (#) is given by (2.22) with $ cosh(#) $ $ cosh(#) + iL sinh(#), with L % %/ 2g. If
the bridge length scales withg &

#
! , then the bridge presence signiÞcantly a! ects the

Þnal result, and it would be interesting to reproduce this more general result from a string
sigma-model minimal-area computation. If%= O(1), then L $ 0, and the bridge has no
e! ect at strong coupling, as expected.

C Minimal Areas Ending on Geodesics

This appendix followed from the following observation by Martin Kruczenski:If we have
some concatenation of geodesics onAdS, whose endpoints lie on a common circle, then
the minimal surface which ends on those geodesics is nothing but the part of a spherical
dome ending on the circle that is enclosed by the geodesics,17 seeFigure 10a. That circle
conÞguration can be mapped to the straight line, where the area is even simpler and given
in Figure 10b.

It then becomes a straightforward exercise to compute this area. Of course, this problem
is not the actual problem we want to solve, as here we are totally ignoring the sphere. Indeed,
instead of obtaining the rich result (2.21) in the circle limit z $ øz (or & $ 0), this simpler
minimal area computation yields a simple constant, an integer multiple of" . As explained
in the Þgure, for ann-point function we would simply need to consider the area ofn ! 2

17This is in fact a general property of minimal surfaces: The condition for minimality (vanishing of the
mean curvature) is a local condition. Hence cutting o! arbitrary parts of any given minimal surface (in our
case, a half-sphere in the PoincarŽ plane) again yields a minimal surface, with the boundary conditions given
by the chosen cut contours.
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where the sum over the positive mode numbersna is constrained as
!

a a na = n, and where
K is deÞned asK !

!
a na. What follows is a straightforward simpliÞcation of this expression.

The reader might want to jump to the Þnal simpliÞed result (2.21).

SimpliÞcation. The goal is to factorize the integrand in a way that we can decouple the sum over
mode numbersna into independent sums which we can then perform. For instance, to factorize the
factorial factor we simply write (K " 1)! =

"
dte! t tK ! 1 so that K =

!
a na appears in exponents and

thus breaks apart into a product of factors for the various mode numbers. Next we want to cancel the
1/n factor in ( 2.14) which is easy by a simple integration by parts. For that we note that the rapidity
u dependence only arises through the exponential factor inTa; using the deÞnition ofn we can take it
out of the n sum completely and write
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Here we assumedRe(" ) > 0, otherwise we should pick an opposite shift in (2.16). We obtain the
desired factorization
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where n =
!

a na. Adding and subtracting a n = 0 term (corresponding to all na = 0 ) we get a Þnal
factorization into unconstrained mode numbers as
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We can now perform the sum over the mode numbersna,
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The sum over a can also be done, leading to
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g
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.
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where Y(! ) is given by (2.22) below. Finally, the integral over t yields " log(1 + Y) and so we
obtain (2.21) once we recall the relation to the Õt Hooft couplingg =

#
%/ 4#.

Result. We thus Þnd
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get the answer from semiclassics à la 
[Kazama, Komatsu, Nishimura, 13-16]?
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- this means for the cross ratios 
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3.4 Fishnets

In [18], the octagon was expanded in a basis of minors of the matrix (1.4). In particular, the
lowest loop ordern-particle contribution is proportional to the determinant of the matrix
(1.4) restricted to the Þrst n rows and columns, which has been identiÞed in [19] with the
Feynman integral for an n ! n Þshnet,

O! =0 =
!!

N =0

XN g2N 2 "
CN + o(g2)

#
, CN =

det
$

[f i + j +1 ]i,j =0 ,...,N " 1

%

& N " 1
i =0 (2i )!(2i + 1)!

. (3.13)

This property of the octagon is obvious from our determinant representation (3.9), which
can be written as a sum over minors of the matrixR, eq. (1.34),

O! =0 =
!!

N =0

XN

!

0! i 1<...<i N
0! j 1<...<j N

det
$'

R i ! j "

(
" ,#=1 ,...,N

%

=
!!

N =0

XN
"
det R N " N + o(g2)

#
.

(3.14)

Indeed, to the lowest order the determinant of the matrix R N " N is given by the Þshnet
integral normalised as in (3.13),

det R N " N = CN g2N 2
+ o(g2N 2+2 ). (3.15)

3.5 The null-square limit

Here we check that the logarithm of the octagon in the light cone limit z " 0, 1/ øz " 0
takes the form (1.36) claimed in [18]. We reproduce this behavior from our determinant
formula (3.9). The light cone limit corresponds to large imaginary values of the angle! . It
is convenient to parametrisez and øz with the variable y = i (" # ! ) " $ ,

z = # e" $" y, øz = # e" $+ y. (3.16)

