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19. Structure functions 23

NOTE: THE FIGURES IN THIS SECTION ARE INTENDED TO SHOW THE REPRESENTATIVE DATA.

THEY ARE NOT MEANT TO BE COMPLETE COMPILATIONS OF ALL THE WORLD’S RELIABLE DATA.
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Figure 19.8: The proton structure function F p
2 measured in electromagnetic scattering of electrons and

positrons on protons (collider experiments H1 and ZEUS for Q2 ≥ 2 GeV2), in the kinematic domain
of the HERA data (see Fig. 19.10 for data at smaller x and Q2), and for electrons (SLAC) and muons
(BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The H1+ZEUS combined values are obtained from the measured reduced cross section and converted to F p

2

with a HERAPDF NLO fit, for all measured points where the predicted ratio of F p
2

to reduced cross-section
was within 10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have
been slightly offset in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other
data are rebinned to the x values of these data. For the purpose of plotting, F p

2
has been multiplied by 2ix ,

where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 24 (x = 0.00005). References:
H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF
parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [86]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3
(1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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Figure 19.8: The proton structure function F p
2 measured in electromagnetic scattering of electrons and

positrons on protons (collider experiments H1 and ZEUS for Q2 ≥ 2 GeV2), in the kinematic domain
of the HERA data (see Fig. 19.10 for data at smaller x and Q2), and for electrons (SLAC) and muons
(BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The H1+ZEUS combined values are obtained from the measured reduced cross section and converted to F p

2

with a HERAPDF NLO fit, for all measured points where the predicted ratio of F p
2

to reduced cross-section
was within 10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have
been slightly offset in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other
data are rebinned to the x values of these data. For the purpose of plotting, F p

2
has been multiplied by 2ix ,

where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 24 (x = 0.00005). References:
H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF
parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [86]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3
(1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).
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Radiative corrections  
Searches for new physics 

in the proton weak 
charge. 

Require knowledge of 
gamma-Z interference 

structure functions. 

We begin our discussion by outlining in Sec. II the
dispersion relation formalism used to compute the !Z
corrections in terms of !Z interference structure functions.
The latter are the main input into the calculations and are
reviewed in detail in Sec. III. In particular, we discuss the
uncertainties in determining the !Z structure functions
from electromagnetic data for both the resonance and
nonresonant background contributions. Constraints from
parton distribution functions in the deep-inelastic scatter-
ing (DIS) region and new data from the parity-violating
electron-deuteron scattering experiment E08-011 at
Jefferson Lab [15] in the resonance region are used in
Sec. IV to limit the uncertainty range in models for the
!Z structure functions, and to provide more reliable bounds
on the box corrections. The resulting hV

!Z correction is

presented in Sec. V, where we contrast the revised uncer-
tainties with those estimated in previous unconstrained
analyses. Predictions are also made for parity-violating
deuteron asymmetries in the deep-inelastic region, as well
as for the recently completed inelastic measurement by the
Qweak Collaboration [16]. Finally, we draw some general
conclusions from this analysis in Sec. VI and explore
possibilities to further reduce the uncertainties on the !Z
corrections in the future.

II. DISPERSIVE ANALYSIS OF PARITY-
VIOLATING ELECTRON-HADRON SCATTERING

The !Z interference correctionh!Z can be decomposed
into two parts, arising from the electron vector with had-
ronic axial-vector coupling to the Z boson (hA

!Z) and from

the electron axial-vector with vector hadronic coupling to
the Z (hA

!Z):

h!ZðEÞ ¼ hA
!ZðEÞ þhV

!ZðEÞ: (5)

At very low energies, such as those relevant for atomic
parity violation experiments [17,18], the hA

!Z term domi-

nates, while the contribution from thehV
!Z is negligible. At

the energy of the Qweak experiment, however, both terms
provide significant contributions. The hA

!Z corrections

were first computed some time ago by Marciano and
Sirlin [7,8] and were updated recently within a dispersion
relation framework by Blunden et al. [19,20], with reduced
errors. The vector hadron correction,hV

