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Exact S-matrix and the CDD ambiguity 

Consider a  relativistic integrable field theory with factorized scattering:

Castillejo-Dalitz-Dyson ambiguity: 

The simplest possibility, consistent with the crossing and unitarity relations is:
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The sine-Gordon NLIE

[1991: Klümper-Batchelor-Pearce,  1992: Destri-DeVega, 1996: Fioravanti-Ravanini- et al.  ]

For the ground state                              and                          , but more more complicated
contours appear for excited  states.

and
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replacing

we get

with

Therefore:

�6



and

Then

which allows to compute the exact form of the τ-deformed energy level once its 
R-dependence is known at τ = 0. The result is:

therefore
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We now have an implicit form of the solution of the inviscid Burgers equation with a 
source term:

(Typical τ=0 finite-volume spectrum)

where,  ceff= c – 24Δ  is the “effective central charge” of the UV CFT state.
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where E(R, ! ) and P(R) are the eigenvalues of the energy and momentum operator, respec-
tively, on a generic eigenstate|n! . Important for the current purposes is that, under the
perturbation, the evolution of the spectrum is equivalently encoded in the following Lorentz-
type transformation

!
E(R, ! )
P(R)

"

=

!
cosh ("0) sinh ("0)
sinh ("0) cosh ("0)

" !
E (R 0)
P(R 0)

"

, (1.2)

with R 0 and "0 deÞned through

sinh"0 =
! P(R)

R 0
=

! P(R 0)
R

, cosh"0 =
R + ! E(R, ! )

R 0
=

R 0 " ! E (R 0)
R

. (1.3)

From (1.2), it follows that the solution to ( 1.1) can be written, in implicit form, as

E 2(R, ! ) " P2(R) = E 2(R 0) " P2(R 0) , (1.4)

with the additional constraint
#! R = " E(R, ! ) , (1.5)

at Þxed R 0, obtainable directly from (1.3) (cf. with the s = 1 case of (4.50)).
As extensively discussed in [18] (see also [19]), the solutions to the classical EoMs associated
to the T øT-deformed Lagrangians [2, 18, 20, 21] are obtained from the ! = 0 ones by a Þeld-
dependent coordinate transformation

dxµ =
#

$µ
" + ! $T µ

" (y )
%

dy" , y = ( y1, y2) = ( x!, t !) , (1.6)

with

$T µ
" (y ) = " gµ#%#$ %%" T $%(y ) , %µ" =

!
0 1

" 1 0

"

µ"

, (1.7)

whereT µ" (y ) is the Hilbert stress-energy tensor associated to the undeformed theory, canon-
ically deÞned as

T µ" (y ) =
" 2
#

g
#L g(y )

#gµ"
,

#
g =

&
det (gµ" ) , (1.8)

and L g(y ) is the undeformed Lagrangian in the set of cartesian coordinatesy , minimally
coupled to gravity through the metric gµ" . As shown in [18], equation (1.6) can be inverted
as

dyµ =
#

$µ
" " ! $T µ

" (x , ! )
%

dx" , x = ( x1, x2) = ( x, t ) , (1.9)

with 1

$T µ
" (x , ! ) = " gµ#%#$ %%" T $%(x, ! ) , (1.10)

1In ( 1.9), we corrected a sign typo made in [18].
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    The CFT case

An extra CDD factor couples left (-) with right (+)  movers and any NLIE or TBA  
equation  leads to  a pair of coupled  algebraic equations:

The total energy:

ceff= c – 24 Δ(primary), obtained by  an energy-dependent shift: 

which matches the form of  the (D=26, ceff=24) Nambu Goto spectrum, for a generic
CFT,  with τ=1/(2s), where s  is the string tension. �10

so that equations (2.1) are replaced by the system of two coupled nonlinear integral equa-

tions:

f (± )(✓) = ±i↵ ! i
M
2

e± ✓ R (2.8)

"
Z

C(±)
1

dyK(✓ ! y) ln
⇣
1 + e! f

(±) (y)
⌘
±

Z

C(±)
2

dyK(✓ ! y) ln
⇣
1 + e± f

(±) (y)
⌘

"
Z

C( ! )
1

dy�CDD(✓ ! y) ln
⇣
1 + e± f

( ! ) (y)
⌘
±

Z

C( ! )
2

dy�CDD(✓ ! y) ln
⇣
1 + e! f

( ! ) (y)
⌘

.

Plugging in (2.7), it is simple to show that these equations can be rewritten as

f (± )(✓) = ±i↵ ! i
M
2

e± ✓

⇣
R + 2tE (! )(R, t )

⌘
(2.9)

"
Z

C(±)
1

dyK(✓ ! y) ln
⇣
1 + e! f

(±) (y)
⌘
±

Z

C(±)
2

dyK(✓ ! y) ln
⇣
1 + e± f

(±) (y)
⌘

,

where E (± )(R, t ) denote the canonical expressions for I (± ) , evaluated on the solutions of

the deformed NLIE system:

E (± )(R, t ) =
M
2

"Z

C(±)
1

d✓
2⇡i

e± ✓ ln
⇣
1 + e" f

(±) (✓)
⌘

!
Z

C(±)
2

d✓
2⇡i

e± ✓ ln
⇣
1 + ef

(±) (✓)
⌘#

.(2.10)

Equations (2.9) reveal that the deformation can be interpreted as a redefinition of the

length-parameters appearing in the NLIEs, R # R + 2tE (± )(R, t ). Consistency with (2.5)

then yields the following conditions:

R # R + 2⌧E (± )(R, ⌧) (2.11)

E (+) (R, ⌧) = 2⇡

✓
n0 ! ce! / 24

R + 2⌧E (" )(R, ⌧)

◆
, E (" )(R, ⌧) = 2⇡

✓
n̄0 ! ce! / 24

R + 2⌧E (+) (R, ⌧)

◆
.(2.12)

These are precisely the relations found in [9] starting from (generic) TBA equations and

imply that the energy levels have the form [7, 9]:

E (R, ⌧) = E (+) (R, ⌧) + E (" )(R, ⌧)

= !
R
2⌧

+

s
R2

4⌧2 +
2⇡

⌧

⇣
n0 + n̄0 !

ce!

12

⌘
+

✓
2⇡(n0 ! n̄0)

R

◆2

, (2.13)

P(R) = E (+) (R) ! E (" )(R) =
2⇡(n0 ! n̄0)

R
. (2.14)

As reviewed in the introduction, for ce! = D ! 2 this coincides with the spectrum of the

Nambu-Goto string in D -dimensional target space obtained through light-cone quantization

(for more comments on this relation, see the Conclusions).

Let us also briefly mention that there are other NLIEs describing integrable CFTs, as well

as massless flows between minimal models [11, 13, 14]. The analysis of this section could

be repeated without essential modifications to study the t-deformation of these systems

as well. The purpose of the following Section 3 is to illustrate the generalization of these

results to the case of a massive integrable QFT, the sine-Gordon model.
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Start from  the equation:

and use the relations

with

then

since
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Figure 1: Real part of E (R, t ) for t = 0
(dashed line) and t = 0 .025 (solid line), for
ce! = 1
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Figure 2: Real part of E (R, t ) for t = 0
(dashed line) and t = 0 .025 (solid line), for
ce! = �1

As a last comment, one may wonder whether, for a generic model, the ßow could
produce more exotic types of singularities occurring at later times, not originating from
the pole at R = 0. However, while in general a solution of the hydrodynamic equation
will undergo a sequence of wave-breaking events (depending on the number of bumps in its
initial proÞle), we found no evidence that these should occur in the physical regionR > 0.