The light cone limit corresponds toy " + $ . Furthermore in the light cone limit #± = # ey,
Xn = ( # 1)neny e" n$ = øzn, and the logarithm of the octagon is

logO! =0 = tr log(1 + øzR) = øz trR #
øz2

2
trR2 +

øz3

3
trR3 # ... . (3.17)

Take the matrix R for $= 0 ,

R ij =
!!

p=max( i + j, 1)

(# 1)p(2p # 1)!
4ip # (p # j )(p + j ) %i, 0&

%= ±
(p + &(i # j ))!( p + &(i + j ))!

f p g2p, (3.18)

and substitute the expansion of the ladders in the light cone limit [25]

# vf p(z, øz) =
p!

m=0

p!

n=0

)
p
m

*)
p
n

*
"
1 # 21" m" n# 1 + ( # 1)m+ n

p

! (m + n)! ' (m + n) (y + ( )p" m (y # ( )p" n

(3.19)
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In [18], the octagon was expanded in a basis of minors of the matrix (1.4). In particular, the
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Feynman integral for an n ! n fishnet,

O! =0 =

!!

N =0

XN g2N 2 "
CN + o(g2

)

#
, CN =

det

$
[fi + j +1 ]i,j =0 ,...,N " 1

%

& N " 1
i =0 (2i)!(2i+ 1)!

. (3.13)
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Indeed, to the lowest order the determinant of the matrix R N " N is given by the fishnet
integral normalised as in (3.13),

detR N " N = CN g2N 2
+ o(g2N 2+2

). (3.15)

3.5 The null-square limit

Here we check that the logarithm of the octagon in the light cone limit z " 0, 1/z̄ " 0

takes the form (1.36) claimed in [18]. We reproduce this behavior from our determinant
formula (3.9). The light cone limit corresponds to large imaginary values of the angle ! . It
is convenient to parametrise z and z̄ with the variable y = i(" # ! ) " $ ,

z = # e" $" y , z̄ = # e" $+ y . (3.16)

The light cone limit corresponds to y " +$ . Furthermore in the light cone limit #±
= # ey ,

Xn = (# 1)

neny e" n$
= z̄n , and the logarithm of the octagon is

logO! =0 = tr log(1 + z̄R ) = z̄ trR #
z̄2

2

trR 2
+

z̄3

3

trR 3 # ... . (3.17)

Take the matrix R for $= 0,

R ij =

!!

p=max( i + j, 1)

(# 1)

p
(2p # 1)!

4ip # (p # j)(p+ j) %i, 0&

%= ±
(p+ &(i # j))!(p+ &(i+ j))!

fp g2p, (3.18)

and substitute the expansion of the ladders in the light cone limit [25]
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in this limit the octagon is amazingly simple [Coronado, 18] 

for            derived in [Belitsky, Korchemsky, 19] by methods similar to Tracy-Widom
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Computing the octagon for finite value of ’t Hooft coupling and arbitrary kinematic

variables z and z̄ remains an open problem. In this paper, we exploit a determinant rep-

resentation of the octagon to derive the exact expression for O(z, z̄) in the light-like limit

x2
12, x

2
13, x

2
24, x

2
34 ! 0 mentioned above. We show below that the asymptotic behaviour of the

octagon in this limit has a remarkably simple form – it is governed by two functions of the

coupling constant which admit a closed representation.

In terms of the cross ratios (1.2), the light-like limit x2
12, x

2
13, x

2
24, x

2
34 ! 0 corresponds to

sending z ! 0! and z̄ ! "# . 2 It is convenient to introduce a parameterization

z = " e! y! ! , z̄ = " ey! ! , (1.6)

so that the light-like limit in question corresponds to y ! # and ! kept fixed. Examining

(1.4) in this limit, one finds that the octagon has a Sudakov-like form at weak coupling [6, 10]

lnO(z, z̄)
y"#
= "

y2

2" 2
! (g) + g2! 2 +

1

8
C(g) +O(e! y) , (1.7)

where y = ln(z̄/z)/2 and ! = " ln(zz̄)/2. Here the last term on the right-hand side denotes

corrections suppressed by powers of z and 1/z̄. Notice that the dependence of lnO(z, z̄) on

! 2 is one-loop exact in ’t Hooft coupling. Making use of this fact we can simply our analysis

by putting ! 2 = 0 from the start.

A nontrivial dependence of (1.7) on the coupling resides in two functions ! (g) and C(g).

