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o Quantum (spin) chain:

H; € End (Cd)®L

L
d

x =id®0=D @x@id*(t), x € End(CY)
je{1,...,L}

Hamiltonian

length of chain

dimension of local Hilbert space
local operator

lattice sites



Introduction

Quantum StatMech (of spin chains)

o Quantum (spin) chain:

H, € End ((Cd)®L Hamiltonian
L length of chain
d dimension of local Hilbert space

x = id®U"D @x®id®(=), x € End(C?)  local operator

je{1,....L} lattice sites

o Linear response theory (‘Kubo theory’) connects the response of a large
quantum system to time-(= t)-dependent perturbations (= experiments) with
dynamical correlation functions at finite temperature T

(X1Yme1(D)7 = lim tro, 1 {e /T xq ehyy qe i}
1Ym+1 T=/m tHML{e—HL/T}
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o The XXZ model
L z 4 h - v4
H8) =J Y (o] 10} +0]_10] + Aof 107} = 5 ). o
=1 =

J>0,heR, AeR



o The XXZ model
L hL
HL(A) =J Y {0} 10} +0] 0] +Ac] 107} — 5} of
J=1 =1
J>0,heR, AR
o Main goal of my research: Calculate
<chﬁv+1 (t)> T <01_6;:_1+1 (t)> T

explicitly for all values of m, t, T and h!



Introduction

Prime example of an integrable spin chain Hamiltonian

o The XXZ model
L h&
HU(B) =J Y {0} 1] +0] 1] +A0f 0]}~ 7 ) of
= =

J>0,heR,AeR
o Main goal of my research: Calculate
(ofomi1 (D)7, (07 0me (D)1
explicitly for all values of m, t, T and h!

o State of the art: Dynamical correlation functions at finite temperature not
known for any Yang-Baxter integrable lattice model, except for the XX model

Hxx = H.(0)
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HU(B) =J Y {0} 1] +0] 1] +A0f 0]}~ 7 ) of
= =t

J>0,heR,AeR
o Main goal of my research: Calculate
(ofomi1 (D)7, (07 0me (D)1
explicitly for all values of m, t, T and h!

o State of the art: Dynamical correlation functions at finite temperature not
known for any Yang-Baxter integrable lattice model, except for the XX model

Hxx = H.(0)
o For the XX model the longitudinal two-point functions are

/-n dp ei(mp—IS(p))} {/n dp e~ i(mp—te(p))

z 7 z\2 _ it i .
<G1Gm+1(t)>T_<c1> —[ 2T A4+ef@/T || ) n 14620/

where g(p) = h—4Jcos(p)
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Introduction

Longitudinal correlation functions of XX model

o This simple expression can be analyzed numerically and asymptotically by means
of the saddle point method

0.15 T T
R » timelike
» spacelike
01} ° N
—~ ~
= "
;
o
g 5-107% ) 8
3] .
~ j/
0
| | | | | | |
0 5 10 15 20 25 30 35

t

Real part of the connected longitudinal two-point function of the XX chain at
m=12,T=1,h=0.2and J = 1/4 as a function of time
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QTM formalism

Reduced density matrix and form factor series

o Staggered (+hg/NT) monodromy matrix of fundamental models

AL
B(')*HHHHHH

)

)-

Every vertex represents an R-matrix. t(Alh) = T&(A|h) is the quantum transfer

matrix with eigenvectors |W,) and eigenvalues A,(A|h). f(T,h) = —TInAo(0|h)
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Every vertex represents an R-matrix. t(Alh) = T&(A|h) is the quantum transfer
matrix with eigenvectors |W,) and eigenvalues A,(A|h). f(T,h) = —TInAo(0|h)

o Reduced density matrix [GKS04] of chain segment of length m+ 1

efHL/T o <W0|T(0‘h)®(m+1)‘\|lo>
i

lim t
ngo rm+2,...,L{ Z <\Uo|\|/o>/\o(0|h)(m+1)
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QTM formalism