5. IdentiÞcation of the perturbing operator

Let us now establish a direct link between the CDD-factor introduced in (2.7) and the TøT
operator. We start from equation (4.12):

! t En(R, t ) = En(R, t )! REn(R, t ) + 1
R Pn(R)2, (5.1)

whereEn(R, t ) denotes then-th excited state of the system on a ring of sizeR. It is conve-
nient to consider the theory as deÞned on a cylinder or torus, with Euclidean coordinates
(x, y) ⇠ (x + R, y). The expectation values of the components of the stress-energy tensor
on the eigenstates of the Hamiltonian deÞned on constant-y slices, satisfy [5],

En(R, t ) = �Rhn|Tyy |ni, ! REn(R, t ) = �hn|Txx |ni, Pn = �iR hn|Txy |ni, (5.2)

so that (5.1) can be rewritten as

! t En(R, t ) = R (hn|Tyy |nihn|Txx |ni � hn|Txy |nihn|Txy |ni)

= �
R
! 2

!
hn|T|nihn| øT|ni � hn|! |nihn|! |ni

"
. (5.3)

In (5.3), we have used the standard conversion between the energy-momentum tensor
components in Euclidean and complex coordinates,

Txx = �
1
2! ( øT + T � 2! ) , Tyy = 1

2! ( øT + T + 2 ! ) , Txy = i
2! ( øT � T). (5.4)

One of the main results of [18] is the important identity

hn|T øT|ni = hn|T|nihn| øT|ni � hn|! |nihn|! |ni, (5.5)
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Putting all this information together:

Therefore, up to total derivatives:

Zamolodchikov's           composite operator fulfills the following   factorization property:
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Boson field theories with generic potential 

Also:

[Bonelli-Doroud-Zhu, Conti-Negro-Iannella-RT 
(2018)] 

�13

discussed in Section4.
If the boundary conditions at ! = 0 are the energy levels of a CFT,i.e. of the form:

E(R, 0) =
A
R

, (2.10)

the general solution to (2.1) is

E(R, ! ) =
R
2!

!

! 1 +

"

1 +
4!
R2 A +

4! 2

R2 P2(R)

#

=
R
2!

!

! 1 +

"

1 +
4!
R2 A +

4! 2

R4 (2" k)2

#

.

(2.11)
The consequence, on the latter expression, of an additional bulk term in the unperturbed
energy (2.10),

E (R, 0) =
A
R

+ F0R , (2.12)

was considered in [7]. Imposing the initial condition ( 2.12), the solution to ( 2.1) becomes:

E(R, ! ) =
F0R

1 ! ! F0
+

R
2÷!

!

! 1 +

"

1 +
4÷!
R2 A +

4÷! 2

R2 P2(R)

#

, (2.13)

with ÷! = ! (1 ! ! F0), that is a reparametrization ! En(R, ! ) " ! En(R, ÷! ) of the perturbing
parameter ! in the energy di" erences! En(R, ! ) = En(R, ! ) ! E0(R, ! ).
Furthermore, it was argued in [7] that ( 2.1) is equivalent, up to total derivative terms, to the
following fundamental equation for the Lagrangian :

#⌧L(! ) = det[ Tµ⌫(! )] , T øT (! ) = ! " 2det[Tµ⌫(! )] , (2.14)

with µ, $ # {1, 2} and Euclidean coordinates (x1, x2). By solving perturbatively ( 2.14) with
initial condition

L(%&, 0) = #%& · ø#%& , %& = ( &1(z, øz), . . . , &N (z, øz)) , (2.15)

it was proved in [13] that the deformed LagrangianL(%&, ! ) coincides with the bosonic Born-
Infeld model or, equivalently, the Nambu-Goto Lagrangian in the static gauge:

L(%&, ! ) =
1
2!

$
! 1 +

%
1 + 4! L(%&, 0) ! 4! 2B

&
=

1
2!

$
!

%
det[' µ⌫ ] +

%
det [' µ⌫ + ! hµ⌫ ]

&
,

(2.16)
with hµ⌫ = #µ %& · #⌫

%& and

B = |#%& $ ø#%&|2 = !
1
4

det [hµ⌫ ] . (2.17)

Here, we would like to extend the result (2.16) to generic interacting bosonic Lagrangians of
the form:

LV (%&, 0) = #%& · ø#%& + V(%&) , (2.18)

where V (%&) is a generic derivative-independent potential. Instead of solving (2.14) using a
perturbative brute-force approach, as in [13], we proceed by postulating that the evident

Ð 4 Ð

and the Hamiltonian density is a straightforward generalization of the single boson case
reported in [20]

H V ( !" , !# , $) =
V ( !" )

1� $ V(!" )
+

1
2ø$

✓
�1 +

q
1 + 4ø$ H(!" , !# , 0) + 4ø$2 P2( !" , !# )

◆
, (2.25)

where H(!" , !# , 0) = 1
4 |!" !|2 � |!# |2 = �T22(0) is formally the Hamiltonian density of the free

undeformed theory, whileP( !" , !# ) = � !# á!" ! = � T12($) is the conserved momentum density
of the deformed theory, following the convention (2.5).
Notice that expression (2.25) has the same formal structure of (2.13). It is then easy to
show that, introducing the auxiliary variable %in H V ( !" , !# , $) exactly in the same way as in
L V ( !" , $), the Hamiltonian density fulÞlls an inhomogeneous Burgers equation analogous to
(2.1) with the replacements

R ! %, P2 ! P2 . (2.26)

Finally let us make some concluding remarks concerning the structure of the energy spectrum
(2.13). Looking at expression (2.13), we notice the appearance of new special points in the
parameter $, beside the square-root singularity already discussed in [7, 10Ð13].

¥ The deformed bulk term F ($) = F0R
1" ! F0

in (2.13) diverges at $LP = 1
F0

which represents
a Landau-type pole singularity.

¥ There exists a unique value$0 = 1
2F0

such that the energy spectrum reduces exactly to
a pure square-root form, without any additional term

E(R, $0) =
R

2 ÷$0

r
1 +

4 ÷$0
R2

A +
4 ÷$02

R2
P2(R) , ÷$0 = $0(1 � $0F0) . (2.27)

As noticed in [12], in this case the Þnite-size expectation value of theT øT becomes size and
state independent:

hT øT ($0)iR = � #2

2R
&R

�
E 2(R, $0) � P2(R)

�
= �

✓
#

2÷$0

◆2

. (2.28)

Here we would like to make the additional remark that, with the choice of a constant potential
V ( !" ) = F0 in (2.23), the T øT composite Þeld becomes!" -independent at $ = $0 :

T øT ($0) = �
✓

#
2÷$0

◆2

. (2.29)

3 The T øT-deformed sine-Gordon model

Out of all possible bosonic theories corresponding to the Lagrangian density (2.23), in this
Section we will focus on theT øT -deformed classical sine-Gordon model, which corresponds to
the case of a single boson Þeld" interacting with a sine potential. We will Þrst derive the

Ð 6 Ð
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LV (~�, 0) = @~� · ø@~� + V (~�) , (2.18)

where V (~�) is a generic derivative-independent potential. Instead of solving (2.14) using a
perturbative brute-force approach, as in [13], we proceed by postulating that the evident
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property of this perturbation, discovered in [1, 2], concerns the evolution of the quantum
spectrum at finite volume R, with periodic boundary conditions, in terms of the TøT coupling
constant ⌧ . The spectrum is governed by the hydrodynamic-type equation

@⌧E(R, ⌧ ) =
1
2
@R
�
E2(R, ⌧ ) � P 2(R)

�
, (1.1)

where E(R, ⌧ ) and P (R) are the total energy and momentum of a generic state |ni, respec-
tively. Important for the current purposes is that, under the perturbation, the evolution of
the spectrum is equivalently encoded in the following Lorentz-type transformation

 
E(R, ⌧ )
P (R)

!
=

 
cosh (✓0) sinh (✓0)
sinh (✓0) cosh (✓0)

! 
E(R0)
P (R0)

!
, (1.2)

with

sinh✓0 =
⌧ P (R)
R0

=
⌧ P (R0)

R
, cosh✓0 =

R + ⌧ E(R, ⌧ )
R0

=
R0 � ⌧ E(R0)

R
. (1.3)

From (1.2), it follows that the solution to (1.1) can be written in implicit form as

E2(R, ⌧ ) � P 2(R) = E2(R0) � P 2(R0) , (1.4)

with the additional constraint
@⌧R = �E(R, ⌧ ) , (1.5)

at fixed R0, obtainable directly from (1.3) (cf. with the s = 1 case of (5.48)).
As extensively discussed in [17] (see also [18]), the solutions to the classical EoMs associated
to the TøT-deformed Lagrangians [2, 17, 19, 20] are obtained from the ⌧ = 0 ones by a field-
dependent coordinate transformation

dxµ =
⇣
�µ⌫ + ⌧ eT µ

⌫(y)
⌘
dy⌫ , y = ( y1, y2) , (1.6)

with

eT µ
⌫(y) = �gµ�✏�⇢ T

⇢�(y) ✏�⌫ , ✏µ⌫ =

 
0 1
�1 0

!