In what follows we prove (1.7) starting from the determinant representation of the octagon

and derive a closed-form expression for these functions 3

! (g) = log(cosh(2" g)) , C(g) = " log

!
sinh(4" g)

4" g

"
. (1.8)

These relations represent the main results of the paper. In the expression for a logarithm of

the octagon (1.7), the function ! (g) is accompanied by a double-logarithmic ln2(z̄/z) terms

and it is analogous to the cusp anomalous dimension. The function C(g) defines a constant,

y" independent contribution and it is known as the hard function. It is interesting to notice

that it is expressible in terms of the function ! (g)

C(g) = "
##

n=0

! (g/2n) . (1.9)

To appreciate a remarkable simplicity of the relations (1.7) and (1.8), we compare them

with the analogous relations describing the light-like asymptotics of the four-point correlation

function of the simplest help-BPS operators of length K = 2 [11–13]

$O2O2O2O2% &H(g)

ö #

0

dy1

y1

dy2

y2
f(y1)f(y2) e

! S(z/y 1,1/ (øzy2)) (1.10)

2 z and øz are chosen to be negative in order to preserve the positivity of the cross ratios (1.2).
3In the notations of Ref. [6], we have$! (g) = g2/ 4 + ! (g)/ (8! 2).
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for                                                 the kernels simplify considerably :

Following the hexagonalization approach [2], the octagonO(z, øz) can be expanded into
an inÞnite sum over the virtual multi-particle states propagating on the two-dimensional
world sheet across the bridge of zero length (see Fig.1). The contribution of each state
factorizes into the product of two identical hexagon form factors which are known exactly
from integrability [ 5, 6]. It was shown in [9, 10] that, truncating the sum over the number
of exchanged virtual particles toN , the (square of the) octagon can be computed as a
determinant of anN ! N matrix ( 1" ! CK). Here! = " 2(coshy+1) is the overall coe! cient
and C = { Cnm } 0! n,m ! N is a constant matrix with the only nonzero entries located on super-
and subdiagonals

Cnm = "n,m " 1 " "n,m +1 . (2.1)

The matrix K = { K nm } 0! n,m ! N explicitly depends on the kinematical variablesy and # and
the Õt Hooft coupling constant,

K mn = "
g
2i

ö #

|! |
dt

!
i
"

t+!
t " !

#m" n
"

!
i
"

t+!
t " !

#n" m

coshy + cosht
Jm(2g

$
t2 " #2)Jn(2g

$
t2 " #2) , (2.2)

whereJn is a Bessel function.
Expanding

$
det(1 " ! CK) in powers of the coupling constant and carrying out the

integration, one reproduces the ladder integral representation for the octagon (1.4) up to
corrections of orderO(g2N ). It was found to be in complete in agreement [5] with more
traditional approaches based on the the use of (super) conformal symmetries and analytic
bootstrap [8]. Refraining from the perturbative expansion and formally sendingN # $ ,
one obtains the determinant representation for the octagon [9],

O(z, øz) = lim
N $#

$
det(1 " ! CK) . (2.3)

In the following, we tacitly assume that the limit exists and drop the limit sign.

2.1 Light-cone limit

Going to the light-like limit, we substitute (1.6) and sendy # $ . We expect that in this
limit the relation ( 2.3) should reproduce the asymptotic behaviour of the octagon (1.7).
Aimed to Þnd the exact expressions for the functions" (g) and C(g) in (1.7), we can simplify
the analysis by putting # = 0.

A close examination of the matrix elements! K mn shows that fory # $ and # = 0 the
leading contribution to the integral (2.2) stems fromt % y. This allows us to approximate
cosht % et / 2, yielding

! K mn = 2gsin
! $

2
(m " n)

# ö #

0

dt
Jm(2gt)Jn(2gt)

1 + et" y
. (2.4)
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Substituting this relation into ( 2.8) we can express the null octagon as a Fredholm determi-
nant

O = det( 1 ! H) , (2.15)

where the integral operatorH is deÞned on the semi-inÞnite axis through its action on an
arbitrary test function f (t)

Hf (t) =
ö !

0

dt"

t"

H (2gt, 2gt")
et 0# y +1

f (t") . (2.16)

At large y, the exponential factor in the denominator suppresses the contribution fromt" " y
and serves as an UV cut-o! .

The relation (2.16) is remarkably closed to the deÞnition of so-called the Bessel kernel
that appeared in the study of level spacing distributions in random matrices, see, e.g., the
volume [19] for an overview. This kernel is deÞned as

K ! (x1, x2) =
! ! (x1)" ! (x2) ! " ! (x1)! ! (x2)

x1 ! x2
=

1
4

ö 1

0
dt ! ! (x1t)! ! (x2t) , (2.17)

where ! ! (x) = J! (
#

x) and " ! (x) = x! "
! (x) are expressed in term of the Bessel function of

order #. For # = 0 it admits the form

K (x1, x2) =
#

x1J1
! #

x1
"

J0
! #

x2
"

!
#

x2J0
! #

x1
"

J1
! #

x2
"

2(x1 ! x2)
, (2.18)

with obvious decluttering notation for K (x1, x2) = K ! =0 (x1, x2). Comparing the relations
(2.12) and (2.18), we notice that the two functions coincide upon appropriate identiÞcation
of the variables

H (2gt1, 2gt2) = 2
#

x1x2 K (x1, x2) , (2.19)

wherexi = (2 gti )2.
To accommodate for the additional factor in the denominator of (2.16), we modify the

Bessel kernelK (x1, x2) by multiplying it by the cut-o ! function $(x2) deÞned as

$(x) =
1

e(
$

x#
$

s)/ (2g) +1
, (2.20)

where we introduced the variables = 4g2y2. The resulting integral operator looks as

K" f (x) =
ö !

