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Gauge Theories & Integrability

• Many Physical Quan>>es of Gauge Theories 
with Large SUSY Enjoy Integrability

• The Most Famous Example
Anomalous Dimensions of Trace Operators
in D=4 N=4 U(N) Super Yang-Mills Theory

↕
Integrable Spin Chain

[Minahan-Zarembo, ..., Beisert, ..., many talks in this workshop]

• Many More ...

N x D3-
branes



Today, − ABJM Theory −

• ABJM Theory
D=3 N=6 U(N)k x U(N)−k

Super Chern-Simons Theory
↔ N x M2-branes on C4/Zk (In Brane Physics)
• Why?

D3-branes on S1

with perpendicular NS5-brane & (1,k)5-brane

(Ajer T-Duality & M-Lij)

NS5-brane (1,k)5-brane

D3-branes IIB



Integrability for ABJM

• Aspects of Integrability
Par>>on Func>on or One-Point Func>on of Half-BPS Wilson Loop 

in Grand Canonical Ensemble
↕

Giambelli Iden>ty, Jacobi-Trudi Iden>ty,
Modified KP Hierarchy, 2D Toda Lalce Hierarchy

[Matsumoto-M 2013, Matsuno-M, Furukawa-M, Kubo-M, Furukawa-M 2019]  



• Generaliza>ons with More NS5's & (1,k)5's
(M2-branes on More Complicated Background)

D3 with 2 x NS5 & 2 x (1,k)5 on S1

↕
Quantum Curve of Del Pezzo D5

Another Aspect: More 5-branes

Dynkin's
Classification
D5 = so(10)

Branes



Deforma>ons

• D3 with 2 x NS5 & 2 x (1,k)5 on S1

Four Intervals with 1 Overall Rank & 3 Rela>ve Ranks

CB = {Brane Configura>ons}, dim CB = 3

• Quantum D5 Curve
Characterized by 5 Parameters    [Kajiwara-Noumi-Yamada 2015]

CP = {Point Configura>ons}, dim CP = 5

NS5-brane

(1,k)5-brane

N1 x D3-branes
N2 N3
N4



Embedding of CB in CP ?

• In Brane Configurations
Exchange of 5-branes 

→ #{D3-branes} Change by Hanany-Witten Transitions

• In Point Configurations
Parameters of Quantum Curve Change

by Similarity Transformations

NS5-brane

(1,k)5-brane

N1 x D3-branes
N2 N3
N4

Clues



Embedding of CB in CP ?

• Disastrous in Continuing HW Transitions 
Uncritically and Without Strategies
〈N1●N2●N3●N4●〉

= 〈N1●N2●N2+N4−N3+k●N4●〉

= 〈N1●N2●N2+N4−N3+k●N1+N2−N3+2k●〉
= 〈N1+N2−N3+2k●N1●N2●N2+N4−N3+k●〉

First Two Eq: HW Transit., K●L●M = K●K+M−L+k●M
[Hanany-Witten 1997]

Last Eq: Cyclicity
• Corresponding Curve ??

NS5 (1,k)5

Difficulties



Embedding of CB in CP ?

• Key Ideas
To Avoid Uncritical Use of Cyclicity.

To Fix Reference Frame in Mechanics or Local Chart in Geometry.

To Distinguish the 5-branes.
• Messages

M2 without IIB Brane Configurations
(Non Lagrangian Theories, Non Matrix Models)

Brane Transitions, Unknown Previously
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[Aharony-Bergman-Jafferis-Maldacena
Hosomichi-Lee-Lee-Lee-Park, ABJ 2008]

ABJM Theory

D=3 N=6 Super Chern-Simons Theory

U(N1)k U(N2)-k

min(N1,N2) M2 + |N2−N1| fractional M2 on C4 / Zk

Bifundamental HyperMul>plet
Adjoint Vector Multiplet



From Large Supersymmetries
[Kitao-Ohta-Ohta 1998, ...]