µ⌫

, (1.7)

where T µ⌫(y) is the Hilbert stress-energy tensor associated to the undeformed theory, canon-
ically defined as

Tµ⌫(y) =
�2
p
g

@Lg(y)
@gµ⌫

,
p
g =

q
det (gµ⌫) , (1.8)

and Lg(y) is the undeformed Lagrangian in the set of Euclidean coordinates y, minimally
coupled to gravity through the metric gµ⌫ . Equation (1.6) can be inverted as

dyµ =
⇣
�µ⌫ � ⌧ eT µ

⌫(x, ⌧ )
⌘
dx⌫ , x = ( x1, x2) , (1.9)
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property of this perturbation, discovered in [1, 2], concerns the evolution of the quantum
spectrum at Þnite volumeR, with periodic boundary conditions, in terms of the TøT coupling
constant ! . The spectrum is governed by the hydrodynamic-type equation

" ! E (R, ! ) =
1
2

" R
!
E 2(R, ! ) ! P2(R)

"
, (1.1)

where E(R, ! ) and P(R) are the total energy and momentum of a generic state|n", respec-
tively. Important for the current purposes is that, under the perturbation, the evolution of
the spectrum is equivalently encoded in the following Lorentz-type transformation
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with

sinh#0 =
! P(R)

R 0
=

! P(R 0)
R

, cosh#0 =
R + ! E(R, ! )

R 0
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R

. (1.3)

From (1.2), it follows that the solution to ( 1.1) can be written in implicit form as
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with the additional constraint
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at Þxed R 0, obtainable directly from (1.3) (cf. with the s = 1 case of (5.48)).
As extensively discussed in [17] (see also [18]), the solutions to the classical EoMs associated
to the T øT-deformed Lagrangians [2, 17, 19, 20] are obtained from the ! = 0 ones by a Þeld-
dependent coordinate transformation

dxµ =
%

$µ
" + ! &T µ

" (y)
'

dy" , y = ( y1, y2) , (1.6)

with

&T µ
" (y) = ! gµ#%#$ T $%(y) %%" , %µ" =

#
0 1

! 1 0

$

µ"

, (1.7)

whereT µ" (y) is the Hilbert stress-energy tensor associated to the undeformed theory, canon-
ically deÞned as

Tµ" (y) =
! 2
#

g
" L g(y)

" gµ"
,

#
g =

(
det (gµ" ) , (1.8)

and L g(y) is the undeformed Lagrangian in the set of Euclidean coordinatesy, minimally
coupled to gravity through the metric gµ" . Equation (1.6) can be inverted as

dyµ =
%

$µ
" ! ! &T µ

" (x, ! )
'

dx" , x = ( x1, x2) , (1.9)
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whereT µ! (x , ! ) is now the Hilbert stress-energy tensor associated to the TøT-deformed theory

Tµ! (x , ! ) =
! 2
"

g
" L g(x, ! )

" gµ!
, (1.11)

and L g(x, ! ) is the deformed Lagrangian in the set of cartesian coordinatesx. Following the
convention of [18], we will switch from cartesian to complex coordinates according to

!
z = x1 + i x 2

øz = x1 ! i x 2
,

!
w = y1 + i y 2

øw = y1 ! i y 2
, (1.12)

and we shall denote withz = ( z, øz) and w = ( w, øw) the two set of complex coordinates.
An important link with topological gravity was noticed and studied in [ 19], where it was shown
that JT gravity coupled to matter leads to a scattering phase matching that associated to the
T øT perturbation [ 1, 2, 4Ð6]. Equations (1.6) and (1.9) were also obtained in [18] starting from
the deformed EoMs following, therefore, a completely independent line of thoughts compared
to [19]. However, the Þnal results turn out to be fully consistent with the proposal of [19]. In
this paper, we shall argue that the approach of [18] admits natural generalisations correspond-
ing to inÞnite families of geometric-type deformations of classical and quantum Þeld theories.
Our analysis starts from (1.6) and the observation that the equality between the second mixed
derivatives implies

" 2xµ

" y" " y# =
" 2xµ

" y#" y" #$ " µT µ! = 0 . (1.13)

Equation (1.13) suggests that a consistent and natural generalisation of (1.6) can be obtained
by replacing the stress-energy tensor with an arbitrary (rank-two) conserved current. Thus,
the main objective of this work is to study the generalisations of the change of coordinates
(1.6) obtained by replacing T µ! with a matrix built using the higher-spin conserved currents,
typically present in free or integrable theories. In complex coordinatesz, the spin s conserved
currents T s+1 , øT s+1 , ⇥s! 1 and ø⇥s! 1 are related through the continuity equations

ø" T s+1 = " ⇥s! 1 , " øT s+1 = ø" ø⇥s! 1 , (s %N) , (1.14)

where " = " z and ø" = " øz, the subscripts s + 1 and s ! 1 are the Lorentz spins of the
corresponding Þeld and thes = 1 case of (1.14) corresponds to the energy and momentum
conservation law. The replacement we shall perform in (1.6)Ð(1.7) is

T !& Ts , (1.15)

where the cartesian and complex components ofTs are related through

(Ts)11 = !
1

2#

" øT s+1 + T s+1 ! ø⇥s! 1 ! ⇥s! 1
#

, (Ts)12 =
i

2#

" øT s+1 ! T s+1 + ø⇥s! 1 ! ⇥s! 1
#

,

(Ts)21 =
i

2#

" øT s+1 ! T s+1 ! ø⇥s! 1 + ⇥s! 1
#

, (Ts)22 =
1

2#

" øT s+1 + T s+1 + ø⇥s! 1 + ⇥s! 1
#

.

(1.16)
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which proves the validity of the inverse map (1.9), expressed in Euclidean coordinates. The
latter result can be generalised to the case of N -boson fields with generic potential (see [17]).
For the set of currents (2.15), we can again derive exactly the associated TT̄-deformed currents,
however their analytic expressions are more and more involved as k increases and we were
unable to find a compact formula valid for arbitrary spin k 2 N. We report here, as an
example, the level k = 3 deformed current of the hierarchy (2.15):

T4(z, ⌧) = �(@�)2

2S

✓
(S � 1)4@̄2�� 16⌧2(@̄�)4 @2�

4⌧(S � 1) (S2 + 1) (@̄�)3

◆2

,

⇥2(z, ⌧) = �(S � 1)2

8⌧ S

✓
(S � 1)4@̄2�� 16⌧2(@̄�)4 @2�

4⌧(S � 1) (S2 + 1) (@̄�)3

◆2

. (2.26)

Finally, it is important to stress that the method presented in this section is completely general
and can be applied to a generic integrable model, provided the change of variables is known.
We have explicitly computed the TT̄-deformed conserved currents with k = 3, 5 for the sine-
Gordon model using the generalised change of variables described in [17]. Again the resulting
expressions are extremely complicated and we will not present them here.

3 Deformations induced by conserved currents with higher Lorentz spin

In the following sections we shall generalise the change of variables (2.7) to deformations built
from conserved currents with generic positive and negative integer spins. Conventionally, we
shall denote with s = |s| � 0 (k = |k| � 0) the absolute value of the spin, and set s0 = �s  0

(k0 = �k  0). We will discuss separately perturbations induced by conserved currents with
spin s = s > 0, s0 = s < 0 and s ! 0, providing explicit examples.

3.1 Deformations related to charges with positive spin s > 0

The natural generalisation of (2.7) which ensures the commutativity of partial derivatives is
 
dw

dw̄

!
=
⇣
J (s)

⌘T
 
dz

dz̄

!
,

 
@wf

@w̄f

!
=
⇣
J (s)

⌘
�1
 
@f

@̄f

!
, (8f : R2 ! R) , (3.1)

where

J (s) =

 
@w @w̄

@̄w @̄w̄

!
=

1

�(s)(w)

 
1 + 2⌧ ⇥s�1(w) �2⌧ Ts+1(w)

�2⌧ T̄s+1(w) 1 + 2⌧ ⇥̄s�1(w)

!
, (3.2)

⇣
J (s)

⌘
�1

=

 
@wz @wz̄

@w̄z @w̄z̄

!
=

 
1 + 2⌧ ⇥̄s�1(w) 2⌧ Ts+1(w)

2⌧ T̄s+1(w) 1 + 2⌧ ⇥s�1(w)

!
, (3.3)

with s > 0,

�(s)(w) =
�
1 + 2⌧ ⇥s�1(w)

��
1 + 2⌧ ⇥̄s�1(w)

�
� 4⌧2Ts+1(w) T̄s+1(w) , (3.4)
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the change of variables spoils the s $ k symmetry, since it involves only the level-s currents.
Examples of this phenomena will neatly emerge from the study of the s  0 deformations
of the free massless boson theory. For s > 1, the situation is also not totally clear, however
it might well be that at first order in ⌧ the interpretation of the model as perturbed by the
irrelevant operator (3.19) remains valid. In order to achieve a deeper understanding of these
deformations, it is probably necessary to move from Hamiltonian to Lagrangian description.
Unfortunately, except for special cases, we were not able to pursue this task for generic s.
Finally, considering (3.21) for k = 1, and given the geometric origin of these systems, we shall
denote these theories as geometric TT̄s-deformed models.