0
dx" K (x, x ")$(x")f (x") , (2.21)

with f (x) being a test function. Upon identiÞcation of the coordinatesx = (2 gt)2, the
operators (2.16) and (2.21) are related to each other by a similarity transformationH =

Ð 9 Ð

and after some massaging

Substituting this relation into ( 2.8) we can express the null octagon as a Fredholm determi-
nant

O = det( 1 ! H) , (2.15)

where the integral operatorH is deÞned on the semi-inÞnite axis through its action on an
arbitrary test function f (t)

Hf (t) =
ö !

0

dt"

t"

H (2gt, 2gt")
et ! # y +1

f (t") . (2.16)

At large y, the exponential factor in the denominator suppresses the contribution fromt" " y
and serves as an UV cut-o! .

The relation (2.16) is remarkably closed to the deÞnition of so-called the Bessel kernel
that appeared in the study of level spacing distributions in random matrices, see, e.g., the
volume [19] for an overview. This kernel is deÞned as

K ! (x1, x2) =
! ! (x1)" ! (x2) ! " ! (x1)! ! (x2)

x1 ! x2
=

1
4

ö 1

0
dt ! ! (x1t)! ! (x2t) , (2.17)

where ! ! (x) = J! (
#

x) and " ! (x) = x! "
! (x) are expressed in term of the Bessel function of

order #. For # = 0 it admits the form

K (x1, x2) =
#

x1J1
! #

x1
"

J0
! #

x2
"

!
#

x2J0
! #

x1
"

J1
! #

x2
"

2(x1 ! x2)
, (2.18)

with obvious decluttering notation for K (x1, x2) = K ! =0 (x1, x2). Comparing the relations
(2.12) and (2.18), we notice that the two functions coincide upon appropriate identiÞcation
of the variables

H (2gt1, 2gt2) = 2
#

x1x2 K (x1, x2) , (2.19)

wherexi = (2 gti )2.
To accommodate for the additional factor in the denominator of (2.16), we modify the

Bessel kernelK (x1, x2) by multiplying it by the cut-o ! function $(x2) deÞned as

$(x) =
1

e(
$

x#
$

s)/ (2g) +1
, (2.20)

where we introduced the variables = 4g2y2. The resulting integral operator looks as

K" f (x) =
ö !

0
dx" K (x, x ")$(x")f (x") , (2.21)

with f (x) being a test function. Upon identiÞcation of the coordinatesx = (2 gt)2, the
operators (2.16) and (2.21) are related to each other by a similarity transformationH =

Ð 9 Ð

This comes about as a result of massive cancellations betweeny4, y6, . . . contributions from
various terms in (2.8). A question arises what a priori features of (2.7) stop ln O from
receiving higher order e! ects iny2? We shall answer it in the subsequent analysis by mapping
this property into an analogous property of correlation functions in log-gases and random
matrices [18].

Matching the resulting weak coupling expansion of (2.8) to the expected form (1.7) we
obtain perturbative expressions for the functions" (g) and C(g),

" (g) = 2 ! 2g2 !
4! 4g4

3
+

64! 6g6

45
!

544! 8g8

315
+ O

!
g10

"
,

C(g) = !
8! 2g2

3
+

64! 4g4

45
!

4096! 6g6

2835
+

8192! 8g8

4725
+ O

!
g10

"
. (2.10)

These relations are in agreement with the results of Refs. [5, 6, 9].

2.3 Relation to Bessel kernel

The relation (2.7) yields the null octagon in the form of a determinant of an inÞnite-
dimensional matrix. It proves instructive to rewrite it as a Fredholm determinant of an
integral operator represented by the matrixk! deÞned in (2.5). To accomplish this goal, we
Þrst examine the square of this matrix

(k2
! )nk = 2(2n + 1)( ! 1)n+ k

ö "

0

dt1

t1

J2n+1 (2gt1)
et1! y +1

ö "

0

dt2

t2

J2k+1 (2gt2)
et2! y +1

H (2gt1, 2gt2) . (2.11)

Here we replacedk! with its explicit expression (2.5) and introduced notation for the function

H (2gt1, 2gt2) =
#

m# 0

2(2m + 1) J2m+1 (2gt1)J2m+1 (2gt2)

=
2gt1t2 (t1J0 (2gt2) J1 (2gt1) ! t2J0 (2gt1) J1 (2gt2))

t2
1 ! t2

2
. (2.12)

It approaches a Þnite value at the coinciding points and is odd int1 and t2 separately.
Using the properties of the Bessel functions it is straightforward to verify that it satisÞes the
following relations

ö "

0

dt2

t2
H (2gt1, 2gt2)H (2gt2, 2gt3) = H (2gt1, 2gt3) ,

ö "

0

dt2

t2
H (2gt1, 2gt2)J2n+1 (2gt2) = J2n+1 (2gt1) . (2.13)

Repeatedly applying (2.11) we can express tr(kL
! ) as L! folded integral involving the

function (2.12)

tr( kL
! ) =

ö "

0

dt1

t1
. . .