Reduced density matrix and form factor series

o Staggered (+hg/NT) monodromy matrix of fundamental models

AL
“”*HHHHHH
)

Every vertex represents an R-matrix. t(Alh) = T&(A|h) is the quantum transfer
matrix with eigenvectors |W,) and eigenvalues A,(A|h). f(T,h) = —TInAo(0|h)

o Reduced density matrix [GKS04] of chain segment of length m+ 1

eHL/T} — m <W0|T(0‘h)®(m+1)‘\|lo>
ZL f o N (Wo|Wo)Ag(0]h)(m+1)

lim trmyo 1
L—yo0 e

o Thermal form factor series [DGK13]

tymet)7n = lim (Woltr{xT(0|h)}t(0]h)™ ' tr{yT(0|h)}|Wo)
met T = (Wo|Wo)Ag(0]h)™
—im Y (Wo|X(0]h)|Ws) (Wa| Y (0]h)|Wo) (/\n(OIh))m
N—eo bt (W |Wo) Ag (01 h) (W W) Ap(0]h) \ Ao(0]h)
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Thermal form factor series

The dynamical case

o L £

ON 42 . —(tr+hg/T)/N
= (tg +hr/T)/N
—(t1(+h13/T)/N
> gRJth/T)/N
@ - € y

> tr/N

N —tljs/N

. - tlg/)XY

, ® i

1 m+1 L

Graphical representation of the unnormalized finite Trotter number approximant to the
dynamical two-point function, hg ‘energy scale’, tg = ihgt
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Thermal form factor series

Result 1: Thermal form factor series for dynamical correlation functions

THEOREM: [GKKKS17] Consider any fundamental integrable lattice model with U(1)
symmetric R-matrix R, [R(A,u), ©(a) @ ©(a)] = 0, and Hamiltonian
L
—1
H = ;[hﬁax(PR), 1%, 0)[;_, —#©;(0)©; ' (0)
l:
with hg,a € C appropriately. Letk = o/ T

Ta(7\,|K) = ( )R;N+2 a(V2N+2,7\,) Haﬁm(x,VQNaH ) - Hg_a(VL)\‘)Ra,T()\‘?\H )

the associated staggered and inhomogeneous monodromy matrix, t(A|k) = tr{ T(A|x)}
the inhomogeneous quantum transfer matrix of the system with eigenvalues Ap,(A|x)
and eigenstates |W,,), and X(A|x) = tr{xT(A|x)}, Y(A|x) = tr{yT(A|x)}.
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Result 1: Thermal form factor series for dynamical correlation functions

THEOREM: [GKKKS17] Consider any fundamental integrable lattice model with U(1)
symmetric R-matrix R, [R(A,u), ©(a) @ ©(a)] = 0, and Hamiltonian
L
—1
H = 2 [hROL(PR)j—1,(A,0) 5o oc@]’-(o)@j (0)
j=
with hg,a € C appropriately. Letk = o/ T
Ta(7\,|K) = ( )R;N-Q—Z a(V2N+2,7\,) Raﬁm(xv\)ZN*H ) - Hg_a(VL)\‘)Ra,T()\‘?\H )

the associated staggered and inhomogeneous monodromy matrix, t(A|k) = tr{ T(A|x)}
the inhomogeneous quantum transfer matrix of the system with eigenvalues Ap,(A|x)
and eigenstates |W,,), and X(A|x) = tr{xT(A|x)}, Y(A|x) = tr{yT(A|x)}.