3.2 Deformations related to charges with negative spin s < 0

In order to define perturbations induced by higher conserved currents with negative spin s,
we flip s ! s0 in the definition of the generalised Jacobian (3.2) and (3.3), obtaining

J (s0) =
1

�(s0)(w)

 
1 + 2⌧ T̄s+1(w) �2⌧ ⇥̄s�1(w)

�2⌧ ⇥s�1(w) 1 + 2⌧ Ts+1(w)

!
, (3.22)

�
J (s0)

�
�1

=

 
1 + 2⌧ Ts+1(w) 2⌧ ⇥̄s�1(w)

2⌧ ⇥s�1(w) 1 + 2⌧ T̄s+1(w)

!
, (3.23)

with s0 = s < 0 , s = |s| and

�(s0)(w) =
�
1 + 2⌧ Ts+1(w)

��
1 + 2⌧ T̄s+1(w)

�
� 4⌧2⇥s�1(w) ⇥̄s�1(w) . (3.24)

We arrived to (3.22)–(3.23) by implementing the spin-flip symmetry (see, for example, [1])

⇥s0�1 = T̄s+1 , Ts0+1 = ⇥̄s�1 , (3.25)

which corresponds to the following reflection property at the level of the 1-forms

I s0 = Ī s , Ī s0 = I s . (3.26)

Using the continuity equations (2.6), it is easy to verify that (3.23) fulfils again the conditions
(3.5), therefore it defines a consistent field-dependent change of variables. Repeating the
computations (3.8)–(3.17) using (3.22)–(3.23) one finds that (3.9) become

T(s0)
k+1(z, ⌧) =

Tk+1(w(z)) + 2⌧
�
Tk+1(w(z)) T̄s+1(w(z))�⇥k�1(w(z)) ⇥̄s�1(w(z))

�

�(s0)(w(z))
,

⇥(s0)
k�1(z, ⌧) =

⇥k�1(w(z)) + 2⌧ (⇥k�1(w(z)) Ts+1(w(z))� Tk+1(w(z))⇥s�1(w(z)))

�(s0)(w(z))
,

(3.27)

while (3.16)–(3.17) become
Z

H (s0)
k (z, ⌧) dz ^ dz̄ =

Z 
H k(w)� 2⌧

�
T+,k(w) T̄�,s(w) + c.c.

��
dw ^ dw̄

=

Z
H k(w) dw ^ dw̄ + 2⌧

Z
(I k + Ī k) ^ (I s � Ī s) , (3.28)
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Therefore, the  natural generalization  which ensures the equality of  mixed derivatives  

which proves the validity of the inverse map (1.9), expressed in Euclidean coordinates. The
latter result can be generalised to the case ofN -boson Þelds with generic potential (see [17]).
For the set of currents (2.15), we can again derive exactly the associated TøT-deformed currents,
however their analytic expressions are more and more involved ask increases and we were
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Finally, it is important to stress that the method presented in this section is completely general
and can be applied to a generic integrable model, provided the change of variables is known.
We have explicitly computed the TøT-deformed conserved currents withk = 3 , 5 for the sine-
Gordon model using the generalised change of variables described in [17]. Again the resulting
expressions are extremely complicated and we will not present them here.

3 Deformations induced by conserved currents with higher Lorentz spin

In the following sections we shall generalise the change of variables (2.7) to deformations built
from conserved currents with generic positive and negative integer spins. Conventionally, we
shall denote with s = |s| # 0 (k = |k | # 0) the absolute value of the spin, and sets0 = " s $ 0
(k0 = " k $ 0). We will discuss separately perturbations induced by conserved currents with
spin s = s > 0, s0 = s < 0 and s % 0, providing explicit examples.

3.1 Deformations related to charges with positive spin s > 0

The natural generalisation of (2.7) which ensures the commutativity of partial derivatives is
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where
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=

1
�(s) (w)
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=
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with s > 0,

�(s) (w) =
�
1 + 2⌧ ⇥s�1(w)

��
1 + 2⌧ ø⇥s�1(w)

�
" 4⌧2 T s+1 (w) øT s+1 (w) , (3.4)
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¥ read the TøT-deformed higher conserved currents as components of (2.10) in z coordinates:

Tk +1 (z, ! ) =
Tk +1 (w(z)) + 2 !

!
Tk +1 (w(z)) ! 0(w(z)) ! ! k ! 1(w(z)) T 2(w(z))

"

" (w(z))
,

! k ! 1(z, ! ) =
! k ! 1(w(z)) + 2 !

!
! k ! 1(w(z)) ø! 0(w(z)) ! Tk +1 (w(z)) øT2(w(z))

"

" (w(z))
.

(2.11)

In order to make the above strategy more concrete, in the following section we will explicitly
discuss the TøT-deformed higher currents for the massless free boson theory and comment on
more general cases.

2.2 The massless free boson

Consider the Lagrangian of a single massless boson Þeld" in the set of complex coordinates
w

L(w) = #w" # øw" . (2.12)

The EoMs are
#w# øw" = 0 , (2.13)

therefore, the components of (2.5) are somehow trivial. However, without further external
constraints, there exists an inÞnite number of options for the choice of the basis of conserved
currents. For example, both

T(POW )
k +1 (w) = !

1
2

(#w" )k +1 , ! (POW )
k ! 1 (w) = 0 , (k " N) , (2.14)

and4

T(KG )
k +1 (w) = !

1
2

#
#

1+ k
2

w "
$2

, ! (KG )
k ! 1 (w) = 0 , (k " 2N + 1) , (2.15)

are possible sets of higher conserved currents since they fulÞl (2.6) on-shell. In general, any
linear combination of the form

T(GEN )
k +1 (w) =

k%

j =0

c(k )
j (#w" )k ! j #j

w" , ! (GEN )
k ! 1 (w) = 0 , (2.16)

automatically deÞnes a conserved current with spink. Moreover, since the change of variables
(1.6) is non-linear, di! erent choices of the current in (1.16) should, at least in principle, give
rise to totally di ! erent deformations of the original theory.

4The set of currents (2.15) can be obtained as the massless limit of the Klein-Gordon hierarchy:

T ( KG )
k +1 (w ) = !

1
2

!
!

1+ k
2

w "
" 2 , ! ( KG )

k ! 1 (w ) = !
m2

2

!
!

k ! 1
2

w "
" 2 , (k " 2N + 1) ,

with Lagrangian L ( KG ) (w ) = ! w " ! øw " + m2" 2.
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(1.6) is non-linear, di! erent choices of the current in (1.16) should, at least in principle, give
rise to totally di! erent deformations of the original theory.
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k+1 (w) = !

1

2

⇣
@

1+ k
2

w �
⌘2

, ⇥(KG )
k�1 (w) = 0 , (k " 2N+ 1) , (2.15)

are possible sets of higher conserved currents since they fulfil (2.6) on-shell. In general, any
linear combination of the form

T(GEN )
k+1 (w) =

kX

j =0

c(k)j (@w�)
k�j @ j
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k�1 (w) = 0 , (2.16)

automatically defines a conserved current with spin k. Moreover, since the change of variables
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rise to totally di! erent deformations of the original theory.
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T(KG)
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�
!

1+ k
2

w "
�2 , ⇥(KG)

k! 1 (w) = �m2

2

�
!

k ! 1
2

w "
�2 , (k 2 2N+ 1) ,

with Lagrangian L (KG) (w) = ! w" ! øw" + m2" 2.
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¥ read the TøT-deformed higher conserved currents as components of (2.10) in z coordinates:
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!
Tk +1 (w(z)) ! 0(w(z)) ! ! k ! 1(w(z)) T 2(w(z))

"

" (w(z))
,

! k ! 1(z, ! ) =
! k ! 1(w(z)) + 2 !