ö "

0

dtL

tL

H (2gt1, 2gt2) . . . H (2gtL , 2gt1)
(et1! y +1) . . . (etL ! y +1)

. (2.14)
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natural rescaling:                        ,                      

Substituting this relation into ( 2.8) we can express the null octagon as a Fredholm determi-
nant

O = det( 1 ! H) , (2.15)

where the integral operatorH is deÞned on the semi-inÞnite axis through its action on an
arbitrary test function f (t)

Hf (t) =
ö 1

0

dt0

t 0
H (2gt, 2gt0)

et !�y +1
f (t 0) . (2.16)

At large y, the exponential factor in the denominator suppresses the contribution fromt 0 " y
and serves as an UV cut-o! .

The relation (2.16) is remarkably closed to the deÞnition of so-called the Bessel kernel
that appeared in the study of level spacing distributions in random matrices, see, e.g., the
volume [19] for an overview. This kernel is deÞned as

K ! (x1, x2) =
! ! (x1)" ! (x2) ! " ! (x1)! ! (x2)

x1 ! x2
=

1
4

ö 1

0
dt ! ! (x1t)! ! (x2t) , (2.17)

where ! ! (x) = J! (
#

x) and " ! (x) = x! 0
! (x) are expressed in term of the Bessel function of

order #. For # = 0 it admits the form

K (x1, x2) =
#

x1J1
! #

x1
"

J0
! #

x2
"

!
#

x2J0
! #

x1
"

J1
! #

x2
"

2(x1 ! x2)
, (2.18)

with obvious decluttering notation for K (x1, x2) = K ! =0 (x1, x2). Comparing the relations
(2.12) and (2.18), we notice that the two functions coincide upon appropriate identiÞcation
of the variables

H (2gt1, 2gt2) = 2
#

x1x2 K (x1, x2) , (2.19)

wherexi = (2 gti )2.
To accommodate for the additional factor in the denominator of (2.16), we modify the

Bessel kernelK (x1, x2) by multiplying it by the cut-o ! function $(x2) deÞned as

$(x) =
1

e(
p

x�
p

s)/ (2g) +1
, (2.20)

where we introduced the variables = 4g2y2. The resulting integral operator looks as

K" f (x) =
ö 1

0
dx0 K (x, x 0)$(x0)f (x0) , (2.21)

with f (x) being a test function. Upon identiÞcation of the coordinatesx = (2 gt)2, the
operators (2.16) and (2.21) are related to each other by a similarity transformationH =

Ð 9 Ð

x1/ 2 K ! x! 1/ 2 involving the coordinate operatorx. Therefore, their Fredholm determinants
coincide and we conclude that

O = det( 1 ! K ! ) . (2.22)

In this representation, the dependence of the null octagon on the coupling constantg and
the cross ratioy resides in the cut-o! function ! entering the deÞnition (2.21) of the integral
operator K ! .

The function (2.20) looks very similar to the Fermi-Dirac distribution. Slightly abusing
the deÞnition, we can interpret Õt Hooft couplingg as the temperature and the variable
"

s = 2gy as the chemical potential. The function! (x) approaches 1 forx # s and vanishes
for x $ s. At zero temperature, or equivalently in the weak coupling limit,g2 % 0, and
Þxed chemical potentials = 4g2y2, it becomes a step function

lim
g2! 0,
s Þxed

! (x) = " (s ! x) . (2.23)

In this case, the operator (2.21) acts on a Þnite interval [0, s] and its properties have been
studied in [17]. As was shown there, the Fredholm determinant of this operator takes a
remarkably simple form

lim
g2! 0,
s Þxed

ln det(1 ! K ! ) = ! s/ 4. (2.24)

Together with (2.22) this provides a prediction for the null octagon in the limitg2 % 0 with
s = 4g2y2 kept Þxed. Indeed, we Þnd in this limit from (1.7) that ln O = ! g2y2 in perfect
agreement with (2.22) and (2.24).