→ T-duality to IIA
→ Lift to M-Theory

Brane Configura>on in IIB

NS5-brane (1,k)5-brane

N1 x D3-branes

N2 x D3-branes

(IIB String Theory)



ABJM Matrix Model

Par>>on Func>on & VEV of ½-BPS Wilson Loop
• Defined by Infinite-Dim Path Integral
• Localized to Finite-Dim Matrix Integra>on

(Cancella>ons between Bosons & Fermions in SUSY Theories)
[Wi;en, Pestun, Kapus>n-Wille;-Yaakov 2009]
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Characters labeled
by Young Diagram

HyperMul>plet

Vector Multiplet

1-loop Classical

Similar to Correlation Functions of XX model ? [Goehmann's talk]



Zk(N1,N2) = 〈1〉k(N1|N2)
• No Schur Func>ons

sλ = 1
• Introducing Fresnel Integra>ons 

Dμ = dμ exp(+i...) ..., Dν = dν exp(−i...) ...

sh x = 2 sinh x/2, ch x = 2 cosh x/2

Zk(N1,N2) = ∫ DN1μ DN2ν
Πsh2(μm−μm')Πsh2(νn−νn')/Πch2(μm−νn)

Especially, For Partition Function,



• WOLOG, Assuming N1=N ≦ N2=N+M
Overall Rank: N = min(N1,N2)
Relative Rank: M = |N2− N1|

• Grand Partition Function
[Marino-Putrov 2011]

Ξk,M(z) =  ΣN=0
∞ zN Zk(N,N+M)

(N : Particle Number, z : Dual Fugacity)

Grand Canonical Ensemble



Spectral Determinant

Ξk,M(z) = Det( 1 + z H−1 )
• At least, Without Rank Deform, N1 = N2, M = 0

H−1 = P−1 Q−1 or  H = Q P
Q = Q1/2+Q−1/2, P = P1/2+P−1/2, Q = eq, P = ep, [q,p] = i ℏ, ℏ = 2πk

NS5 (1,k)5NS5-brane (1,k)5-brane

D3-branes

D3-branes

"Cut the T-duality Circle S1 Open"

Trace Cyclicity Guarantees
Indep. of the CUT



Spectral Determinant

Ξk,M(z) = Det( 1 + z H−1 )
• With Rank Deforma>ons

S>ll Same "Polynomial" ?
H = # Q1/2 P1/2 + # Q1/2 P−1/2 + # Q−1/2 P1/2 + # Q−1/2 P−1/2

(Answer: YES, But we postpone the ques>on.)



Why P−1 ↔ NS5, Q−1 ↔ (1,k)5 ?

• ABJM Matrix Model
Zk(N,N) = ∫ DNμ DNνΠsh2(μm−μm')Πsh2(νn−νn')/Πch2(μm−νn)

- Cauchy Det
Zk(N,N) = ∫ DNμ DNν det[1/ch(μ−ν)] det[1/ch(ν'−μ')]

- (Continuous) Cauchy-Binet Formula
Zk(N,N) = ∫ DNμ det[∫ Dν [ch(μ−ν)]−1 [ch(ν−μ')]−1 ]

- Fredholm Det                                   [Many talks in this workshop]

Ξk,0 = Det [ 1 + z H−1 ]
H−1(μ,μ') = [ch(μ−ν)]−1 • [ch(ν−μ')]−1 •



Why P−1 ↔ NS5, Q−1 ↔ (1,k)5 ?

- Fredholm Det: Ξk,0 = Det [ 1 + z H−1 ]
H−1(μ,μ') = [ch(μ−ν)]−1 • [ch(ν−μ')]−1 •

- [ch]−1 Func>on is Fourier Self-Dual
H−1(μ,μ') = 〈μ|H−1|μ'〉

H−1 = (ch p)−1 exp(+iq2/(2ℏ)) (ch p)−1 exp(−iq2/(2ℏ)) 

- Similarity Transforma>on
exp(+ip2/(2ℏ)) H−1 exp(−ip2/(2ℏ))
= (ch p)−1 exp(+ip2/(2ℏ)) exp(+iq2/(2ℏ)) (ch p)−1 exp(−iq2/(2ℏ)) exp(−ip2/(2ℏ))

= (ch p)−1 (ch q)−1 = P−1 Q−1

(Q = Q1/2+Q−1/2, P = P1/2+P−1/2, Q = eq, P = ep, [q,p] = i ℏ, ℏ = 2πk)
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Group-Theoretical Viewpoint