!
! k ! 1(w(z)) ø! 0(w(z)) ! Tk +1 (w(z)) øT2(w(z))

"

" (w(z))
.

(2.11)
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discuss the TøT-deformed higher currents for the massless free boson theory and comment on
more general cases.
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therefore, some of the components of the stress-energy tensor are trivial. 
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¥ read the TT̄-deformed higher conserved currents as components of (2.10) in z coordinates:

Tk+1(z, ⌧) =
Tk+1(w(z)) + 2⌧

�
Tk+1(w(z))⇥0(w(z)) ! ⇥k! 1(w(z)) T2(w(z))

�

�(w(z))
,

⇥k! 1(z, ⌧) =
⇥k! 1(w(z)) + 2⌧

�
⇥k! 1(w(z)) ⇥̄0(w(z)) ! Tk+1(w(z)) T̄2(w(z))

�

�(w(z))
.

(2.11)

In order to make the above strategy more concrete, in the following section we will explicitly
discuss the TT̄-deformed higher currents for the massless free boson theory and comment on
more general cases.

2.2 The massless free boson

Consider the Lagrangian of a single massless boson field � in the set of complex coordinates
w

L (w) = @w�@w̄� . (2.12)

The EoMs are
@w@w̄� = 0 , (2.13)

therefore, the components of (2.5) are somehow trivial. However, without further external
constraints, there exists an infinite number of options for the choice of the basis of conserved
currents. For example, both
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1
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⇣
@

1+k
2
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, ⇥(KG)
k! 1 (w) = 0 , (k " 2N + 1) , (2.15)

are possible sets of higher conserved currents since they fulfil (2.6) on-shell. In general, any
linear combination of the form

T(GEN)
k+1 (w) =

kX

j=0

c(k)j (@w�)
k! j @j

w� , ⇥(GEN)
k! 1 (w) = 0 , (2.16)

automatically defines a conserved current with spin k. Moreover, since the change of variables
(1.6) is non-linear, different choices of the current in (1.16) should, at least in principle, give
rise to totally different deformations of the original theory.

4The set of currents (2.15) can be obtained as the massless limit of the Klein-Gordon hierarchy:

T(KG)
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1
2

!
!

1+ k
2
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"2 , ! (KG)

k! 1 (w ) = !
m2

2

!
!

k ! 1
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w "
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and 

are possible sets of higher conserved currents.  For simplicity, we will consider the  negative  

spin   power-type  set of  currents (sÕ ="s#0, s=|s|$0): 

�21

while (3.16)Ð(3.17) become

!
H (s! )

k (z, ! ) dz ! døz =
! "

H k(w) " 2!
#
T+ ,k (w) øT! ,s(w) + c.c.

$
%

dw ! d øw

=
!

H k(w) dw ! d øw + 2 !
!

(I k + øI k) ! (I s " øI s) , (3.30)

!
P(s! )

k (z, ! ) dz ! døz =
! "

Pk(w) " 2!
#
T! ,k (w) øT! ,s(w) " c.c.

$
%

dw ! d øw

=
!

Pk(w) dw ! d øw + 2 !
!

(I k " øI k) ! (I s " øI s) , (3.31)

which are formally equal to (3.16) and (3.17), except for the sign of! .
However, the positive and negative spin sectors are deeply di! erent, especially in what concerns
the non-zero momentum states. They are not simply related by a change of sign in the coupling
constant ! as the comparison between (3.16)Ð(3.17) and (3.30)Ð(3.31) would naively suggests.
In fact, the change of variables and the corresponding perturbing operators are di! erent. By
studying in detail the s < 0 perturbations of the massless free boson model (see section3.3
below), the di! erence with respect to thes = 1 perturbation, i.e. the T øT, clearly emerges.

3.3 The classical Burgers-type equations

In this section, we consider deformations of the massless free boson theory induced by the
coordinate transformations (3.23)Ð(3.24), and we derive the higher conserved currents of the
deformed models. As already discussed in section2, the most general level-k current of the
hierarchy can be expressed in the form (2.17). While the structure of the deformed currents
does not emerge clearly by working with the general combination (2.17), we observed that the
subset (2.15) is analytically much easier to treat since it does not mix with the others. This
property allows to obtain compact expressions for the deformed currents which are formally
identical to the exact quantum results of section4.2.
Using (2.15) in ( 3.23)Ð(3.24), the coordinate transformations read explicitly

J (s! ) =

&
1

1! ⌧ (@w �)s+1 0

0 1
1! ⌧ (@w̄ �)s+1

'

, (3.32)

#
J (s! )$! 1 =

&
1 " ! (" w#)s+1 0

0 1" ! (" øw#)s+1

'

. (3.33)

Repeating the same computation performed in section2.2, we Þrst express(" w#, " øw#)T in
terms of ("# , ø"# )T , by solving the set of equations

&
"#
ø"#

'

= J (s! )

&
" w#
" øw#

'

#$

(
)

*

"# = @w �
1! ⌧ (@w �)s+1

ø"# = @w̄ �
1! ⌧ (@w̄ �)s+1

. (3.34)
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Moreover, one can show that the combinationsI (s! )
k (z, ! ) and øI (s! )

k (z, ! ) of generic level-k
deformed currents are solutions to the following algebraic equations

I (s! )
k (z, ! ) =

I k(z)
!

1 + 2! I (s! )
s (z, ! )

" k , øI (s! )
k (z, ! ) =

øI k(z)
!

1 + 2! øI (s! )
s (z, ! )

" k , (3.42)

which generalise (3.41).
The level-k deformed currents are

I (s! )
k (z, ! ) = I k(z)

#
÷Fs

#
! 2!

(s + 1) s+1

ss I s(z)
$$ k

,

øI (s! )
k (z, ! ) = øI k(z)

#
÷Fs

#
! 2!

(s + 1) s+1

ss
øI s(z)

$$ k

. (3.43)

Before moving to the next section, let us make some important remarks:

¥ The T øT and the J øT examples discussed in [13, 21], taught us that, at least formally, the
evolution equations for the quantized spectra already emerge at classical level after replacing
the classical densities with their average value over the volumeR RT: introdotto qui la
convenzione con +-, dirlo anche a parole:

I (z) !"
I (+) (R)

R
, øI (z) !"

I (! ) (R)
R

. (3.44)

Implementing (3.44) in ( 3.42) gives

I (s! ,± )
k (R, ! ) =

Rk I (± )
k (R)

!
R + 2 ! I (s! ,± ))

s (R, ! )
" k , (3.45)

which coincides with the CFT quantum result (5.80) of section 5.3.

¥ Although the algebraic equations (3.45) were derived for s < 0 case, it is natural to con-
jecture that they can be extended also tos # 0. From the reßection property (3.26), we
Þnd:

I (s,± )
k (R, ! ) =

Rk I (± )
k (R)

!
R + 2 ! øI (s," )

s (R, ! )
" k , (3.46)

which again match the s > 0 quantum result quoted in (5.86).

¥ It is straightforward to check that, with the replacement ( 3.44), (3.42) leads to a solution of
the generalised Burgers-type equations (5.45)Ð(5.48), which hold also for massive models.
In fact, as shown in Appendix, in the CFT case equations (5.45)Ð(5.48) can be recast into
the simpler form

" ⌧ I (s,± )
k (R, ! ) = 2 I (s," )

s (R, ! ) " R I (s,± )
k (R, ! ) , (s > 0) ,

" ⌧ I (s! ,± )
k! (R, ! ) = 2 I (s! ,± )

s! (R, ! ) " R I (s! ,± )
k! (R, ! ) , (s# < 0) , (3.47)

with I (s)
k = I (s,+)

k and øI (s)
k = I (s,! )

k .
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It follows immediately that the deformed EoMs are

Plugging (3.33) into the second expression of (3.1) (with s = s0), one finds the differential map

@wf = F̃s

✓
�2⌧

(s+ 1)s+1

ss
(@�)s+1

2

◆
@f , @w̄f = F̃s

✓
�2⌧

(s+ 1)s+1

ss
(@̄�)s+1

2

◆
@̄f , (3.35)

8f : R2 ! R. From (3.35), it follows immediately that the deformed EoMs are

@@̄� = 0 , (3.36)

which reflects the fact that the s < 0 perturbations of CFT’s do not mix the holomorphic and
anti-holomorphic sectors, as already emerged from (3.32).