For Þnite values of the Õt Hooft coupling, the function! (x) is di! erent from a step
function (2.23). As a consequence, the integral operator (2.21) acts on semi-inÞnite axis and
its Fredholm determinant is di! erent from (2.24). To best of our knowledge, the operator
(2.21) has not been discussed in the literature before. Comparing the relations (2.22) and
(1.7), we expect that the logarithm of its Fredholm determinant should take the following
form

ln det(1 ! K ! ) = !
s

8#2g2
" (g) +

1
8

C(g) + O(e!
"

s/ (2g) ) , (2.25)

wheres = 4g2y2 $ 1 and g is kept Þxed. Our goal is to prove this relation and to calculate
the functions of the coupling constant which enter its right-hand side. Comparing (2.25) to
(2.24), we observe that the only modiÞcation from the change of the step function (2.23) to
the Fermi-Dirac distribution ( 2.20) is that the latter merely induces two nontrivial functions
of the Õt Hooft constant but does not modify the linear dependence on the variables.

Ð 10 Ð

Bessel kernel

Substituting this relation into ( 2.8) we can express the null octagon as a Fredholm determi-
nant

O = det( 1 ! H) , (2.15)

where the integral operatorH is deÞned on the semi-inÞnite axis through its action on an
arbitrary test function f (t)

Hf (t) =
ö !

0

dt"

t"

H (2gt, 2gt")
et 0# y +1

f (t") . (2.16)

At large y, the exponential factor in the denominator suppresses the contribution fromt" " y
and serves as an UV cut-o! .

The relation (2.16) is remarkably closed to the deÞnition of so-called the Bessel kernel
that appeared in the study of level spacing distributions in random matrices, see, e.g., the
volume [19] for an overview. This kernel is deÞned as

K ! (x1, x2) =
! ! (x1)" ! (x2) ! " ! (x1)! ! (x2)

x1 ! x2
=

1
4

ö 1

0
dt ! ! (x1t)! ! (x2t) , (2.17)

where ! ! (x) = J! (
#

x) and " ! (x) = x! "
! (x) are expressed in term of the Bessel function of

order #. For # = 0 it admits the form

K (x1, x2) =
#

x1J1
! #

x1
"

J0
! #

x2
"

!
#

x2J0
! #

x1
"

J1
! #

x2
"

2(x1 ! x2)
, (2.18)

with obvious decluttering notation for K (x1, x2) = K ! =0 (x1, x2). Comparing the relations
(2.12) and (2.18), we notice that the two functions coincide upon appropriate identiÞcation
of the variables

H (2gt1, 2gt2) = 2
#

x1x2 K (x1, x2) , (2.19)

wherexi = (2 gti )2.
To accommodate for the additional factor in the denominator of (2.16), we modify the

Bessel kernelK (x1, x2) by multiplying it by the cut-o ! function $(x2) deÞned as

$(x) =
1

e(
$

x#
$

s)/ (2g) +1
, (2.20)

where we introduced the variables = 4g2y2. The resulting integral operator looks as

K" f (x) =
ö !

0
dx" K (x, x ")$(x")f (x") , (2.21)

with f (x) being a test function. Upon identiÞcation of the coordinatesx = (2 gt)2, the
operators (2.16) and (2.21) are related to each other by a similarity transformationH =

Ð 9 Ð

Substituting this relation into ( 2.8) we can express the null octagon as a Fredholm determi-
nant

O = det( 1 ! H) , (2.15)

where the integral operatorH is deÞned on the semi-inÞnite axis through its action on an
arbitrary test function f (t)

Hf (t) =
ö !

0

dt"

t"

H (2gt, 2gt")
et ! # y +1

f (t") . (2.16)

At large y, the exponential factor in the denominator suppresses the contribution fromt" " y
and serves as an UV cut-o! .

The relation (2.16) is remarkably closed to the deÞnition of so-called the Bessel kernel
that appeared in the study of level spacing distributions in random matrices, see, e.g., the
volume [19] for an overview. This kernel is deÞned as

K ! (x1, x2) =
! ! (x1)" ! (x2) ! " ! (x1)! ! (x2)

x1 ! x2
=

1
4

ö 1

0
dt ! ! (x1t)! ! (x2t) , (2.17)

where ! ! (x) = J! (
#

x) and " ! (x) = x! "
! (x) are expressed in term of the Bessel function of

order #. For # = 0 it admits the form

K (x1, x2) =
#

x1J1
! #

x1
"

J0
! #

x2
"

!
#

x2J0
! #

x1
"

J1
! #

x2
"

2(x1 ! x2)
, (2.18)

with obvious decluttering notation for K (x1, x2) = K ! =0 (x1, x2). Comparing the relations
(2.12) and (2.18), we notice that the two functions coincide upon appropriate identiÞcation
of the variables

H (2gt1, 2gt2) = 2
#

x1x2 K (x1, x2) , (2.19)

wherexi = (2 gti )2.
To accommodate for the additional factor in the denominator of (2.16), we modify the

Bessel kernelK (x1, x2) by multiplying it by the cut-o ! function $(x2) deÞned as

$(x) =
1

e(
$

x#
$

s)/ (2g) +1
, (2.20)

where we introduced the variables = 4g2y2. The resulting integral operator looks as

K" f (x) =
ö !