!Z, which is subject

to significantly larger uncertainty, will be the focus of the
rest of this analysis. We will consider only the inelastic
contribution toh!Z; the elastic contribution has previously
been considered in Refs. [7,8,21,22] and is strongly sup-
pressed by an additional factor Qp

W .
For forward scattering, the dispersion relation for the

real part of hV
!Z is given by

<ehV
!ZðEÞ ¼

2E

"
P
Z 1

0
dE0 1

E02 % E2 =mhV
!ZðE0Þ; (6)

where P denotes the principal value integral, and we have
used the fact that hV

!Z is odd under the interchange E0 $
%E0. From the optical theorem, the imaginary part of the
PV !Z exchange amplitude can be written as [10–12]

2=mMðPVÞ
!Z ¼ %4

ffiffiffi
2

p
"MGF

Z d3k0

ð2"Þ32Ek0

"
4"#

Q2

#

& 1

1þQ2=M2
Z

L!Z
$%W

$%
!Z ; (7)

where Q2 ¼ %q2 represents the virtuality of the ex-
changed boson, and the integration variable k0 ¼ k% q.
The !Z lepton tensor is given by

L!Z
$% ¼ !uðk;&ÞðgeV!$ % geA!$!5Þ6k0!%uðk;&Þ; (8)

where the vector and axial-vector couplings of the electron
to the weak current are geV ¼ %ð1% 4sin 2'WÞ=2 and
geA ¼ %1=2, respectively, and & is the lepton helicity.
The hadronic tensor for a nucleon initial state is defined as

W$%ðp;qÞ¼ 1

2M

X

X

hNðpÞjJ$ð0ÞjXðpXÞi

& hXðpXÞjJ%ð0ÞjNðpÞið2"Þ3(ð4Þðqþp%pXÞ;
(9)

where J$! and J$Z are the electromagnetic and weak neutral
currents, respectively, and pX is the four-momentum of the
hadronic intermediate state X. Using isospin symmetry, the
matrix elements of the vector component of the Z current
for a proton target can be related to the proton and neutron
matrix elements of the electromagnetic current by

hXjJ$Z jpi ¼ ð1% 4sin 2'WÞhXjJ$! jpi% hXjJ$! jni; (10)

k k

p p

q

pp

q

k k

FIG. 1. Interference !Z box (left) and crossed box (right) diagrams. The wavy and dashed lines represent the exchanged ! and Z
bosons, with the electron, hadron and virtual photon momenta labeled by k, p, and q, respectively.
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Introduction ​:​​ ​want​ ​<<​ ​400​ ​words ​ ​(Shelley).​ ​Have​ ​215.  
In​ ​the​ ​electroweak​ ​SM,​ ​elastic​ ​scattering​ ​is ​ ​mediated​ ​by 
the​ ​exchange​ ​of​ ​neutral​ ​currents ​ ​(virtual​ ​photons ​ ​and​ ​Z​0 
bosons)​ ​between​ ​fundamental​ ​particles.​ ​The​ ​Z​0​​ ​exchange 
contribution​ ​to​ ​electron-proton​ ​scattering​ ​can​ ​be​ ​isolated 
via​ ​the​ ​weak​ ​interaction’s ​ ​unique​ ​PV ​ ​signature​ ​(see​ ​Fig. 
1).​ ​Interference​ ​between​ ​EM ​ ​and​ ​weak​ ​scattering 
amplitudes ​ ​leads ​ ​to​ ​a​ ​PV ​ ​asymmetry​ ​A ​ep ​​ ​that​ ​can​ ​be 
measured​ ​with​ ​a​ ​longitudinally-polarized​ ​electron​ ​beam 
incident​ ​on​ ​an​ ​unpolarized-proton​ ​target: 
 

​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​(1) 
 
Here​ ​σ​±​​ ​represents ​ ​the​ ​helicity-dependent​ ​elastic 
scattering​ ​ p​ ​cross ​ ​section​ ​integrated​ ​over​ ​the 
scattered-electron​ ​detector​ ​acceptance.​ ​Helicity​ ​(±1) 
indicates ​ ​the​ ​spin​ ​direction​ ​of​ ​the​ ​electrons ​ ​in​ ​the​ ​beam 
either​ ​parallel​ ​or​ ​anti-parallel​ ​to​ ​their​ ​momentum. 
 