Then there exists a Trotter decomposition {v,}fgﬁz such that

itas(x) v (WolX(€[K)|Wn) (Wn| Y(g[k)|Wo)
X1 Ym1 (1)) 7= ||m Ime’ (x) W (OE\K)<\|’0|W0>/\0(8|K)< n|\|’i)

X</\n<’N”K)Ao(—’ﬁK>) (An(om))m
No([10)An(~ 1) ) \Po(0lx)

Here tr = ihgt and s is such that ©(a)xO(—a) = e*x
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Thermal form factor series

Evaluation of the thermal form factor series

In oder to evaluate the thermal form factor series we need to
@ evaluate all non-vanishing amplitudes

(W X)W (W] Y(A[) W)
An(MI) = X 00T) (Wo Vo) Ao (AIk) (W V)

@ evaluate all corresponding eigenvalue ratios

/\n(O|K) — 17+1(P
= = En n
Pn(01%) No(0]x) ¢

@ then sum up the series
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Thermal form factor series

Evaluation of the thermal form factor series

In oder to evaluate the thermal form factor series we need to
@ evaluate all non-vanishing amplitudes

(W X)W (Wl Y(A) W)
An(MI) = X 00T) (Wo Vo) Ao (AIk) (W V)

@ evaluate all corresponding eigenvalue ratios

I J———
= = En n
pn(o‘K) AO(O‘K) €

@ then sum up the series

REMARKS:
@ Summation and Trotter limit do not commute

@ Setting t = 0 in the form factor series we recover the known form factor series of
the static correlation functions [DGK 13]

@ In case of the longitudinal two-point functions of the XX chain we obtain the
well-known double-integral representation directly from the thermal form factor
series (TFFS)
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XX tranversal case

Functions characterizing the XX chain

o One-particle momentum and energy
p(A) = filn(fith(k)) , eM)=h+2J0'(L)
o Fundamental strip, Fermi rapidities and momenta
T 3n
sz{x ’77<1 A —}
eC 7 S1m < 2
The one-particle energy € has precisely two roots

iT 1 4J
kf = lzizF, ZF = Earch<7>

in 8. These roots are called the Fermi rapidities. The value

_ h
pr=p(Ag) = arccos(ﬂ)

of the momentum function evaluated at the left Fermi rapidity is the Fermi
momentum
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o Square of a generalized Cauchy determinant

(M1 <j<k<n, sh®(x = x6)] [TT1<jck<n, sh* (v — ¥&)]
H/"L T sh® (x5 — yk)

D ({634, ) =



XX tranversal case

Functions and contours characterizing the XX chain

o Square of a generalized Cauchy determinant

n n [H1 <j<k<np sh2(xj _Xk)] [H1 <j<k<n shz(y/- —}’k)}
D({x;}:" ., ") = — n —
({)(1}1_1,{}/k}k_1) H]’11 Hkp:1 Shz()(j*}/k)

o Particle and hole contour Cp and Cp,

.
i3w
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XX tranversal case

Functions characterizing the XX chain

o An auxiliary function

1) = e (222)]

@ The functions ®, and ®4:

Pp(x) = ip/%exp{i/ehdxp Az (MshEx—H»;}

for all x € 8\ €p, and

R INEY) (e et

forall x € 8§\ Cp

o An amplitude

A(T,h) = exp{—/
CLcCy

h

dz(L) /e du (et (1~ ,1)}
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XX tranversal case

Result 2: TFFS for transverse dynamical two-point functions of the XX chain

o THEOREM: [GKKKS17] The transverse dynamical two-point functions of the XX chain
have the series representation

~oF ()™ S (=) dxg Pp(x)el(meli)—Ee()
(67 s (D)7 = (~1)"F(m) Y. n!(nq)!/ﬂ/eh e

n=1

n—1 dy e—i(mp(yi)—te(yi))
8 k=1 /ép F ¢h(.Vk)(1 —efe(Yk)/T)

o(2))

D ({35}, v }k=1)

where a
_ o—impF _ 9
F(m)=e A(T,h)exp{ m/ehznp(k)ln
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XX tranversal case

Result 2: TFFS for transverse dynamical two-point functions of the XX chain

o THEOREM: [GKKKS17] The transverse dynamical two-point functions of the XX chain
have the series representation

~oF ()™ S (=) dxg Pp(x)el(meli)—Ee()
(67 s (D)7 = (~1)"F(m) Y. n!(nq)!/ﬂ/eh e

n=1

n—1 d e—i(mp(yi)—te(yi)) -
|2 DO (b))

