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The proton’s spin puzzle
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Quark helicity

Gluon helicity

Orbital angular 
momentumSpin

• DIS experiments showed that quarks carry only 
about 30% of the proton’s spin 


• Failure of the constituent quark model to explain 
spin of the proton - spin crisis

ΔΣ = 0.25 ∼ 0.3
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Combination of F and D can be measured in -decay and hyperon decay experimentsβ
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Quark spin contribution is defined by iso-singlet axial vector current

Wµ⌫
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The current is not conserved due to presence of the chiral anomaly
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The key role of the anomaly is seen from the structure of the 
triangle graph in the off-forward limit. The current is not 
conserved due to presence of the chiral anomaly. 
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The triangle diagram has an infrared pole and (t) / FF̃
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Exact result!
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The existence of the infrared pole of the triangle diagram 
has not been addressed in pQCD calculations.
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Nucl. Phys., B337:509–546, 1990 

Shore, Veneziano (1990)  
Narison, Shore, Veneziano, hep-ph/9812333  
G. M. Shore, hep-ph/0701171  
K.-F. Liu (1992)

Sµ⌃(Q2) =
1

MN
hP, S|Jµ

5 (0)|P, Si

<latexit sha1_base64="PKdw+R/WrCVQqrfgubVMwlQqZw8="></latexit>



p↵

<latexit sha1_base64="qSbWG5iO/696KdlZpGcnS+++rqE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY5lsN+3STbLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8QAqujet+O4WV1bX1jeJmaWt7Z3evvH/Q1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbqZ+64kpzZP43owl8yMcxDzkFI2V2vKhi0IOsVeuuFV3BrJMvJxUIEe9V/7q9hOaRiw2VKDWHc+Vxs9QGU4Fm5S6qWYS6QgHrGNpjBHTfja7d0JOrNInYaJsxYbM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhJd+xmOZGhbT+aIwFcQkZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvXOq1d355XadR5HEY7gGE7BgwuowS3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AFtmQBg==</latexit>

q�

<latexit sha1_base64="f/BnzgFqMWdI5BBVjnHp7PW144k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY9lsN+3SzSbuToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKrceHbsCR9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NLPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndevbo7r9Su8ziKcATHcAoeXEANbqEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wdP5o+T</latexit>

l⇢

<latexit sha1_base64="IUDPYPgMczjc7YKndltrdh54o0M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnjo6qHqlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQYZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH6MtjzE=</latexit>

Perturbative and non-perturbative interplaySeparating fact from fantasy*: The chiral anomaly and the proton spin puzzle 

R. L. Jaffe A. Manohar

30th anniversary of their  seminal paper which strongly inspired the work reported here:

The G(1) Problem: Fact and Fantasy on the Spin of the Proton.
Nucl. Phys., B337:509–546, 1990

Separating fact from fantasy*: The chiral anomaly and the proton spin puzzle 

R. L. Jaffe A. Manohar

30th anniversary of their  seminal paper which strongly inspired the work reported here:

The G(1) Problem: Fact and Fantasy on the Spin of the Proton.
Nucl. Phys., B337:509–546, 1990

t ⌘ l2

<latexit sha1_base64="YdgM+rs+jdKgvyIRJfcpo7VePnM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8ld1SUG9FLx4r2A/YriWbZtvQbLIms4Wy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFxy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5HtzO/PWbacCUfYJKwICYDySNOCVjJhy57SvkYi8dqr1R2K+4ceJV4OSmjHI1e6avbVzSNmQQqiDG+5yYQZEQDp4JNi93UsITQERkw31JJYmaCbH7yFJ9bpY8jpW1JwHP190RGYmMmcWg7YwJDs+zNxP88P4XoKsi4TFJgki4WRanAoPDsf9znmlEQE0sI1dzeiumQaELBplS0IXjLL6+SVrXi1SrX97Vy/SaPo4BO0Rm6QB66RHV0hxqoiShS6Bm9ojcHnBfn3flYtK45+cwJ+gPn8wfteJEK</latexit>