Using the technique described in section 2, we can now derive the deformed currents.
Plugging the differential map (3.35) into (3.27), we obtain

T(s0)
s+1(z, ⌧) = � s

2⌧ (s+ 1)


�1 + Fs

✓
�2⌧

(s+ 1)s+1

ss
(@�)s+1

2

◆�
, ⇥(s0)

s�1(z, ⌧) = 0 ,

T̄(s0)
s+1(z, ⌧) = � s

2⌧ (s+ 1)


�1 + Fs

✓
�2⌧

(s+ 1)s+1

ss
(@̄�)s+1

2

◆�
, ⇥̄(s0)

s�1(z, ⌧) = 0 ,

(3.37)

with

Fn(x) = nFn�1

✓
� 1

n+ 1
,

1

n+ 1
, . . . ,

n� 1

n+ 1
;
1

n
,
2

n
, . . . ,

n� 1

n
;x

◆
, (n 2 N � {0}) . (3.38)

From (3.36), it follows that �(z, ⌧) = '(z, ⌧)+ '̄(z̄, ⌧) and therefore T(s0)
s+1(z, ⌧) and T̄(s0)

s+1(z, ⌧)

depend only on z and z̄, respectively. Again we observe that, using (3.35) in (3.30), the
Jacobian can be rewritten in terms of the deformed components (3.37) as

J (s0) =

 
1� 2⌧ T(s0)

s+1(z, ⌧) �2⌧ ⇥̄(s0)
s�1(z, ⌧)

�2⌧ ⇥(s0)
s�1(z, ⌧) 1� 2⌧ T̄(s0)

s+1(z, ⌧)

!
. (3.39)

which confirms the reversibility of the change of coordinates.
In terms of the quantities (3.12) and (3.15), (3.37) can be more transparently written as

I(s0)
s (z, ⌧) =

s

2⌧ (s+ 1)


�1 + Fs

✓
�2⌧

(s+ 1)s+1

ss
Is(z)

◆�
,

Ī(s0)
s (z, ⌧) =

s

2⌧ (s+ 1)


�1 + Fs

✓
�2⌧

(s+ 1)s+1

ss
Īs(z)

◆�
. (3.40)

Quite remarkably, the latter expressions are solutions to peculiar algebraic equations of the
form

I(s0)
s (z, ⌧) =

Is(z)⇣
1 + 2⌧ I(s0)

s (z, ⌧)
⌘s , Ī(s0)

s (z, ⌧) =
Īs(z)⇣

1 + 2⌧ Ī(s0)
s (z, ⌧)

⌘s . (3.41)
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which reßects the fact that the s < 0 perturbations of CFTÕs do not mix the holomorphic and 
anti-holomorphic sectors. The level-k Hamiltonian and momentum deformed densities are: 

and s = 1 corresponds to the TøT deformation, J (1) = J . In fact, using the continuity
equations (2.6) in (3.3), one finds that the second mixed partial derivatives are identical

! øw(! wz) = ! w(! øwz) , ! øw(! wøz) = ! w(! øwøz) . (3.5)

Consider now the 1-forms

Ik = T (s)
k+1 (z, " ) dz + ⇥(s)

k�1(z, " ) døz , øIk = øT(s)
k+1 (z, " ) døz + ø⇥(s)

k�1(z, " ) dz , (3.6)

where the components T(s)
k+1 (z, " ), ⇥(s)

k�1(z, " ) and and their complex conjugates are the level-k
conserved currents of the integrable theory, deformed according to the generalised change of
variables (3.1). They fulfil the continuity equations

ø! T(s)
k+1 (z, " ) = ! ⇥(s)

k�1(z, " ) , ! øT(s)
k+1 (z, " ) = ø! ø⇥(s)

k�1(z, " ) . (3.7)

Using the strategy described in section 2, we perform the change of variables (3.1) in (2.5)
and obtain

Ik =
Tk+1 (w(z)) + 2 "

!
Tk+1 (w(z)) ⇥s�1(w(z)) �⇥k�1(w(z)) T s+1 (w(z))

"

�(s) (w(z))
dz

+
⇥k�1(w(z)) + 2 "

!
⇥k�1(w(z)) ø⇥s�1(w(z)) � Tk+1 (w(z)) øT s+1 (w(z))

"

�(s) (w(z))
døz ,

(3.8)

from which the components of the deformed currents can be extracted

T(s)
k+1 (z, " ) =

Tk+1 (w(z)) + 2 "
!
Tk+1 (w(z)) ⇥s�1(w(z)) �⇥k�1(w(z)) T s+1 (w(z))

"

�(s) (w(z))
,

⇥(s)
k�1(z, " ) =

⇥k�1(w(z)) + 2 "
!
⇥k�1(w(z)) ø⇥s�1(w(z)) � Tk+1 (w(z)) øT s+1 (w(z))

"

�(s) (w(z))
.

(3.9)

Furthermore, let us consider the level-k Hamiltonian and momentum density5

H (s0)
k (z, " ) = I (s0)

k (z, " ) + øI (s0)
k (z, " )

=
1

�(s) (w(z))

#
H k(w(z)) + 2 "

!
T+ ,k(w(z)) øT�,s(w(z)) + c.c.

"
$

, (3.10)

P(s0)
k (z, " ) = I (s0)

k (z, " ) � øI (s0)
k (z, " )

=
1

�(s) (w(z))

#
Pk(w(z)) + 2 "

!
T�,k(w(z)) øT�,s(w(z)) � c.c.

"
$

, (3.11)

5In the following, “c.c.” denotes the replacement {T(z, ⌧),⇥(z, ⌧)} ! {T̄(z, ⌧), ⇥̄(z, ⌧)}.
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and s = 1 corresponds to the TT̄ deformation, J (1) = J . In fact, using the continuity
equations (2.6) in (3.3), one finds that the second mixed partial derivatives are identical

@w̄(@wz) = @w(@w̄z) , @w̄(@wz̄) = @w(@w̄z̄) . (3.5)

Consider now the 1-forms

Ik = T(s)
k+1(z, ⌧) dz + ! (s)

k! 1(z, ⌧) dz̄ , Īk = T̄(s)
k+1(z, ⌧) dz̄ + !̄ (s)

k! 1(z, ⌧) dz , (3.6)

where the components T(s)
k+1(z, ⌧), ! (s)

k! 1(z, ⌧) and and their complex conjugates are the level-k
conserved currents of the integrable theory, deformed according to the generalised change of
variables (3.1). They fulfil the continuity equations

@̄T(s)
k+1(z, ⌧) = @! (s)

k! 1(z, ⌧) , @T̄(s)
k+1(z, ⌧) = @̄ !̄ (s)

k! 1(z, ⌧) . (3.7)

Using the strategy described in section 2, we perform the change of variables (3.1) in (2.5)
and obtain

Ik =
Tk+1(w(z)) + 2⌧

!
Tk+1(w(z)) ! s! 1(w(z))� ! k! 1(w(z)) Ts+1(w(z))

"

" (s)(w(z))
dz

+
! k! 1(w(z)) + 2⌧

!
! k! 1(w(z)) !̄ s! 1(w(z))� Tk+1(w(z)) T̄s+1(w(z))

"

" (s)(w(z))
dz̄ ,

(3.8)

from which the components of the deformed currents can be extracted

T(s)
k+1(z, ⌧) =

Tk+1(w(z)) + 2⌧
!
Tk+1(w(z)) ! s! 1(w(z))� ! k! 1(w(z)) Ts+1(w(z))

"

" (s)(w(z))
,

! (s)
k! 1(z, ⌧) =

! k! 1(w(z)) + 2⌧
!
! k! 1(w(z)) !̄ s! 1(w(z))� Tk+1(w(z)) T̄s+1(w(z))

"

" (s)(w(z))
.

(3.9)

Furthermore, let us consider the level-k Hamiltonian and momentum density5

H(s! )
k (z, ⌧) = I(s! )

k (z, ⌧) + Ī(s! )
k (z, ⌧)

=
1

" (s)(w(z))

#
Hk(w(z)) + 2⌧

!
T+,k(w(z)) T̄! ,s(w(z)) + c.c.

"
$
, (3.10)

P(s! )
k (z, ⌧) = I(s! )

k (z, ⌧)� Ī(s! )
k (z, ⌧)

=
1

" (s)(w(z))

#
Pk(w(z)) + 2⌧

!
T! ,k(w(z)) T̄! ,s(w(z))� c.c.