Measuring​ ​A ​ep ​​ ​at​ ​small​ ​four-momentum​ ​transfer​ ​(Q ​2​) 
suppresses ​ ​contributions ​ ​from​ ​the​ ​proton's ​ ​extended 
structure​ ​relative​ ​to​ ​the​ ​proton’s ​ ​weak​ ​charge.​ ​However, 
A ​ep ​​ ​is ​ ​smaller​ ​at​ ​smaller​ ​Q ​2​,​ ​making​ ​its ​ ​measurement 
more​ ​challenging.​ ​In​ ​this ​ ​low ​ ​Q ​2​​ ​limit,​ ​the​ ​PV ​ ​asymmetry 
can​ ​be​ ​expressed​citeEKM2003 ​​ ​as 
 
A ​ep ​​ ​/​ ​A ​0​​ ​=​ ​Q ​w ​

p​​ ​+​ ​Q ​2​​ ​B(Q ​2​,θ),​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​(2) 
 
where ​ ​​–Q ​2​​ ​is ​ ​the​ ​four-momentum​ ​transferA , 0 = 4πα√2

−G QF
2

 
squared,​ ​B(Q ​2​,θ)​ ​represents ​ ​the​ ​proton’s ​ ​extended 
structure​ ​defined​ ​in​ ​terms ​ ​of​ ​EM,​ ​strange​ ​and​ ​axial​ ​form 
factors,​ ​θ​ ​is ​ ​the​ ​polar​ ​scattering​ ​angle​ ​of​ ​the​ ​electron​ ​in 
the​ ​lab​ ​frame,​ ​G ​F ​​ ​is ​ ​the​ ​Fermi​ ​constant,​ ​and​ ​⍺​ ​is ​ ​the​ ​fine 
structure​ ​constant.  

 
Figure​ ​1​ ​| ​​ ​​Schematic​ ​showing​ ​the​ ​basic​ ​features ​ ​of 
parity-violating​ ​electron ​ ​scattering​ ​from​ ​the​ ​proton,​ ​with 
its ​ ​three​ ​constituent​ ​quarks.​ ​​The​ ​incoming​ ​electron​ ​with 
helicity​ ​-1​ ​scatters ​ ​up,​ ​away​ ​from ​ ​the​ ​plane​ ​of​ ​the​ ​“PV 
mirror”.​ ​The​ ​image​ ​in​ ​the​ ​PV​ ​mirror ​ ​shows ​ ​the​ ​incoming 
electron​ ​with​ ​the​ ​opposite​ ​helicity​ ​(+1),​ ​and​ ​instead​ ​of 
scattering​ ​into​ ​the​ ​plane​ ​of​ ​the​ ​PV​ ​mirror ​ ​(as ​ ​it​ ​would​ ​in​ ​a 
real​ ​mirror),​ ​it​ ​scatters ​ ​up,​ ​out​ ​of​ ​the​ ​plane​ ​of​ ​the​ ​PV 
mirror.​ ​The​ ​dominant​ ​electromagnetic​ ​interaction, 
mediated​ ​by​ ​the​ ​photon​ ​(blue​ ​wave),​ ​conserves ​ ​parity.​ ​The 
weak​ ​interaction,​ ​mediated​ ​by​ ​the​ ​neutral​ ​Z ​0​​ ​boson 
(dashed​ ​red​ ​line),​ ​violates ​ ​parity.​ ​The​ ​weak​ ​interaction​ ​is 
studied​ ​experimentally​ ​by​ ​exploiting​ ​PV​ ​through​ ​reversals 
of​ ​the​ ​incident​ ​beam ​ ​helicity,​ ​which​ ​mimic​ ​the​ ​PV​ ​mirror 
“reflection”.  

Experiment​:​ ​​want​ ​<​ ​300​ ​words.​ ​Have​ ​228​ ​here. 