• ABJM OK, But Larger Symmetry is Clearer
In terms of Space of Initial Data for Painleve eq
[Sakai]

A0A1

A1

E6 A4D5E7E8 A1xA1A2xA1

A1

A2

A3D4 A0

2A1

Gauss Kummer Airy None

Bessel

Hermite

= ABJM



As simple generalizations

Spectral Det
Det ( 1 + z H−1 )

(2,2) Model [M-Nosaka] (1,1,1,1) Model [Honda-M]

NS5 (1,k)5

H = Q2 P2 H = Q P Q P



... & Their Rank Deformations

• connected with Hanany-Witten Transitions
[Hanany-Witten 1997] As Explained Later



Spectral Operators

- For (2,2) Model
H = Q2 P2 

= (Q1/2+Q−1/2)2 (P1/2+P−1/2)2

= Q1P1+2P1+Q−1P1+2Q1+4+2Q−1+Q1P−1+2P−1+Q−1P−1

- For (1,1,1,1) Model
H = Q P Q P

= (Q1/2+Q−1/2)(P1/2+P−1/2)(Q1/2+Q−1/2)(P1/2+P−1/2)
= q−1/4 Q1P1+ (q1/4 + q−1/4) P1+ q1/4 Q−1P1 + ...

(Since PαQβ = q−αβ QβPα, q = eiℏ = e2πik)



Spectral Operators

- For Either Case

H =

Well-known Newton Polygon of D5[=so(10)] Curve

Q#

P#

Q−1 P−1

Q−1 P1

P−1

1

P1

Q1 P−1

Q1

Q1 P1

Q−1



Deformations

• Rank Deformations = Still D5 Curve ?
- Deformations by Relative Ranks

CB = {Brane Configurations}, dim CB = 3
- Deformations of D5 Curve

CP = {Point Configurations}, dim CP = 5
• Embedding of CB in CP ?
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Parameterization

Parameterize D5 Curve 
by "Asymptotic Values" "Point Configurations"

H/α =     Q P            − (e3+e4) P   + e3e4 Q−1 P
− (e1

−1+e2
−1) Q + E/α − ... Q−1

+ (e1e2)−1 Q P−1 − ... P−1 + ... Q−1 P−1

[Kajiwara-Noumi-Yamada 2015]

Subject to Vieta's Formula                                                                   
解と係数の関係 (h1h2)2 = e1...e8

1/e1

1/e2e5/h2

e6/h2

h1/e7 h1/e8

e3e4

Q=∞Q=0

P=∞

P=0



D5 Weyl Transformation

Trivial Transformations
(Switching Asymptotic Values)

s1: h1/e7 ⇔ h1/e8

s2: e3 ⇔ e4

s5: 1/e1 ⇔ 1/e2

s0: e5/h2 ⇔ e6/h2

3
2

1
4

5

0

1/e1

1/e2e5/h2

e6/h2

h1/e7 h1/e8

e3e4

Q=∞Q=0

P=∞

P=0



D5 Weyl Transformation

Nontrivial s3 and s4
by Suitable Similarity Transf. 
Q' = GQG−1, P' = GPG−1, G = Dilogarithm
[Hasegawa 2007]

s3: e3 ⇔ h1/e7

s4: 1/e1 ⇔ e5/h2

Totally, D5 Weyl Transf.
1/e1

1/e2e5/h2

e6/h2

h1/e7 h1/e8

e3e4

Q=∞Q=0

P=∞

P=0

3
2

1
4

5

0



Gauge Fixing

• Redundancies in Parametrization
- (h1,h2,e1,...,e8): 10 Parameters for 8 Asymptotic Values
- Similarity Transformation to Rescale Q & P

(Q,P)~(AQ,P), (Q,P)~(Q,BP)

• Totally, 4 Gauge Fixing Conditions
e2 = e4 = e6 = e8 = 1

• 6 Parameters Subject to 1 Vieta's Constraint
→ 5 DOF (h1,h2,e1,e3,e5)

s1, s2, s3, s4, s5 : (h1,h2,e1,e3,e5) → (*, *, *, *, *)
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Hanany-Witten Transitions

• Exchanging NS5 & D5, An Extra D3 Generated
[Hanany-Witten 1997]

NS5 D5

D3



More Generally,

(p,q)5: Bound States of p x NS5 & q x D5

• Understood from Charge Conservations
qRR = [#(D5)L−#(D5)R]/2 + [#(D3)L−#(D3)R]

(p,q)5 (p',q')5

(pq'−qp')
x D3



• Overall Rank Irrelevant: K, L, M → K, L, M + N
• Application to ABJM or its Generalizations
- "Locally", OK
- "Globally", What Left/Right on S1 ???

