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Outline

* Recap of the Haldane-Shastry model
* g-deformed Haldane-Shastry model

— Hamiltonian
— Key properties
— Exact highest-weight vectors

— Overview of underlying algebraic structure

* Hamiltonian (Macdonald operator) of spin-Ruijsenaars
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Haldane-Shastry model N

: . . [Shastry ’88]
spin-1/2 chain, L sites

. 1 — —
Hilbert space: (C?)®~ 1 - Py =35(1-0i 0y)
exchange interactions
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1 .
Hys =Y  — (P —1)s key properties

* Infinite-dim symmetry algebra already for L < o
isotropy sly C Y(slz) Yangian invariance

* Exact highest-weight wave functions:
EVy 25 wj

\I/)\(Z.l,"‘,@‘M):veCI})\(Zil,“',ZiM) w_GQWj/L
o —
- — =)
UA(Z) = T1(zm=22)2 177 (21,0, 2m0)
AN m<n
L-2]V[—|—12)\1 ~ ~— — ~ _
> -2 Ay 21 Vandermonde? Jack (zonal)

* Free gas of anyons
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Underlying structure

[Bernard et al '93]
[Talstra Haldane '95]

algebra (C)PL & Clan, -+ -, 22)) gen.era//'sed model
degenerate spin-Sutherlanad
affine Hecke * Yangian invariance
¢ . y o — OO (h — 0)
fFGGZIﬂg eV z; — w!, w= i/l
spin chain quantum many-body system
Haldane-Shastry (trig) Sutherland
* Yangian invariance * exact eigenfunctions:
* exact h.-w. vectors < a=2 Jack J/(\O‘)(zl, e Z0)
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g-deformed underlying structure

[Bernard et al ’93]
[Uglov ’95]
[JL Pasquier Serban]

algebra (€)% & Oz i) generalised model
. 1,y <L . -
affine Hecke spin-Ruijsenaars
1/2 . . .
4 = thimed * quantum-affine invariance
freezing v 2 b Wl w = e2i/E
spin chain quantum many-body system

g-Haldane-Shastry (trig) Ruijsenaars
* quantume-affine invariance * exact eigenfunctions:

* exact h.-w. vectors <=y —=, =4 Macdonald Px(21, -+, 2nm)
t' =

2019-09-18 Jules Lamers - new trends - Osaka 6/13



L‘ THE UNIVERSITY OF

,, MELBOURNE

s
D
A* » *
)
{3
£y

g-deformed (chiral) Hamiltonian

[Uglov "95]
spin-1/2 chain, L sites g-deformed [JL 18]
Hilbert space: (C*)®~ exchange interactions
H—%ie\f V(z z-)S%-
— 7 W 19 <75 ) P[ij]

/i<j T
point-split potential
V(Zi, Zj) m—

long-range
pairwise form

(g2 — a7 '25) (a7 2 — q %)
eVy ! Z; — Wl w=e?m/L
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g-deformed long-range interactions

The long-range exchange

1 —FPy; =P ; 1 P12 = Pysr1) Pirrq2-- Py
J

A\ J /G

Y

transport  nearest-neighbour exchange  transport

is deformed to
Zi Zi4+1 Zj—1 % 1 0 0 0
AN AN\ AN\ —1
9 0 (g—q _)U u—l_ 0
’><\ /><\ — R(u> — q uu__ql 1 qqu__qq_ 11 0
. ; qu—Oq_l qu—oq_1 ,
Stij) = M, = oo
—1
Z —1 he 0 q —1 0
% M\: (C] _Q) R/(l) — 0 —1 q 0
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Key properties
* Quantum-affine symmetry at finite size  [Bernardetal 93]
* Multi-spin interactions [Uglov'95]
* Spectrumisrealifg € R L’18]
for “full’ Hamiltonian also if ¢ € S [JL Pasquier Serban]
1y redl+ (5]
H" = Tq > ev, Vizi, 2))
i<j 9

* Exact highest-weight wave functions [t Pasquier Serban]
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Exact highest—weight wave functions

vty 04 tﬂ//H

[JL Pasquier Serban]

27r1/L
v C HeckeT——qZ@ A (1 —5s;)+4q
\ A/ Zi T RZi+1
\IJ)\(ilv T Z]\4) — CVy T[il,---,iM] \:[1)\(21, Ty ZM)

— M
U\(7) = H(qzm—q_lzn)(q_lzm—qzn) Py (%)
m<n

R/_/
e ~ Macdonald
I 2M+ >\ symmetric square of (g-zonal)
> o> Ay g-Vandermonde J =7 =
t/ _ (q/)2
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Spin-Ruijsenaars model

Physical space: ((C*)®* ® Clz1, - - -, ZL])SL [Bernard et al 93]

Si Ri,i+1(zi/zi+1) [JL Pasquier Serban]

z1q Zj—1 %5

Spin-Macdonald: &%

» =1
H:Y1_|_..._|_YL_Z quj CAGL I S

J=1 k(#j) % . Z}{zj
R<u/v>:><“ <

Monodromy matrix: W oEL 1P
j:b (u) = FPyr, ROL (UYL) -« Py ém(qu) [Bernard et al 93]
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Conclusion
Summary

* Haldane-Shastry model can be g-deformed

— guiding property:
quantum-affine symmetry already at finite length

— pairwise form, accounting for multi-spin interactions

— from explicit spin-Macdonald-Ruijsenaars operators

* Exact spectrum at finite size

- highest-weight vectors feature Macdona2[ds
¢ =p' =q
t/ _ (q/)2
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Conclusion
Future directions
* More detail
— explicit (level ¢ =0) guantum-affine action
— (conformal?) field theory describing low energy

— g root of unity

* Generalizations
— higher rank, super case, type BC, etc
— g-deformed Inozemtsev spin chain?
— XYZ-like version??
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Bonus material

Spectrum at finite length

pass to ‘motifs’
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Bonus material
Exact highest—weight vectors revisited

In the M-particle sector: via XXZ Bethe vectors
[JL Pasquier Serban]

(W) = cst x Z evwéA(zil, e 2 )

N M
©A(le o o .7ZM) p— H(Zm_Zn)2 PA(Zl, * .7ZM
< e " " =
B - Y A |
L-2M+12>X as for HS Macdonald

> > Ay > 1
(g-zonal)
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