The​ ​Q ​weak​​ ​experiment​citeNIM ​​ ​employed​ ​a​ ​beam​ ​of 
longitudinally​ ​polarized​ ​electrons ​ ​accelerated​ ​to​ ​1.16​ ​GeV 
at​ ​the​ ​Thomas ​ ​Jefferson​ ​National​ ​Accelerator​ ​Facility. 
Three​ ​sequential​ ​acceptance-defining​ ​lead​ ​collimators 
matched​ ​to​ ​an​ ​eight-sector​ ​azimuthally-symmetric 
toroidal​ ​magnet​ ​selected​ ​electrons ​ ​scattered​ ​between​ ​4.9° 
and​ ​10.9°​ ​from​ ​a​ ​liquid-hydrogen​ ​target.​ ​​ ​In​ ​each​ ​octant, 
elastically-scattered​ ​electrons ​ ​were​ ​directed​ ​to​ ​a​ ​quartz 
detector​ ​fronted​ ​by​ ​lead​ ​pre-radiators.​ ​Cherenkov​ ​light 
produced​ ​by​ ​the​ ​EM ​ ​shower​ ​passing​ ​through​ ​the​ ​quartz 
was ​ ​converted​ ​to​ ​a​ ​current​ ​by​ ​photomultiplier​ ​tubes ​ ​at 
each​ ​end​ ​of​ ​the​ ​quartz​ ​bars.​ ​These​ ​currents ​ ​were 
integrated​ ​for​ ​each​ ​one-ms-long​ ​helicity​ ​state​ ​of​ ​the​ ​beam. 
For​ ​calibration​ ​purposes,​ ​and​ ​to​ ​demonstrate 
understanding​ ​of​ ​the​ ​acceptance​ ​and​ ​backgrounds,​ ​drift 
chambers ​ ​were​ ​periodically​ ​inserted​ ​to​ ​track​ ​individual 
particles ​ ​when​ ​running​ ​at​ ​much​ ​lower​ ​beam​ ​currents.  
 

 
QwkDraft3.0,​ ​Sep.​ ​20,​ ​2017 

Z
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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Figure 19.8: The proton structure function F p
2 measured in electromagnetic scattering of electrons and

positrons on protons (collider experiments H1 and ZEUS for Q2 ≥ 2 GeV2), in the kinematic domain
of the HERA data (see Fig. 19.10 for data at smaller x and Q2), and for electrons (SLAC) and muons
(BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The H1+ZEUS combined values are obtained from the measured reduced cross section and converted to F p

2

with a HERAPDF NLO fit, for all measured points where the predicted ratio of F p
2

to reduced cross-section
was within 10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have
been slightly offset in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other
data are rebinned to the x values of these data. For the purpose of plotting, F p

2
has been multiplied by 2ix ,

where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 24 (x = 0.00005). References:
H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF
parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [86]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3
(1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).
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(Virtual) Compton amplitude
• Forward Compton amplitude 

• Looking ahead to lattice results shown at end, consider simple case
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Moments of structure functions
• Compton amplitude as integral over inelastic cut:
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Moments of structure functions
• Compton amplitude as integral over inelastic cut:

x = 1/!0

subtracted dispersion relation

Taylor 
expansion• Moments of structure functions
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Coefficients of Taylor 
expansion are moments of 
structure function

Empirical Compton amplitude (DIS region)



Compton amplitude as an energy shift: 
Feynman-Hellmann
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Feynman-Hellmann theorem in lattice QCD



Matrix elements from “Feynman–Hellmann”
• Feynman–Hellmann in quantum mechanics: 
 

• matrix elements of the derivative of the Hamiltonian determined by derivative of 
corresponding energy eigenstates 

• Lattice QCD: evaluate energy shifts with respect to weak external fields 
• Modify action with external field: 

• Calculation of matrix element ≡ hadron spectroscopy [2-pt functions only]
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local operator, e.g. q̄(x)�5�3q(x)



Spin content [connected]

• Modify action


• Nucleon energy shift isolates 
spin content
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[Chambers et al. PRD(2014)]