8 k=1 Cp H ¢h(.Vk)(1 —efe(Yk)/T)

o(2))

where a
_ o—impF _ 9
F(m)=e A(T,h)exp{ m/ehznp(k)ln

o This is now a series over classes of excitations
o ltis just a function to be further studied. We claim that it is manifestly different from the
series obtained by [IIKS 93] and rather appropriate for numerical and asymptotic

analysis
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Late-time large-distance asymptotics

Result 3: Spacelike asmyptotics for fixed T

o THEOREM: [GKS19] In the spacelike regime m > 4Jt our TFFS for the transversal
two-point function is absolutely convergent and determines the late-time
long-distance asymptotics

m
t— 400, m— +oo atany fixed ratio o0 = v > 1

of the transverse dynamical correlation function of the XX chain

1 a0 = T o] - [ SZramleen (57 )}

x (1+0(t7))

where C(T.h) = %
F

Frank Géhmann TFA to dynamical correlation functions 9.9.2019 14 /24



Late-time large-distance asymptotics

Result 3: Spacelike asmyptotics for fixed T

o THEOREM: [GKS19] In the spacelike regime m > 4Jt our TFFS for the transversal
two-point function is absolutely convergent and determines the late-time
long-distance asymptotics

m
t— 4o, m— +oo atany fixed ratio o0 = v > 1

of the transverse dynamical correlation function of the XX chain

1 a0 = T o] - [ SZramleen (57 )}

x (1+0(t7))

where C(T.h) = %
F

REMARKS:
@ The ‘constant’ C(T, h) was heretofore unknown
@ Obtained by direct asymptotic analysis of the series

Frank Géhmann TFA to dynamical correlation functions 9.9.2019 14 /24



Late-time large-distance asymptotics

Comparison with numerical result

0.015 T T
—— Asymptotic formula
i o Fredholm numerically |
< 001 |
-
+&
> | |
£
~ 0.005 | .
l l 1
(%00 150 200 250 300

m

Real part of (61’0;+1 (t)) as a function of m for T/J = 0.05, h/J = 0.1 and Jt = 10 evalu-
ated numerically from the Fredholm determinant representation (dots) and from the asymp-
totic formula
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Fredholm determinant representation

Functions for Fredholm determinant

o Define the following functions

ey
o(x,y) = sh(y—x)
®p (x)ellmp(x)—te(x)) e—i(mp(y)—te(y))
Y Y V, =
W) = ity ) = )G — e 07Ty

Q= e, dx Vp(x)
£ = [, 4y Vi(y)o(y. )
Vixy) = [, dzVh(2)e(z )0(z.y)
o And the integral operators V and P with respect to the contour Cp
V00 = |, ay Vo) V().

Pi) =T [y vy(En) ).
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o THEOREM: The transversal correlation functions of the XX chain admit the
Fredholm determinant representation

(01_0;“ ()1 =(=1)"F(m)Q(m,1) déet(id +V— /F\’)

Here V is an integrable integral operator



Fredholm determinant representation

Result 4: A Fredholm determinant representation

o THEOREM: The transversal correlation functions of the XX chain admit the
Fredholm determinant representation

(o701 (D) 7= (=1)"F(m)Q(m, 1) deet(id +V-P)

Here Vis an integrable integral operator
o REMARKS:

@ The Fredholm determinant representation is suitable for a numerical analysis
[GKSS19]
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Result 4: A Fredholm determinant representation

o THEOREM: The transversal correlation functions of the XX chain admit the
Fredholm determinant representation

(o701 (D) 7= (=1)"F(m)Q(m, 1) deet(id +V-P)

Here Vis an integrable integral operator

o REMARKS:

@ The Fredholm determinant representation is suitable for a numerical analysis
[GKSS19]

@ Comparing with the asymptotic behaviour of the correlation function in the
spacelike regime m > 4Jt we see that

det(id +V —P) ~1+0(t™)
P

meaning that the Fredholm determinant collects the higher-order corrections to
the main asymptotics