0
dx" K (x, x ")$(x")f (x") , (2.21)

with f (x) being a test function. Upon identiÞcation of the coordinatesx = (2 gt)2, the
operators (2.16) and (2.21) are related to each other by a similarity transformationH =

Ð 9 Ð

new feature: Fermi-Dirac like distribution:  

Substituting this relation into ( 2.8) we can express the null octagon as a Fredholm determi-
nant

O = det( 1 ! H) , (2.15)

where the integral operatorH is deÞned on the semi-inÞnite axis through its action on an
arbitrary test function f (t)

Hf (t) =
ö !

0

dt"

t"

H (2gt, 2gt")
et ! # y +1

f (t") . (2.16)

At large y, the exponential factor in the denominator suppresses the contribution fromt" " y
and serves as an UV cut-o! .

The relation (2.16) is remarkably closed to the deÞnition of so-called the Bessel kernel
that appeared in the study of level spacing distributions in random matrices, see, e.g., the
volume [19] for an overview. This kernel is deÞned as

K ! (x1, x2) =
! ! (x1)" ! (x2) ! " ! (x1)! ! (x2)

x1 ! x2
=

1
4

ö 1

0
dt ! ! (x1t)! ! (x2t) , (2.17)

where ! ! (x) = J! (
#

x) and " ! (x) = x! "
! (x) are expressed in term of the Bessel function of

order #. For # = 0 it admits the form

K (x1, x2) =
#

x1J1
! #

x1
"

J0
! #

x2
"

!
#

x2J0
! #

x1
"

J1
! #

x2
"

2(x1 ! x2)
, (2.18)

with obvious decluttering notation for K (x1, x2) = K ! =0 (x1, x2). Comparing the relations
(2.12) and (2.18), we notice that the two functions coincide upon appropriate identiÞcation
of the variables

H (2gt1, 2gt2) = 2
#

x1x2 K (x1, x2) , (2.19)

wherexi = (2 gti )2.
To accommodate for the additional factor in the denominator of (2.16), we modify the

Bessel kernelK (x1, x2) by multiplying it by the cut-o ! function $(x2) deÞned as

$(x) =
1

e(
$

x#
$

s)/ (2g) +1
, (2.20)

where we introduced the variables = 4g2y2. The resulting integral operator looks as

K" f (x) =
ö !

0
dx" K (x, x ")$(x")f (x") , (2.21)

with f (x) being a test function. Upon identiÞcation of the coordinatesx = (2 gt)2, the
operators (2.16) and (2.21) are related to each other by a similarity transformationH =

Ð 9 Ð

x1/2 K! x! 1/2 involving the coordinate operatorx. Therefore, their Fredholm determinants
coincide and we conclude that

O = det( 1 ! K ! ) . (2.22)

In this representation, the dependence of the null octagon on the coupling constantg and
the cross ratioy resides in the cut-o! function ! entering the deÞnition (2.21) of the integral
operator K ! .

The function (2.20) looks very similar to the Fermi-Dirac distribution. Slightly abusing
the deÞnition, we can interpret Õt Hooft couplingg as the temperature and the variable
"

s = 2gy as the chemical potential. The function! (x) approaches 1 forx # s and vanishes
for x $ s. At zero temperature, or equivalently in the weak coupling limit,g2 % 0, and
Þxed chemical potentials = 4g2y2, it becomes a step function

lim
g2! 0,
s Þxed

! (x) = " (s ! x) . (2.23)

In this case, the operator (2.21) acts on a Þnite interval [0, s] and its properties have been
studied in [17]. As was shown there, the Fredholm determinant of this operator takes a
remarkably simple form

lim
g2! 0,
s Þxed

ln det(1 ! K ! ) = ! s/ 4. (2.24)

Together with (2.22) this provides a prediction for the null octagon in the limitg2 % 0 with
s = 4g2y2 kept Þxed. Indeed, we Þnd in this limit from (1.7) that ln O = ! g2y2 in perfect
agreement with (2.22) and (2.24).