For our case

NS5 (1,k)5

K L M K MK+M−L+k



Question

A Ques>on on Hanany-Wi;en Transi>ons for Brane System:

What by "Lej/Right" in the T-duality circle S1 ?

Similar Ques>on in Matrix Model:
Cut the T-duality Circle Open & Assign P−1 ↔ NS5, Q−1 ↔ (1,k)5

Where to cut?
Similarity Transforma>ons Are Irrelevant ?
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Ubiquitous

• Mechanics
Fix A Reference Frame. Then, Change of Frames.

• Geometry
Fix A Local Chart. Then, Transition Functions.



Similarly,

- Fix a CUT in the T-duality Circle
For Brane Configurations:

No Exchange of 5-branes Over the Cut
For Fredholm Determinants:

No More Uncritical Similarity Transformations
- Change of CUTs



Quantum Curves

• Prepare Canonical Operators Q4, Q3, P1, P2

• Fix H = Q4Q3P1P2 as Reference
• Other Spectral Operators, e.g. H = P2Q4Q3P1

from Reference



Quantum Curves

- P2Q4Q3P1 from Q4Q3P1P2, (PαQβ = q−αβ QβPα)
- Read off Asymptotic Values

{e1
−1, e2

−1} = {q,1}, {h2
−1e5, h2

−1e6} = {q−1,1}, ...
But Which is Which? Note that
Pn/2Q = (q−n/4Q1/2+qn/4Q−1/2)Pn/2, P−n/2Q = (qn/4Q1/2+q−n/4Q−1/2)P−n/2

Imply that, when e1/2
−1 is −qn/2, h2

−1e5/6 is −q−n/2, and vice versa
Namely (e1

−1 & h2
−1e5), (e2

−1 & h2
−1e6) are correlated

- Q4, Q3, P1, P2 are respectively responsible for 
(e4 & h1e8

−1), (e3 & h1e7
−1), (e1

−1 & h2
−1e5), (e2

−1 & h2
−1e6)



Quantum Curves

For 14 Spectral Operators of Different Order
Type Quantum curve (h1, h2, e1, e3, e5) (h, e, f)

Q̂Q̂P̂P̂ Q̂4Q̂3P̂1P̂2 (q, q−1, 1, 1, 1) (q−1, 1, 1)

Q̂P̂Q̂P̂ Q̂4P̂1Q̂3P̂2 (q, q−1, q−
1
2 , q

1
2 , q−

1
2 ) (q−

1
2 , q

1
2 , 1)

Q̂3P̂1Q̂4P̂2 (1, q−1, q−
1
2 , q−

1
2 , q−

1
2 ) (q−

1
2 , 1, q−

1
2 )

Q̂4P̂2Q̂3P̂1 (q, 1, q
1
2 , q

1
2 , q

1
2 ) (q−

1
2 , 1, q

1
2 )

Q̂3P̂2Q̂4P̂1 (1, 1, q
1
2 , q−

1
2 , q

1
2 ) (q−

1
2 , q−

1
2 , 1)

Q̂P̂P̂Q̂ Q̂4P̂1P̂2Q̂3 (q, 1, 1, q, 1) (1, q
1
2 , q

1
2 )

Q̂3P̂1P̂2Q̂4 (q−1, 1, 1, q−1, 1) (1, q−
1
2 , q−

1
2 )

P̂Q̂Q̂P̂ P̂1Q̂4Q̂3P̂2 (1, q−1, q−1, 1, q−1) (1, q
1
2 , q−

1
2 )

P̂2Q̂4Q̂3P̂1 (1, q, q, 1, q) (1, q−
1
2 , q

1
2 )

P̂Q̂P̂Q̂ P̂1Q̂4P̂2Q̂3 (1, 1, q−
1
2 , q

1
2 , q−

1
2 ) (q

1
2 , q

1
2 , 1)