Frank Géhmann TFA to dynamical correlation functions 9.9.2019 17/ 24



Fredholm determinant representation

Numerical evaluation of Fredholm determinant

10-3 m =200,7/J =0.05,h/J = 0.5 10-3 m =200,7/J =0.05,h/J = 0.5
2.5 T T T 2.5 T T T
—— Pfaffian —— Pfaffian
27 Fredholm | 2 - Fredholm
< ! 5
+815F ! 48 15F .
B} t € &
> S
D ! b !
S 0 ! g o1p ; ! 1
o 1
E i E |
|
05} 05 ‘; |
0 Il Il Il Il 0 it it J Il Il
20 40 60 80 100 20 40 60 80 100
Jt Jt

Real part (left) and imaginary part (right) of <G1_G§B1(t)>. Comparison between standard
numerical method (Pfaffian method) and numerical evaluation of the Fredholm determinant
(dots)
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Fredholm determinant representation

Comparison with [IKS 93

o lts, Izergin, Korepin and Slavnov in 1993 obtained a different Fredholm determinant
representation

(670t ()= (—1)”’[dgt(id+l7v+ Q) —dgt(idﬂ?v)}

where W is an integrable operator acting on functions on
C=[—o0o—in/4,4oc0—in/4] U[+o0 +iT/4, —oo +im/4] with kernel

ch(M)H(A) — ch(u)H(u) e9(r)

W(A,
(hp) = (lf,u) (1 +eW/T)
VP / n ch(u —7»)
and Qisa 1d projector acting as
- 1 A

@M = 50 Je 2mi sh(u)(1 +ee1)/T)
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Fredholm determinant representation

Comparison with [IKS 93

o lts, Izergin, Korepin and Slavnov in 1993 obtained a different Fredholm determinant
representation

(670t ()= (—1)”’[dgt(id+l7v+ Q) —dgt(idﬂ?v)}

where W is an integrable operator acting on functions on
C=[—o0o—in/4,4oc0—in/4] U[+o0 +iT/4, —oo +im/4] with kernel

ch(M)H(A) — ch(u)H(u) e9(r)
sh(A—pu) (1 +e2W)/T)

()
p/nch (u—2)

and Qisa 1d projector acting as

W) =

A du  eIWe(n)
Q(p(}\') - Ch()\.) e ?m Sh(lJ)(1 +e£(:“)/T)

o We interpret our Fred-det-rep as a ‘resummation’ a la Borodin-Okounkov that is
more suitable for the long-time, large-distance asymptotic analysis
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High-temperature analysis

Result 5: Hight-T analysis by means of matrix Riemann-Hilbert problem

o THEOREM: [GKS19, arXiv:1905.04922] In the high-T limit the transverse
dynamical correlation function of the XX-chain behaves as

(67 Omiq (1) = %(*%)mexp {im, f +/Otd‘t’ um(‘c’)}

Q1 (—1) Py (—1) = Pm(—1)Qpp 44 (—1)

—2
(@1 (=) Pl —1) — Pen(—1) @1 (1)) [« (1+0(T72))
where T = —4J(t— ﬁ), c= 4%

(m—1

Um(T) = %[Cm ) *Ym{Fm(O)(Pm(O) - Q;n+1 (0)) + Gm+1 (O)P;,,(O)H

and were Py, and Qn41 are polynomical with time-dependent coefficients
obaying fully explixit linear equations
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High-temperature analysis

Result 5: Hight-T analysis by means of matrix Riemann-Hilbert problem

o THEOREM: [GKS19, arXiv:1905.04922] In the high-T limit the transverse
dynamical correlation function of the XX-chain behaves as

(o7 O (D)7 = %(f%)meXp {iccf ; +/Ordt’ um(t’)}

Q1 (—1) Py (—1) = Pm(—1)Qpp 44 (—1)