For Þnite values of the Õt Hooft coupling, the function! (x) is di! erent from a step
function (2.23). As a consequence, the integral operator (2.21) acts on semi-inÞnite axis and
its Fredholm determinant is di! erent from (2.24). To best of our knowledge, the operator
(2.21) has not been discussed in the literature before. Comparing the relations (2.22) and
(1.7), we expect that the logarithm of its Fredholm determinant should take the following
form

ln det(1 ! K ! ) = !
s

8#2g2
" (g) +

1
8

C(g) + O(e!
"
s/(2g)) , (2.25)

wheres = 4g2y2 $ 1 and g is kept Þxed. Our goal is to prove this relation and to calculate
the functions of the coupling constant which enter its right-hand side. Comparing (2.25) to
(2.24), we observe that the only modiÞcation from the change of the step function (2.23) to
the Fermi-Dirac distribution ( 2.20) is that the latter merely induces two nontrivial functions
of the Õt Hooft constant but does not modify the linear dependence on the variables.
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how to derive the (simple)      dependence from the complicatedly - looking kernel?
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3.1 Weak coupling expansion of the matrix K

In [2] it is claimed that the dependence of the octagon on the positions and on the polarisa-
tions of the four operators is only through thej -loop ladder integrals, which are evaluated
as linear combinations of polylogarithms [25]7

Fj (z, øz) =
j!

s=0

"
2j ! s

j

#
| logzøz|s

s!
Li 2j ! s(z) ! Li 2j ! s(øz)

z ! øz
=

1
j !(j ! 1)!

f j (z, øz). (3.1)

In Appendix A we obtain for the matrix elements (1.30) a double expansion in ladder
integrals f k and the parameter ! = ! log

"
zøz,

Km+ r,m = e! !
"!

p=0

"
2" + 2m + 2p + r

p

#
(! 1)l+ m (ig)2"+2 m+2 p+ r +1

(" + m + p)!( " + m + p + r )!

#

[ r +1
2 ]!

k=1

"
r ! k
k ! 1

#
|2! |r ! 2k+1 f "+ m+ p+ k(z, øz) ( r $ 1).

(3.2)

The terms with nontrivial powers of ! are not consistent with the crossing invariance of the
4-point function. Fortunately it turns out that they do not show up in the traces tr[( CK )n ].
The redundant ! -dependence of the expansion (3.2) seems to be an artefact of the choice
of the basis (2.30). That is, there is a rotation OCK O! 1 which kills all the dependence on
! of the matrix elements, while preserving all traces. Assuming that this is the case, we
replace the series forKn,m with the truncated series obtained by removing all terms with
non-trivial powers of ! . 8

Let us denote the truncated series byK#
n,m . For even values ofr all powers of! in (3.2)

are nontrivial and we get

K#
m+2 s,m = 0 . (3.3)

For odd powers ofr we denoter = 2s! 1 with s $ 1. Retaining from the sum in the second
line of (3.2) only the term with k = ( r + 1) / 2 = s we get

K#
m+2 s! 1,m = e! !

"!

j = l+ m+ s

"
2j ! 1

j ! l ! m ! s

#
(! 1)j ! l ! m

(j ! s)!( j + s ! 1)!
g2j f j (z, øz). (3.4)

Sincetr[( CK )n ] = tr[( CK #)n ], in order to obtain the perturbative series of the octagon up
to g4N it is su! cient to replace the semi-inÞnite matrix matrix K # to a 2N # 2N matrix

K #
2N ⇥2N

=
$
K#

ij

%
i,j =0 ,1,...,2N ! 1

. (3.5)

The truncated determinant formula (2.36) reproduces the perturbative series for the octagon
up to order g4N ,

O" = 1
2

&
±

'
Det

(
1 ! #± C 2N ⇥2N K 2N ⇥2N

)
+ o(g4N +2 " )

= ( ! 1)N 1
2

&
± Pf

*
C! 1

2N ⇥2N
! #± K #

2N ⇥2N

+
+ o(g4N +2 " ) .

(3.6)

7 In the notations of [ 25], Fj (z, øz) = ! v! ( j ) (u, v).
8Note that setting ! = 0 in the ladder functions as well, simpliÞes the integral formula ( 1.30) and in

particular imposes the opposite parity of the indices m = n + 1 mod 2.
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the rest follows the standard treatment of  [Its, Izergin, Korepin, Slavnov, 92; Tracy, Widom, 93]



Summary and outlook

¥ We have given a compact, all-loop expression for a simple yet non-trivial four-point 
correlation function in an integrable 4-dimensional gauge theory 

¥ Underlying the solution there is a representation of the form-factors in terms of 
Majorana-like fermions; the origin of these fermions is still mysterious 

¥ Other exact solutions for the correlation functions can be written in fermionic terms 
(Fredholm determinants) 

¥ Integrals associated with Feynman graphs (ladder integrals) have a nice TBA 
representation 

¥ We need a better understanding of the properties of the Fredholm determinant in 
particular limits (strong coupling, light-like) and in general 

¥ Five point functions have a richer structure, being associated to more complicated 
Feynman diagrams - but their analysis is more complicated [Fleury, Komatsu, 17]   

¥ Some simplifications occur when studying non-supersymmetric deformations (fishnet 
theories) [Zamolodchikov, 80, Kazakov, Gurdogan, 15]; good laboratory to study the 
Feynman integrals [Basso, Dixon, 17] 

¥ É