"
$
, (3.11)

5In the following, Òc.c.Ó denotes the replacement{ T( z, ! ), ! (z, ! )} ! { øT( z, ! ), ø! (z, ! )} .
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where we defined

I(s0)
k (z, ⌧) = �

�
T(s0)
k+1(z, ⌧)+⇥(s0)

k�1(z, ⌧)
�
, Ī(s0)

k (z, ⌧) = �
�
T̄(s0)
k+1(z, ⌧)+ ⇥̄(s0)

k�1(z, ⌧)
�
, (3.12)

T±,n(w) = Tn+1(w)± ⇥̄n�1(w) , T̄±,n(w) = T̄n+1(w)±⇥n�1(w) , (3.13)

and

Hk(w) = Ik(w) + Īk(w) , Pk(w) = Ik(w)� Īk(w) , (3.14)

with

Ik(w) = �
�
Tk+1(w) +⇥k�1(w)

�
, Īk(w) = �

�
T̄k+1(w) + ⇥̄k�1(w)

�
. (3.15)

Integrating (3.10) and (3.11) we find
Z

H(s)
k (z, ⌧) dz ^ dz̄ =

Z 
Hk(w) + 2⌧

�
T+,k(w) T̄�,s(w) + c.c.

��
dw ^ dw̄

=

Z
Hk(w) dw ^ dw̄ � 2⌧

Z
(Ik + Īk) ^ (Is � Īs) , (3.16)

Z
P(s)
k (z, ⌧) dz ^ dz̄ =

Z 
Pk(w) + 2⌧

�
T�,k(w) T̄�,s(w)� c.c.

��
dw ^ dw̄

=

Z
Pk(w) dw ^ dw̄ � 2⌧

Z
(Ik � Īk) ^ (Is � Īs) . (3.17)

We now interpret the result (3.16) as follows: H(s)
k (z, ⌧) dz^dz̄ coincides with the correspond-

ing bare quantity Hk(w) dw ^ dw̄ deformed by the operator

�k,s(w) dw ^ dw̄ = �2 (Ik + Īk) ^ (Is � Īs) , (3.18)

�k,s(w) = 2
�
T+,k(w) T̄�,s(w) + T̄+,k(w) T�,s(w)

�
, (3.19)

together with a non-trivial dressing given by the change of variables (3.1). In the s = 1 case,
i.e. the TT̄ example, the operator (3.19) associated to the k = 1 Hamiltonian becomes

�1,1(w) = T2(w) T̄2(w)�⇥0(w) ⇥̄0(w) , (3.20)

which, but for the change of coordinates, coincides with the bare TT̄ operator. In analogy
with the TT̄ result, one may be tempted to interpret (3.19) as the perturbing operator of
the level-k Hamiltonian. However, the coordinate transformation (3.1) also introduces O(⌧)

corrections which can, in principle, completely spoil this naive picture. In addition, even when
the initial theory is a CFT and the bare operator (3.19) is completely symmetric in s and k

�k,s(w) = Tk(w) T̄s(w̄) + T̄k(w̄) Ts(w) , (3.21)
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5.1 The scattering phase

In the case of TøTs-deformed CFT, the results of section3.3, unambiguously suggest the
additional phase factors describing the quantisation of the models. Consider Þrst the quan-
tum version of (3.45), where the holomorphic and anti-Holomorphic sectors are not coupled
together by the interaction. Then the, level-k Hamiltonian and the momentum operators,
factorise as

H (s! )
k (z, ! ) = I (s! ,+)

k (z, ! ) ! I + I ! I (s! ,! )
k (z, ! ) , (5.1)

P(s! )
k (z, ! ) = I (s! ,+)

k (z, ! ) ! I " I ! I (s! ,! )
k (z, ! ) , (5.2)

and their action on generic multi-particle state

|N (+) , N (! )#⌧ = |N (+) #⌧ ! |N (! )#⌧ = |" (+)
1 , " (+)

2 , . . . , " (+)
N #⌧ ! |" (! )

1 , " (! )
2 , . . . , " (! )

N (" )#⌧ , (5.3)

is, in the asymptotically in the R $ % limit, determined by 9

I (s! ,±)
k (R, ! )|N (±)#⌧ =

ö#k

2

0

@
N (±)X

i =1

e±k✓(±)
i

1

A |N (±)#⌧ . (5.4)

Notice that, in the deformed massless boson theory under consideration, there is only one
species of elementary excitations and the set of rapidities{" (±)

i } completely characterises an
asymptotic quantum state. In addition

I (±)
k (R, 0)|N (±)#0 =

✓
ö#k

2

◆✓
2
öm

◆k N (±)X

i =1

 
2$n(±)

i

R

!k

|N (±)#0 , (5.5)

where n(±)
i & Z+ , öm = ö#1 and, we used the fact that the undeformed theory is free. Consid-

ering now equations (3.45), assuming that, at least asymptotically in the R $ % limit:

[I (s! ,±)
k (R, ! ), I (s! ,±)

k! (R, ! )] = 0 , (5.6)

we have

0' N (±) |I (s! ,±)
k (R, ! )

⇣
R + 2 ! I (s! ,±)

s (R, ! )
⌘k

|N (±)#⌧ = 0' N (±) |I (±)
k (R, 0)|N (±)#⌧ Rk, (5.7)

and using (5.4) and (5.5), we Þnd

0

@
N (±)X

i =1

e±k✓(±)
i

1

A

0

@R + 2 !
ö#s

2

N (±)X

j =1

e" s!✓
(±)
j

1

A
k

=
✓

2
öm

◆k N (±)X

i =1

⇣
2$n(±)

i

⌘k
, ( k & Z , (5.8)

9We have adopted here the convention of [28], where the single particle energy and momentum for right
(+) and left (! ) movers are parametrised as

!
m̂
2 e±! , ± m̂

2 e±! "
.
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Moreover, one can show that the combinations I(s0)
k (z, ⌧) and Ī(s0)

k (z, ⌧) of generic level-k
deformed currents are solutions to the following algebraic equations

I(s0)
k (z, ⌧) =

Ik(z)⇣
1 + 2⌧ I(s0)

s (z, ⌧)
⌘k

, Ī(s0)
k (z, ⌧) =

Īk(z)⇣
1 + 2⌧ Ī(s0)

s (z, ⌧)
⌘k

, (3.42)

which generalise (3.41).
The level-k deformed currents are

I(s0)
k (z, ⌧) = Ik(z)

✓
F̃s

✓
�2⌧

(s+ 1)s+1

ss
Is(z)

◆◆k

,

Ī(s0)
k (z, ⌧) = Īk(z)

✓
F̃s

✓
�2⌧

(s+ 1)s+1

ss
Īs(z)

◆◆k

. (3.43)

Before moving to the next section, let us make some important remarks:

• The TT̄ and the JT̄ examples discussed in [13, 21], taught us that, at least formally, the
evolution equations for the quantized spectra already emerge at classical level after replacing
the classical densities with their average value over the volume R RT: introdotto qui la
convenzione con +-, dirlo anche a parole :

I(z) �! I(+)(R)

R
, Ī(z) �! I(�)(R)

R
. (3.44)

Implementing (3.44) in (3.42) gives

I(s
0,±)

k (R, ⌧) =
Rk I(±)

k (R)
⇣
R+ 2⌧ I(s

0,±))
s (R, ⌧)

⌘k
, (3.45)

which coincides with the CFT quantum result (5.80) of section 5.3.

• Although the algebraic equations (3.45) were derived for s < 0 case, it is natural to con-
jecture that they can be extended also to s � 0. From the reflection property (3.26), we
find:

I(s,±)
k (R, ⌧) =

Rk I(±)
k (R)

⇣
R+ 2⌧ Ī(s,⌥)

s (R, ⌧)
⌘k

, (3.46)

which again match the s > 0 quantum result quoted in (5.86).

• It is straightforward to check that, with the replacement (3.44), (3.42) leads to a solution of
the generalised Burgers-type equations (5.45)–(5.48), which hold also for massive models.
In fact, as shown in Appendix, in the CFT case equations (5.45)–(5.48) can be recast into
the simpler form

@⌧I
(s,±)
k (R, ⌧) = 2I(s,⌥)

s (R, ⌧) @RI
(s,±)
k (R, ⌧) , (s > 0) ,

@⌧I
(s0,±)
k0 (R, ⌧) = 2I(s

0,±)
s0 (R, ⌧) @RI

(s0,±)
k0 (R, ⌧) , (s0 < 0) , (3.47)

with I(s)k = I(s,+)
k and Ī(s)k = I(s,�)

k .
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k (z, ⌧) of generic level-k
deformed currents are solutions to the following algebraic equations

I(s0)
k (z, ⌧) =

Ik(z)⇣
1 + 2⌧ I(s0)

s (z, ⌧)
⌘k
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with s! = s < 0. The only consistent solutions to (5.8) are

± R
öm
2

e± ! ( ± )
i ± !