—2
(@1 (=) Pl —1) — Pen(—1) @1 (1)) [« (1+0(T72))
where T = —4J(t— ﬁ), c= 4%

(m—1

um(®) = 2167 4 {Fn(0)(P(0) ~ Gi11(0)) + G 1(0)P1(0)}]

and were Py, and Qn41 are polynomical with time-dependent coefficients
obaying fully explixit linear equations

o COROLLARY: (Generalizing Brandt & Jacoby 1976) In the high-T limit the
transverse auto-correlation function of the XX-chain behaves as

(o0 ()7 = %e‘ih(f—i/(”))—4J2(f—i/(27))2 (140(T72))
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High-temperature analysis

Construction of the polynomials

[+
m—1
k
Pm(z)=2"+ Y o2k, om+1()—zm+1+2 (9, 2
k=0

where the coefficients satisfy the linear equations

ZA(m)o — Al (m), ZAk m)d), = — A7 (m)

I=0,....m—1;n=0,...,m.

o Introducing the column vectors
—1
= (AR(m),..., AR~ (M), D; = (A}(m),..., A" (m))"
fori=0,...,m,j=0,...,m+1, we obtain by Cramer’s rule

C(n):_det(cov"-7cn71ycmvcn+17""Cm71)
m detjj=o,..m—1(Aj(m)) 7

dn _ det(Do,...,Dn—1,Dm+1,Dn+1,-..,Dm)
m+1 detjj=o,..m (A]’(m))
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o The Al (m) are finite sums of modified Bessel functions I,(x):

, im—k—lgict
A (m) = —T{lm—k—/—1 (-7)
m—k—I—1
+ (1+ic(m—k—1-1)) [e_" - Yy ln(—T)]
n=k+I+1-m

+ict(lmk—i—1(=T) +lm—k-i(—7)) }

form—k—/—12>0,and
jm—k—lgict
Atm) === 1 ()

k+I1—m
+ (1+ic(m—k—1-1)) [eft—i- Yy I,,(—'c)]
n=m—k—/
+ict(Im—k—i—1(—7) + |m—k—/(—’€))}
form—k—1—1<0
"~ FrankGéhmam  TFAtodynamical comelation functons 992019 22/24



o For the computation of uy, one can use the formulae

m
T = Y AP (m)ch)
k=0

m m-+1
Fn(0) = Y AUm+1)c%), Gt (0) = kz A(m+1)atk)
k=0 =0

Pm(0) =, PL(0) =), Qpyy(0)=dl),



High-temperature analysis

Construction of the function up,

o For the computation of uy, one can use the formulae

1N gmy oy (K)
m ZAk (m)cm
m+1 ()
ZA (m+1)c . Gnp1(0)= ¥ AU (m+1)a),
k=0

Pu(0) =), Ph(0)=c, Qhir(0)=dl),

o An explicit example beyond Perk & Capel 1977

(01070} pa~16(7) oo e} )

X {—(4Jt)2 lo(—4Jt)2 — 4dtlo(—4dt) 1y (—4dt) + ((4J0)2 +2) Iy (—4Jt)2}

Frank Géhmann TFA to dynamical correlation functions 9.9.2019 23/24



Summary and outlook

Summary and outlook

@ We have devised a thermal form factor series expansion for dynamical
correlation functions of fundamental integrable lattice models

@ We have applied it to the transversal two-point function of the XX chain

@ The resulting series can be directly used for the long-time, large-distance
asymptotic analysis of the correlation function at fixed T and in the ‘spacelike
regime’

@ The series can be summed up into a Fredholm determinant representation
pertaining to an integrable integral operator

® The latter is efficient for a numerical computation of the correlation function

® The correlation functions can be expressed in terms of the solution of a
matrix Riemann-Hilbert problem associated with the integrable operator

@ This matrix Riemann-Hilbert problem has been used for the
high-temperature asymptotic analysis at any fixed space-time point,
extending classical work of Brandt & Jacoby 76, Perk & Capel 77

Future work: Extend all of this to XXZ!
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