P̂1Q̂3P̂2Q̂4 (q−1, 1, q−
1
2 , q−

1
2 , q−

1
2 ) (q

1
2 , 1, q−

1
2 )

P̂2Q̂4P̂1Q̂3 (1, q, q
1
2 , q

1
2 , q

1
2 ) (q

1
2 , 1, q

1
2 )

P̂2Q̂3P̂1Q̂4 (q−1, q, q
1
2 , q−

1
2 , q

1
2 ) (q

1
2 , q−

1
2 , 1)

P̂P̂Q̂Q̂ P̂1P̂2Q̂4Q̂3 (q−1, q, 1, 1, 1) (q, 1, 1)

Table 2: Quantum curves with a reference frame and labels specified and the corresponding

point configurations.

since the standard ordering 4, 3, 1, 2, where Q̂4 is already located to the left of Q̂3 and P̂2 is

to the right of P̂1, matches the gauge fixing condition which simplifies the values of e4 and e2.

This is why we have adopted 4, 3, 1, 2 as the standard order for spectral operators.

By now it is not difficult to identify the spectral operators with labels in the parameter

space of point configurations CP. For various orders, we can bring them to the standard order

and identify the point configuration. We list quantum curves and the corresponding point

configurations in table 2. For example, for the quantum curve P̂2Q̂4Q̂3P̂1, from table 1 the

identification of the asymptotic values is unambiguous for e3 = e4 = q
1
2 and h1e

−1
7 = h1e

−1
8 =

q−
1
2 , while the rest should be identified as e−1

1 = h−1
2 e5 = 1, e−1

2 = q and h−1
2 e6 = q−1 since we

need to bring the leftmost P̂2 = P̂(2,6) responsible for e−1
2 and h−1

2 e6 to the rightmost. After

applying the small similarity transformation, we find (h1, h2, e1, e3, e5) = (q−1, q2, q, 1, q).

The first thing to note is that all of these 14 points live in a three-dimensional subspace

of the original five-dimensional parameter space CP. This is an important sign indicating that

we are performing the correct analysis by fixing a reference frame and labeling the canonical

operators. Let us parameterize the three-dimensional subspace by

(h1, h2, e1, e3, e5) =

(
ef

h
,
hf

e
,
f

e
, ef,

f

e

)
, (3.6)

21

Reference



Quantum Curves

• First Observation
All 14 Models Lie in 3-Dimensional Subspace !

(The First Sign of Success for Our Working Hypothesis "Fixing A Reference")

- Label as (h1,h2,e1,e3,e5) = (ef/h, hf/e, f/e, ef, f/e)
- Translate into (h, e, f)



Quantum Curves

For 14 Spectral Operators of Different Order
Type Quantum curve (h1, h2, e1, e3, e5) (h, e, f)

Q̂Q̂P̂P̂ Q̂4Q̂3P̂1P̂2 (q, q−1, 1, 1, 1) (q−1, 1, 1)

Q̂P̂Q̂P̂ Q̂4P̂1Q̂3P̂2 (q, q−1, q−
1
2 , q

1
2 , q−

1
2 ) (q−

1
2 , q

1
2 , 1)

Q̂3P̂1Q̂4P̂2 (1, q−1, q−
1
2 , q−

1
2 , q−

1
2 ) (q−

1
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1
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1
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1
2 )
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1
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1
2 , 1)

Q̂P̂P̂Q̂ Q̂4P̂1P̂2Q̂3 (q, 1, 1, q, 1) (1, q
1
2 , q

1
2 )

Q̂3P̂1P̂2Q̂4 (q−1, 1, 1, q−1, 1) (1, q−
1
2 , q−

1
2 )

P̂Q̂Q̂P̂ P̂1Q̂4Q̂3P̂2 (1, q−1, q−1, 1, q−1) (1, q
1
2 , q−

1
2 )

P̂2Q̂4Q̂3P̂1 (1, q, q, 1, q) (1, q−
1
2 , q

1
2 )

P̂Q̂P̂Q̂ P̂1Q̂4P̂2Q̂3 (1, 1, q−
1
2 , q

1
2 , q−

1
2 ) (q

1
2 , q

1
2 , 1)

