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GHD and GGE



Isolated, out-of-equilibrium system
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Hydrodynamic description

Local GGE at the fluid cell around x

⟨O(x , t)⟩ = Tr[e∑j −βj(x,t)QjO]
Tr[e∑j −βj(x,t)Qj ]

The state at this cell

{β1, β2, ...β∞}↔ {⟨Q1⟩, ⟨Q2⟩, ..., ⟨Q∞⟩}

Equation of state that describes transport among neighboring cell

∂t⟨Qj(x , t)⟩ + ∂x⟨Jj(x , t)⟩ = 0.
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Non-equilibrium steady state

The Fermi-Dirac factor of the state at the junction

f (θ) = f L(θ)Θ(θ − θ∗) + f R(θ)Θ(θ∗ − θ), v eff(θ∗) = 0

Total transport crossing this point

J(t) ≡ ∫
t

0
J(0, s)ds

Cumulant generating function (full counting statistics or Legendre

transform of the large-deviation rate function)

F (λ) ≡ lim
t→∞

1

t
⟨eλJ

(t)
⟩ =

∞

∑
n=1

λn

n!
cn

satisfies a functional relation (see Doyon’s talk or 1812.02082)
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Individual cumulants

Steady current average

⟨J⟩ = ∫ dθv eff(θ)ρ(θ)q(θ)

Covariance matrix

c2 = ∫
dθ

2π
(E ′)dr(θ)s(θ)f (θ)[1 − f (θ)]qdr(θ)qdr(θ), s(θ) ≡ sgn[v eff(θ)]

Then ...

c3 = ∫
dθ

2π
(E ′)dr(θ)f (θ)[1 − f (θ)]s(θ)qdr(θ)×

× {[1 − 2f (θ)][qdr(θ)]2s(θ) + 3[(qdr)2(1 − f )s]∗dr(θ)},

c4 = ∫
dθ

2π
(E ′)dr(θ)f (θ)[1 − f (θ)] × {Y (θ)2 + 6Y (θ) + 6

[Y (θ) + 1]2
s(θ)[qdr(θ)]4

+ 3s(θ){[(1 − f )s(qdr)2]dr(θ)}2 + 12s(θ)qdr(θ){(1 − f )sqdr[(1 − f )s(qdr)2]dr}dr(θ)

+ 6[f (θ) − 2)[qdr(θ)]2[s(1 − f )(qdr)2]dr(θ) + 4s(θ)qdr(θ)[(1 − f )(f − 2)(qdr)3]dr(θ)}
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An unrelated problem, or is it?

⟨"⟩

⟨""⟩c

⟨"""⟩c

⟨""""⟩c

(3)

(6) (3) (4) (12)
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Cumulants of conserved charges



Motivation

Traditional TBA

This talk

Ultimate goal

Tr[e ∑j −βj#j]

⟨#1#2 . . . #n ⟩

⟨Q1(x1, t1)Q2(x2, t2) . . . Qn (xn , tn )⟩

#j = ∫ dxQj(x, t)
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Direct computation?

TBA free energy

F (β) = log Tr[e∑j −βj(x,t)Qj ] = L∫
dp(θ)

2π
log[1 + e−ε(θ)]

Cumulants of conserved charges are given by its derivatives

⟨QjQkQl ....⟩ = (−1)# ∂

∂βj

∂

∂βk

∂

∂βl
...F (β)

Charge average

1

L
⟨Qj⟩ = ∫

dp

2π
f (θ)qdr

j (θ)

Charge covariance

1

L
⟨QjQk⟩c = ∫ duρ(u)[1 − f (u)]qdr

j (θ)qdr
k (θ)

Higher cumulants: no rule to express in terms of particle distribution,

Fermi-Dirac factor, simple dressing operations...
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The free energy as a sum over trees [I.Kostov,D.Serban,D-L.V]

We aim at computing the partition function as an exact thermal trace

• Bethe wavefunctions that diagonalize all the charges

Qj ∣θ1, ..., θN⟩ =
N

∑
i=1

qj(θi)∣θ1, ..., θN⟩

2πnj = Lp(θj) − i
N

∑
k≠j

logS(θj , θk)

• Summing over mode numbers

Z(β) = ∑
N≥0

∑
n1<n2<...<nN

e−w(n1,n2,...,nN)

• Removing the constraint by 1 − δ insertion

Z(β) = ∑
N≥0

(−1)N
N!

∑
n1,...,nN∈ZN

∑
r1,..,rN∈NN

N

∏
j=1

(−1)rj
rj

e−w(n
r1
1 ,...,n

rN
N
).
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• Transform the sums to integrals

Z(β) = ∑
N≥0

(−1)N
N!

∑
r1,..,rn∈NN

N

∏
j=1

(−1)rj
rj
∫

dθj

2π
e−rjw(θj) detG(θr1

1 , ..., θ
rN
N )

• Expand the Gaudin determinant to a sum over forests

• The free energy is a free sum over trees whose vertices (θ, r) live in

R ×Z+. Feynman rules

+ …  (θ, r) (θ, r) (θ, r) (θ, r)+ 1
2!+= + 1

3!θ, rYr(θ) =

(θ1, r1) (θ2, r2)

(θ, r)

(θ, r) = (−1)r−1

r 2
e−rw(θ)

+ …  (θ, r) (θ, r) (θ, r) (θ, r)+ 1
2!+= + 1

3!θ, rYr(θ) =

(θ1, r1) (θ2, r2)

(θ, r)

(θ, r)

= Lrp′(θ) (−1)r−1

r 2
e−rw(θ)

+ …  (θ, r) (θ, r) (θ, r) (θ, r)+ 1
2!+= + 1

3!θ, rYr(θ) =

(θ1, r1) (θ2, r2)

(θ, r)

(θ, r)

= r1r2K(θ2, θ1)
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Summing over the trees

Let Yr(θ) be the sum of all trees rooted at the point (θ, r)

+ …  (θ, r) (θ, r) (θ, r) (θ, r)+ 1
2!+= + 1

3!θ, rYr(θ) =

One can deduce from this structure that Yr(θ) = (−1)rY r
1 (θ)/r2 and

Y (θ) = e−w(θ) exp∫
dη

2π
K(η, θ) log[1 +Y (η)].