Strength of external field



Spin content [connected]

• Modify action


• Nucleon energy shift isolates 
spin content
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Strength of external field

3-pt function → 2-pt function



Connected Spin Contributions
• Connected spin factions in various hadrons

Baryon Octet/Decuplet & Vector Mesons

Alexander Chambers (UOA) Hadron Spin & Feynman-Hellmann Theorem December 8, 2014 11 / 27
(Connected) Spin Fraction Universal ~60%

[Chambers et al. PRD(2014)]

“Heavy” quarks: mq ⇠ ms



“Disconnected” quark spin

• External field operator


• Generate modified gauge field 
ensembles


• Calculate unmodified 
correlation functions


• Matrix element in phase of 
correlator:

L ! L+ i�q̄�µ�5q
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�5-Hermitian for Monte Carlo
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How To Calculate Disconnected Quark Spin Contributions?

Feynman-Hellmann Calculation

1. Include axial operator

L ! L+ i�q�µ�5q| {z }
�5-hermitian for
Monte Carlo

2. Generate modified gauge fields
(disconnected contributions)

3. Calculate unmodified propagators

4. Calculate correlator phases

@�N

@�

�����
�=0

/ �qdisc.

Alexander Chambers (UofA) Hadron Structure & Feynman-Hellmann July 13, 2017 12 / 21



Disconnected spin contribution

QCDSF, update  
[preliminary]

[QCDSF, PRD92 (2015)]



Proton form factors Feynman-Hellmann with 
momentum transfer

5

FIG. 3. Ratio GE/GM for the proton from application of
the Feynman–Hellmann method, from a variational analysis
of three-point functions [25], and from experiment [5–7]. Note
this is not scaled by the magnetic moment of the proton µp, as
this would require phenomenological fits to the low Q2 data,
which is not the focus of this work.

FIG. 4. Scaled pion form factor Q2F⇡ from the Feynman–
Hellmann technique and from experiment [12]. The solid lines
are the vector meson dominance at the relevant pion masses,
and the dotted lines are the asymptotic values predicted by
perturbative QCD (see [13] for a discussion of this value and
its limitations).
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92 Chapter 7. The Electromagnetic Structure of Hadrons: Form Factors

Figure 7.15: Ratio of electric and magnetic form factors for the proton, calculated on
an N = 1691 subset of Ensemble 1, with mfi = 470 MeV. Included for comparison are
experimental results for JLab, and the results of a variationally improved three-point
function calculation on the same ensemble [235].
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Figure 7.16: Ratio of electric and magnetic form factors for the neutron, calculated
on an N = 1691 subset of Ensemble 1, with mfi = 470 MeV.
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Statistical errors only; expect systematics to dominate



Feynman-Hellmann (2nd order)
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Feynman–Hellmann (2nd order)
• Quantum mechanics: 2nd order perturbation theory 

• Only get a linear term for elastic case 𝝎=1 [Breit frame] 

• Insert a weak spatially-varying vector current, e.g. 
•  

• Second-order energy shifts isolate forward Compton amplitude 
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Two current insertions

Euclidean decay of intermediate state 
FH: integrate over all times
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Intermediate states cannot 
go “on-shell” for 𝝎<1
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Kinematic variation of 𝜔
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Blue dots: different nucleon Fourier momenta

External momentum

Can access different 𝜔 by 
varying the nucleon 
momenta



Numerical results

Lattice specs: 
NP-improved clover  

m𝛑 ~ 470 MeV 
SU(3) symmetric 

a~0.074 fm 
323x64 

(+ a couple extras)



Lattice QCD: Energy eigenstates
• QCD path integral: discretise Euclidean spacetime; derivatives to finite difference; 

gluon field encoded in gauge links; fermion actions & chiral symmetry; etc. 

• For each snapshot of the gluons, we compute propagation amplitude
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Lattice QCD: Energy eigenstates
• QCD path integral: discretise Euclidean spacetime; derivatives to finite difference; 

gluon field encoded in gauge links; fermion actions & chiral symmetry; etc. 