P̂1Q̂3P̂2Q̂4 (q−1, 1, q−
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2 , 1, q−
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1
2 , 1, q
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P̂2Q̂3P̂1Q̂4 (q−1, q, q
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2 ) (q

1
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1
2 , 1)

P̂P̂Q̂Q̂ P̂1P̂2Q̂4Q̂3 (q−1, q, 1, 1, 1) (q, 1, 1)

Table 2: Quantum curves with a reference frame and labels specified and the corresponding

point configurations.

since the standard ordering 4, 3, 1, 2, where Q̂4 is already located to the left of Q̂3 and P̂2 is

to the right of P̂1, matches the gauge fixing condition which simplifies the values of e4 and e2.

This is why we have adopted 4, 3, 1, 2 as the standard order for spectral operators.

By now it is not difficult to identify the spectral operators with labels in the parameter

space of point configurations CP. For various orders, we can bring them to the standard order

and identify the point configuration. We list quantum curves and the corresponding point

configurations in table 2. For example, for the quantum curve P̂2Q̂4Q̂3P̂1, from table 1 the

identification of the asymptotic values is unambiguous for e3 = e4 = q
1
2 and h1e

−1
7 = h1e

−1
8 =

q−
1
2 , while the rest should be identified as e−1

1 = h−1
2 e5 = 1, e−1

2 = q and h−1
2 e6 = q−1 since we

need to bring the leftmost P̂2 = P̂(2,6) responsible for e−1
2 and h−1

2 e6 to the rightmost. After

applying the small similarity transformation, we find (h1, h2, e1, e3, e5) = (q−1, q2, q, 1, q).

The first thing to note is that all of these 14 points live in a three-dimensional subspace

of the original five-dimensional parameter space CP. This is an important sign indicating that

we are performing the correct analysis by fixing a reference frame and labeling the canonical

operators. Let us parameterize the three-dimensional subspace by

(h1, h2, e1, e3, e5) =

(
ef

h
,
hf

e
,
f

e
, ef,

f

e

)
, (3.6)
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Brane Configurations

• Prepare NS5 ②, ① & (1,k)5 ③,④
• Fix 〈2134〉 as Reference
• Other Brane Configurations, e.g. 〈1342〉

〈N①N③N④N②〉 = 〈N①N③N②N+k④〉
= 〈N①N②N+2k③N+k④〉 = 〈N②N+2k①N+2k③N+k④〉

- Label as 
〈N+M2+M3②N+M1+2M3①N+2M1+M2+M3③N+M1④〉

- Translate into
(M1,M2,M3)



Brane Configurations
Spectral operator ∆(h, e, f) Brane configuration (M1,M2,M3)

Q̂4Q̂3P̂1P̂2 (1, 1, 1) ⟨0 2• 0
1• 0

3◦ 0
4◦⟩ (0, 0, 0)

Q̂4P̂1Q̂3P̂2 (q
1
2 , q

1
2 , 1) ⟨0 2• 0

3◦ 0
1• 0

4◦⟩ (k2 ,
k
2 , 0)

Q̂3P̂1Q̂4P̂2 (q
1
2 , 1, q−

1
2 ) ⟨0 2• 0

4◦ 0
1• 0

3◦⟩ (k2 , 0,−
k
2)

Q̂4P̂2Q̂3P̂1 (q
1
2 , 1, q

1
2 ) ⟨0 1• 0

3◦ 0
2• 0

4◦⟩ (k2 , 0,
k
2 )

Q̂3P̂2Q̂4P̂1 (q
1
2 , q−

1
2 , 1) ⟨0 1• 0

4◦ 0
2• 0

3◦⟩ (k2 ,−
k
2 , 0)

Q̂4P̂1P̂2Q̂3 (q, q
1
2 , q

1
2 ) ⟨0 3◦ 0

2• 0
1• 0

4◦⟩ (k, k
2 ,

k
2)

Q̂3P̂1P̂2Q̂4 (q, q−
1
2 , q−

1
2 ) ⟨0 4◦ 0

2• 0
1• 0

3◦⟩ (k,−k
2 ,−

k
2 )