The free energy is the sum over all trees

F (β) = L∫
dp(θ)

2π
∑
r≥1

rYr(θ) = L∫
dp(θ)

2π
log[1 +Y (θ)].

11



Summing over the trees

Let Yr(θ) be the sum of all trees rooted at the point (θ, r)

+ …  (θ, r) (θ, r) (θ, r) (θ, r)+ 1
2!+= + 1

3!θ, rYr(θ) =

One can deduce from this structure that Yr(θ) = (−1)rY r
1 (θ)/r2 and

Y (θ) = e−w(θ) exp∫
dη

2π
K(η, θ) log[1 +Y (η)].

The free energy is the sum over all trees

F (β) = L∫
dp(θ)

2π
∑
r≥1

rYr(θ) = L∫
dp(θ)

2π
log[1 +Y (θ)].

11



Summing over the trees

Let Yr(θ) be the sum of all trees rooted at the point (θ, r)

+ …  (θ, r) (θ, r) (θ, r) (θ, r)+ 1
2!+= + 1

3!θ, rYr(θ) =

One can deduce from this structure that Yr(θ) = (−1)rY r
1 (θ)/r2 and

Y (θ) = e−w(θ) exp∫
dη

2π
K(η, θ) log[1 +Y (η)].

The free energy is the sum over all trees

F (β) = L∫
dp(θ)

2π
∑
r≥1

rYr(θ) = L∫
dp(θ)

2π
log[1 +Y (θ)].

11



Charge average

⟨Qj⟩β = Tr[e−∑βiQiQj]/Tr[e−∑βiQi ]

Insertion of identity

⟨θrNN , ..., θ
r1

1 ∣Qj ∣θr1

1 , ..., θ
rN
N ⟩ =

N

∑
i=1

riqj(θi)⟨θrNN , ..., θ
r1

1 ∣θr1

1 , ..., θ
rN
N ⟩

leads to a sum over trees with a charge insertion

+  + …  = +  

In terms of the dressing operation

1

L
⟨Qj⟩ = ∫

dp

2π
f (θ)qdr

j (θ)
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Charge covariance

⟨QjQk⟩ = Tr[e−∑βiQiQjQk]/Tr[e−∑βiQi ]

Insertion of identity is factorized

⟨θrNN , ..., θ
r1

1 ∣QjQk ∣θr1

1 , ..., θ
rN
N ⟩ = ⟨θrNN , ..., θ

r1

1 ∣θr1

1 , ..., θ
rN
N ⟩

N

∑
i=1

riqj(θi)
N

∑
i=1

riqk(θi)

The covariance is given by a sum over trees with two leaves

1

L
⟨QjQk⟩c =

q1

q2

p′�

q1

q2

p′� p′�
qj

qk

θ = ∫
dθ

2π
f (θ)[1 − f (θ)](p′)dr(θ)qdr

j (θ)qdr
k (θ)
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Higher cumulants

The nth cumulants is given by the sum over all trees with a root that

carries p′ and n leaves carrying the n conserved charges

θ ψ

θ η

θ

= ψdr(θ)
θ ψ

θ η

θ

= K dr(θ, η)

θ ψ

θ η

θ = ∑
r≥1

(−1)r−1rd−1e−rε(θ)

Physical interpretation: virtual particles with anomalous correction to

the bare charges

ψ∗dr(θ) ≡ ψdr(θ) − ψ(θ) = ∫
dη

2π
K dr(η, θ)f (η)ψ(η)
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These trees are simple to generate

dn = ∑
p∈Pn, ∣p∣>1

p=(a
α1
1 ,...,a

αj
j
)

j

∏
i=1

(da1 + αi − 1

αi
).

n 1 2 3 4 5 6 7 8 9 10

dn 1 1 2 5 12 33 90 261 766 2312
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Cumulants of total transport

currents



Comparison with diagrams

Simple modifications of the diagrams:

• Operator at the root: E ′ instead of p′

• Sign of the effective velocity at odd internal vertices

For instance

qqq q

E′�

θ

η ζ = 3∫
dθ

2π

dη

2π

dζ

2π
(E ′)dr(θ)s(θ)f (θ)[1 − f (θ)]K dr(θ, η)K dr(θ, ζ)

×f (η)[1 − f (η)]s(η)f (ζ)[1 − f (ζ)]s(ζ)[qdr(η)]2[qdr(ζ)]2

Highly non-trivial matching with the fourth cumulant!
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Conclusion

• We develop a new approach to express cumulants of conserved

charges in GGE and total currents in GHD in an intuitive, effective

way

• Does this combinatorial structure of individual cumulants translate

into an analytic property of the full counting statistics?

• Matrix element of current cumulants? Drude weight?

• ”Free energy” that generates current cumulants? Dual TBA?

• Large scale dynamical correlation functions?
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Thank you for attention!
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