• For each snapshot of the gluons, we compute propagation amplitude

Source 
“origin”

Sink

t = 0 t = t

Fourier project onto 3-volume at sink  
⇒ definite 3-momentum; e.g. p0 = 0e.g. 2-pt correlator: C(t)

Euclidean time evolution: exp(�Ht)

lowest energy state dominates at large t

hC(t)i =
X

n

��hn| |vac.i
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quark propagator

Hadron Spectroscopy

Fourier project correlation function to zero momentum

C(t) =
Z

d3x
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�
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“Effective mass plot”
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loghC(t)i
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Effective energies (splittings)

Divide out field strength (squared)

Quadratic energy shift 
realised (almost) exactly 
point-by-point in 
effective mass



Compton amplitude
Single external momentum
~qL
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Compton amplitude
Single external momentum
~qL

2⇡
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Scaling: Lowest moment  
• Compatible with scaling

• Trend not inconsistent with pQCD

• too early to assess higher twist…

LO QCD evolution

Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(q⃗ · x⃗) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function ⟨N(p⃗, t)N̄(p⃗, 0)⟩λ ≃ Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function ⟨p, λ|Jµ(x)Jν(0)|p, λ⟩, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum q⃗ fixed,

but vary the nucleon momentum p⃗. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)
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Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(q⃗ · x⃗) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function ⟨N(p⃗, t)N̄(p⃗, 0)⟩λ ≃ Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function ⟨p, λ|Jµ(x)Jν(0)|p, λ⟩, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum q⃗ fixed,

but vary the nucleon momentum p⃗. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)
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Compton outlook

Physical Compton amplitude, 
can vary kinematics directly

Still some work to do: 
• “Inversion” problem: reconstructing 

PDFs 
• Subtraction term not yet 

understood 
• Understanding continuum limit 
• Better statistics 
…

Sca
lin

g

Highe
r-t

wist

Opportunities 
• Scaling on the lattice 
• New insight into twist 

expansion 
• Study transition between 

resonant to shallow-inelastic 
scattering 

• New tool to study spin-
dependent Compton 

…
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Feynman–Hellman with momentum transfer



Warm up: Periodic potential, 1-D QM
• Almost free particle 

• Subject to weak external periodic potential
V

x

V (x) = 2�V0 cos(qx)

H0|pi =
p2

2m
|pi

V̂ |pi = �V0|p+ qi+ �V0|p� qi



Warm up: Periodic potential, 1-D QM
• Geometrically:

p

p0

V̂)

p

p0 + qp0 � q

) hp|V̂ |pi = 0 No first order 
energy shifts?

E

pp0p0 � q

If  
⇒ transition between  
degenerate states

p0 = ±q/2



Degenerate perturbation theory
• Exact degeneracy: 

• Consider mixing on almost-degenerate states

H =

 
p2

2m �V0

�V0
p2

2m

!
p = q/2

H {|q/2i± |�q/2i} =
�
Eq/2 ± �V0

�
{|q/2i± |�q/2i}

p ⇠ q/2

H =

 
p2

2m �V0

�V0
(p�q)2

2m

!

p2 + (p� q)2

4m
±

r
q2(q � 2p)2

16m2
+ �2V 2

0

Eigenvalues

qê2 p

E

Band gap determined by strength of perturbation

�E = 2�V0



External momentum field on the lattice
• Modify Lagrangian with external field containing a spatial Fourier 

transform [constant in time] 

• Project onto “back-to-back” momentum state: 

• E.g. pion form factor  
 
 

• “Feynman-Hellmann”

L(y) ! L0(y) + �2 cos(~q.~y)q(y)�µq(y)

|~q/2i+ |�~q/2i

h⇡(~p0)|q(0)�µq(0)|⇡(~p)i = (p+ p0)µ F⇡(q
2)

@E

@�

����
�=0

=
(p+ p0)µ

2E
F⇡(q

2)

“Breit frame” kinematics



External momentum field on the lattice
• Modify Lagrangian with external field containing a spatial Fourier 

transform [constant in time] 

• Project onto “back-to-back” momentum state: 

• E.g. pion form factor  
 
 

• “Feynman-Hellmann”

L(y) ! L0(y) + �2 cos(~q.~y)q(y)�µq(y)

|~q/2i+ |�~q/2i
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“Breit frame” kinematics
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FIG. 1. E↵ective electric and magnetic form factors of the
u quark in the nucleon for di↵erent values of Q2. Results
shown are for a single value of � 6= 0 (since we are in the
linear region, results at di↵erent � are statistically identical).