P̂1Q̂4Q̂3P̂2 (q, q
1
2 , q−

1
2 ) ⟨0 2• 0

3◦ 0
4◦ 0

1•⟩ (k, k
2 ,−

k
2 )

P̂2Q̂4Q̂3P̂1 (q, q−
1
2 , q

1
2 ) ⟨0 1• 0

3◦ 0
4◦ 0

2•⟩ (k,−k
2 ,

k
2 )

P̂1Q̂4P̂2Q̂3 (q
3
2 , q

1
2 , 1) ⟨0 3◦ 0

2• 0
4◦ 0

1•⟩ (3k2 ,
k
2 , 0)

P̂1Q̂3P̂2Q̂4 (q
3
2 , 1, q−

1
2 ) ⟨0 4◦ 0

2• 0
3◦ 0

1•⟩ (3k2 , 0,−
k
2)

P̂2Q̂4P̂1Q̂3 (q
3
2 , 1, q

1
2 ) ⟨0 3◦ 0

1• 0
4◦ 0

2•⟩ (3k2 , 0,
k
2)

P̂2Q̂3P̂1Q̂4 (q
3
2 , q−

1
2 , 1) ⟨0 4◦ 0

1• 0
3◦ 0

2•⟩ (3k2 ,−
k
2 , 0)

P̂1P̂2Q̂4Q̂3 (q2, 1, 1) ⟨0 3◦ 0
4◦ 0

2• 0
1•⟩ (2k, 0, 0)

Table 3: List of the quantum curves with a reference frame and labels specified in a general

order and the corresponding brane configurations. After changing into the standard order by

commutation relation (2.29) for the quantum curves and by the Hanany-Witten transition

(2.1) and (2.2), we find a clear correspondence (3.9) between (M1,M2,M3) and ∆(h, e, f).

which shows that the three-dimensional subspace is nothing but that of the three relative rank

deformations in the (2, 2) model.

To summarize, in this subsection, using the idea of fixing a reference frame and labeling

the 5-branes, we have identified the three-dimensional subspace of the three relative rank

deformations of brane configurations CB in the five-dimensional parameter space of point

configurations CP. The parameter of the D5 quantum curve (h, e, f) is given by

(h, e, f) = (e2πi(M1−k), e2πiM2 , e2πiM3), (3.10)

in terms of the relative rank deformation M = (M1,M2,M3) for the standard order of 5-

branes 2134 (3.1). However, so far we have not discussed the matrix model itself. In the

following sections, by explicitly analyzing the matrix models, we have more checks and more

discussions on the relation (3.10) from various viewpoints such as the correspondence between

matrix models and spectral theories or between matrix models and topological strings. Before

going there, in the remaining part of this section, we discuss the effects of changing frames
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Brane Configura>ons

• Second Observation
(h, e, f) = (e2πiM1, e2πiM2, e2πiM3)

Successfully Embed 3-Dim CB in 5-Dim CP !
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Symmetry

• Originally D5 Symmetry

①What are Symmetries on 3-Dim Subspace?

②All Understood as Hanany-Witten Transitions?

3
2

1
4

5

0



Symmetries on CB

① What are Symmetries on 3-Dim Subspace?
B3 = so(7)

Not Surprising 
Since (e4 & h1e8

−1), (e3 & h1e7
−1),

(e1
−1 & h2

−1e5), (e2
−1 & h2

−1e6) Are Correlated

3 412 50

1/e1

1/e2e5/h2

e6/h2

h1/e7 h1/e8

e3e4

Q=∞Q=0

P=∞

P=0



Beyond HW Transitions

② All as Hanany-Witten Transitions?
No!

Hanany-Witten Transitions Generate B2 = so(5)

What is the New Symmetry?

12 50343



Beyond HW Transitions

s3:〈N1②N2③N3①N4④〉→〈N1②N3③N2①N4④〉

s4:〈N1②N2③N3①N4④〉→〈N1②N2③N4①N3④〉

Unknown Transitions? Physical Interpretations?



Summary & Conclusions

• Embedding of CB in CP

• "Fixing A Reference Frame"
• Beyond Hanany-Witten Transitions

Unknown Transitions
• M2-branes Beyond Matrix Models

Only 3-Dim in 5-Dim, What Else?



Thank you for your attention!