öm
2

ö" s!

N ( ± )!

j =1

e± (! ( ± )
i " s! ! ( ± )

j ) = ± 2#n(± )
i , (i = 1 , 2, . . . , N (± ) ) , . (5.9)

Equations (5.9) are the asymptotic Bethe Ansatz (BA) equations for our models. The two
body scattering amplitudes involving right and left movers are:

$(s! )
(± ,# ) (%, %!) = 0 , $(s! )

(± ,± ) (%, %!) = ± !
öm
2

ö" s! e± (! " s! ! ! ) , (s! = s < 0) . (5.10)

Similarly, starting from ( 3.46) we Þnd:

$(s)
(± ,# ) (%, %!) = ± !

öm
2

ö" s e± (! " s ! ! ) , $(s)
(± ,± ) (%, %!) = 0 , (s = s > 0) . (5.11)

The results presented in this section, strongly support the idea that the classical theories
introduced in this paper through a Þeld dependent change of coordinates, can be consistently
quantised within the exact S-matrix approach with introduction of speciÞc Lorentz breaking
phase factors. The natural generalisation of (5.10) and (5.11) for a massive Þeld theory is:

$(s) (%, %!) = ! m" s sinh(%! s%!) . (5.12)

with asymptotic BA equations

Rm sinh(%i ) + ! m" s

N!

j =1

sinh(%i ! s%j ) = 2 #ni , (ni " Z , i = 1 , 2, . . . , N ) . (5.13)

Summing over all the rapidities we see that, apart fors = 1 , the kinetic total momentum is
not quantised, i.e.

P =
N!

i =1

m sinh(%i ) #=
2#
R

n , n =
N!

i =1

ni , (for s #= 1) , (5.14)

since the is no trace, at the classical level, of translational invariance breaking, this result
shows that the generator of translations ÿP and the kinetic total momentum P do not, in
general, coincide. The relation betweenP and ÿP is, in this large R limit:

ÿP(R) = P(R, ! ) +
!
R

"
P(R, ! )E(s)

s (R, ! ) ! E (R, ! )P(s)
s (R, ! )

#
=

2#
R

n, (n " Z) , (5.15)

with

E(s)
k =

N!

i =1

" s cosh(k %i ) , P(s)
k =

N!

i =1

" s sinh(k %i ) , P = P(s)
1 , E = E(s)

1 . (5.16)

Relation (5.15) can also be written as:

ÿP = ÿP(+) ! ÿP(" ) , ÿP(± ) = I (s,± )
1 +

2!
R

I (s,± )
1 I (s,# )

s . (5.17)
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The same relations can be obtained from the  NLIE by introducing the phase factor:

asymptotic quantum state. In addition

öI (± )
k (R)|N (± ) ! 0 =

!
ö! k

2

" !
2
öm

" k N ( ± )#

i =1

$
2" n(± )

i

R

%k

|N (± ) ! 0 , (4.5)

where n(± )
i " Z+ , öm = ö! 1 and, we used the fact that the undeformed theory is free. Consid-

ering now equations (3.48), assuming that, at least asymptotically in the R # $ limit:

[öI (s! ,± )
k (R, #), öI (s! ,± )

k! (R, #)] = 0 , (4.6)

we have

0%N (± ) | öI (s! ,± )
k (R, #)

&
R + 2#öI (s! ,± )

s (R, #)
' k

|N (± ) ! ! = 0%N (± ) | öI (± )
k (R)|N (± ) ! ! Rk, (4.7)

and using (4.4) and (4.5), we Þnd

(

)
N ( ± )#

i =1

e± k" ( ± )
i

*

+

(

) R + 2#
ö! s

2

N ( ± )#

j =1

e! s! " ( ± )
j

*

+

k

=
!

2
öm

" k N ( ± )#

i =1

&
2" n(± )

i

' k
, (&k " Z) , (4.8)

with s" = s < 0. The only consistent solutions to (4.8) are

± R
öm
2

e± " ( ± )
i ± #

öm
2

ö! s!

N ( ± )#

j =1

e± (" ( ± )
i # s! " ( ± )

j ) = ± 2" n(± )
i , (i = 1 , 2, . . . , N (± ) ) , (4.9)

i.e. the asymptotic Bethe Ansatz (BA) equations for our models. The two body scattering
amplitudes involving right and left movers are:

$(s! )
(± ,! ) (%, %") = 0 , $(s! )

(± ,± ) (%, %") = ± #
öm
2

ö! s! e± (" # s! " ! ) , (s" = s < 0) . (4.10)

Similarly, starting from ( 3.49) we Þnd:

$(s)
(± ,! ) (%, %") = ± #

öm
2

ö! s e± (" # s " ! ) , $(s)
(± ,± ) (%, %") = 0 , (s = s > 0) . (4.11)

The results presented in this section, strongly support the idea that the classical theories
introduced in this paper through a Þeld dependent change of coordinates, can be consistently
quantised within the exact S-matrix approach through the introduction of speciÞc Lorentz
breaking phase factors. The natural generalisation of (4.10) and (4.11) for a massive Þeld
theory is:

$(s) (%, %") = # m! s sinh(%' s%") , (4.12)

with asymptotic BA equations

R m sinh(%i ) + # m! s

N#

j =1

sinh(%i ' s%j ) = 2 " ni , (ni " Z , i = 1 , 2, . . . , N ) . (4.13)
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The natural generalisation to massive Þeld theories is: 
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For simplicity, we will consider the sets (2.14)Ð(2.15) separately. Following the strategy de-
scribed in the previous section, we shall Þrst derive the di! erential map, which means to
express(! wf, ! øwf )T in terms of (! f, !̄ f )T , ! f : R2 " R. Setting f = " in the second ex-
pression of (2.7), we Þrst write (! w" , ! øw" )T as a function of (!" , !̄" )T by solving the set of
algebraic equations

!
!"
!̄"

"

= J
!

! w"
! øw"

"

#"

#
$

%

!" = ! w "
1! #(! w " )2

!̄" = ! øw "
1! #(! øw " )2

, (2.17)

where we used
T2(w ) = $

1

2
(! w" )2 , ! 0(w ) = 0 . (2.18)

The solution to (2.17) is

! w" = !" $
1

4#

&
$ 1 + S

!̄"

' 2

!̄" , ! øw" = $
1

4#

&
$ 1 + S

!"

' 2

!" + !̄" , (2.19)

where we deÞned
S =

(
1 + 4# !" !̄" . (2.20)

Now, plugging (2.19) into the second expression of (2.7), we Þnd the di! erential map

! wf = ! f $
1

4#

&
$ 1 + S

!̄"

' 2

!̄ f , ! øwf = $
1

4#

&
$ 1 + S

!"

' 2

! f + !̄ f , (! f : R2 " R) .

(2.21)
Using (2.21), we can easily derive the T̄T-deformed version of the original EoMs as follows

! w (! øw" ) = 0 $"

!

! $
1

4#

&
$ 1 + S

!̄"

' 2

!̄

" !

$
1

4#

&
$ 1 + S

!"

' 2

!" + !̄"

"

= 0 , (2.22)

which, after some manipulations, can be recast into

! !̄" = #
! 2" (!̄" )2 + !̄ 2" (!" )2

1 + 2# !" !̄"
. (2.23)

The TT̄-deformed currents are obtained using (2.21) in the general expressions (2.11). For
the set of currents (2.14) one has

Tk +1 (z, #) = $
(!" )k +1

2S

&
2

1 + S

' k ! 1

, ! k ! 1(z, #) = $ #
(!" )k +1 (!̄" )2

2S

&
2

1 + S

' k +1

,

(2.24)
which coincides with the result Þrst obtained in [2] through perturbative computations. Ob-
serve that, using (2.21) in ( 2.8), the Jacobian can be rewritten in terms of the components of
the TT̄-deformed stress-energy tensor as

J =

!
1 $ 2# !̄ 0(z, #) $ 2#T2(z, #)
$ 2# T̄2(z, #) 1 $ 2# ! 0(z, #)

"

, (2.25)
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