B. Electromagnetic Form Factor of the Pion

Following a similar analysis as that for the nucleon,
we show the determination of the pion form factor and
comparison to experiment [12] in Fig. 4. The realised
statistical signal gives confidence that future lattice sim-
ulations will be able to provide important insight into
this transition between the perturbative and nonpertur-
bative.

V. CONCLUSION

In this work we have extended the Feynman–Hellmann
technique to access non-forward matrix elements. We
demonstrate that this provides for a dramatic improve-
ment in the ability to extract nucleon and pion form fac-
tors at much higher momentum transfers than previously
possible. Before making rigorous comparisons with phe-

FIG. 2. GE and GM for the proton from the Feynman–
Hellmann method and a variational method described in [25]
employed on the same ensemble.

nomenology, standard lattice systematics must be fur-
ther quantified, including quark mass dependence, dis-
cretisation artifacts and continuum extrapolation. There
is also further potential for increased precision by us-
ing improved operators that have better access to high-
momentum states, as proposed in [44].
The high-momentum form factors extracted in this

work demonstrate a significantly expanded scope for lat-
tice QCD to address this phenomenologically interesting
domain of hadron structure.
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FIG. 3. Ratio GE/GM for the proton from application of
the Feynman–Hellmann method, from a variational analysis
of three-point functions [25], and from experiment [5–7]. Note
this is not scaled by the magnetic moment of the proton µp, as
this would require phenomenological fits to the low Q2 data,
which is not the focus of this work.

FIG. 4. Scaled pion form factor Q2F⇡ from the Feynman–
Hellmann technique and from experiment [12]. The solid lines
are the vector meson dominance at the relevant pion masses,
and the dotted lines are the asymptotic values predicted by
perturbative QCD (see [13] for a discussion of this value and
its limitations).
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Proton form factors 
[my comments]

• One volume


• Not worried (yet)


• One quark mass


• Surprised that we see a 
similar trend as experiment


• One lattice spacing


• We should investigate further
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Second-order “Feynman-Hellmann” 
(with external momentum)



Feynman–Hellmann (2nd order)

• Two-point correlator
Z
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3
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only interested in perturbative 
shift of ground-state energy

Integral over all fields



Feynman–Hellmann (2nd order)
• Differentiate spectral sum 

• And again
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Feynman–Hellmann (2nd order)
• Differentiate path integral 

• Differentiate again, take zero-field limit and note:
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Field time orderings
• Current insertion possibilities 

• Both currents “outside” (together) 

• Both currents “outside” (opposite) 

• One current “inside”
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Field time orderings
• Both currents between creation/annihilation

�†(0) J(y4) J(z4) �(x4)

Z
d

3
x e

�ip.x

1

Z0

Z
D��(x)�†(0)

✓
@S

@�

◆2

e

�S0

=
X

N,N

0

Z
d

3
k

(2⇡)3
1

2E
N,k

Z
d

3
k

0

(2⇡)3
1

2E
N

0
,k

0

Z
d

3
x

Z
d

4
z

Z
d

4
y e

�ip.x

�
e

iq.z + e

�iq.z

� �
e

iq.y + e

�iq.y

�

⇥ h⌦|�(x)|N,kihk|TJ(z)J(y)|k0ihN 0
,k0|�†(0)|⌦i,

...

! A

p

2E
p

x4e
�Epx4

Z
d

4
⇠

�
e

iq.⇠ + e

�iq.⇠

�
hp|TJ(⇠)J(0)|pi

Note q4 = 0 ) q.⇠ = q.⇠



Final steps
• Equate spectral sum and path integral representation 

• Asymptotically, we have
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