The triangle diagram has an infrared pole and (t) / FF̃

<latexit sha1_base64="/tq4aLjfgrajKq7ew1tm91ZtuIQ=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFNRdUSguK9gHdIaSyaRtaGYmJHeEMnTjxl9x40IRt/6DO//G9LHQ1gOBwzn3cnNOIAXX4DjfVm5ldW19I79Z2Nre2d2z9w+aOkkVZQ2aiES1A6KZ4DFrAAfB2lIxEgWCtYLhzcRvPTCleRLfw0gyPyL9mPc4JWCkrn3sDYmUpARn2JMqkZDgmgdchCyrjbt20Sk7U+Bl4s5JEc1R79pfXpjQNGIxUEG07riOBD8jCjgVbFzwUs0koUPSZx1DYxIx7WfTFGN8apQQ9xJlXgx4qv7eyEik9SgKzGREYKAXvYn4n9dJoXfpZzyWKbCYzg71UoFN1kklOOSKURAjQwhV3PwV0wFRhIIprmBKcBcjL5PmedmtlK/uKsXq9byOPDpCJ6iEXHSBqugW1VEDUfSIntErerOerBfr3fqYjeas+c4h+gPr8wfXm5gv</latexit>

1

MN
hP 0, S|Jµ

5 (0)|P, Si =
l · S lµ

l2
(Q2, t) +

✓
Sµ � l · S lµ

l2

◆
�(Q2, t)

<latexit sha1_base64="TfR8xdUQmHHyQTyjT8HvzMPkNgw="></latexit>

Pseudoscalar contribution
/ lµ

l2
FF̃

<latexit sha1_base64="cGU8STBFkjS8ZIE2rSsFKM0uGPM=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYU1F1RKC4r2Ad0xpJJM21oHkOSEcowH+DGX3HjQhG3foA7/8a0nYW2Xgg5nHMuyTlhzKg2rvvtrKyurW9sFraK2zu7e/ulg8O2lonCpIUlk6obIk0YFaRlqGGkGyuCeMhIJxxfT/XOA1GaSnFnJjEJOBoKGlGMjKX6pbIfKxkbCf1IIZyye58nmb2qWcM3lA1I2sisy624s4HLwMtBGeTT7Je+/IHECSfCYIa07nlubIIUKUMxI1nRTzSJER6jIelZKBAnOkhnYTJ4apkBjKSyRxg4Y39vpIhrPeGhdXJkRnpRm5L/ab3ERBdBSkWcGCLw/KEoYdCGnzYDB1QRbNjEAoQVtX+FeIRsK8b2V7QleIuRl0G7WvFqlcvbWrl+lddRAMfgBJwBD5yDOrgBTdACGDyCZ/AK3pwn58V5dz7m1hUn3zkCf8b5/AG9d5wT</latexit>

R. L. Jaffe, A. Manohar
Nucl. Phys., B337:509–546, 1990 

The key role of the anomaly is seen from the structure of the 
triangle graph in the off-forward limit. The current is not 
conserved due to presence of the chiral anomaly. 
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Perturbative and non-perturbative interplay
The infrared pole of the triangle diagram must be cancelled by a pole in the pseudo-
scalar sector of the theory:

The result is manifestly gauge invariant!

Generalization of this result to , and 
interplay with non-perturbative physics can be 
explored efficiently in a worldline framework
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The presence of the pole in the triangle diagram is related to 
topological properties of QCD (measure of the QCD path 
integral), which are described by the chiral Ward identities. 
The triangle diagram is not local!
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The worldline formalism

Heat-kernel regularization:

One can introduce bosonic and fermionic coherent states and 
construct a functional integral representation effective action :WZ

d4x |xihx| =
Z

d4p |pihp| = 1; hx|pi = eipx
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We consider a functional integral representation (worldline) 
of the imaginary part (anomaly!) of the Dirac determinant 
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The triangle anomaly in the worldline formalism
Functional integrals over 
trajectories of a point-like 
particle

Free “propagation”

Vector coupling

Axial coupling
D.G.C. McKeon, C. Schubert, Phys. Lett. B 440 (1998) 101
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µ µ ⌫B

⌫ + i 5@µB
µ + (D � 2)B2

⌘o

The triangle anomaly:
<latexit sha1_base64="WlnZHZ17jP19h8qb9vuXEih4a2s="></latexit>

hP 0, S|J
5 |P, Si =

Z
d4y

@WI [A,B]

@B(y)

���
B=0

eily ⌘ �
5 [l]



The triangle anomaly in the worldline formalism
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We reproduce famous infrared pole of the anomaly
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Steven Adler!
(b. 1939)

John S. Bell!
(1928-1990)

Roman Jackiw!
(b. 1939)

Jack Steinberger!
(b. 1921)

Transforming the result back to position space,

we arrive at the celebrated Adler-Bell-Jackiw anomaly

Julian Schwinger!
(1918-1994)

Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space

e
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so the quantum conservation equation takes the form
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams

i�µ↵�(p, q) =

q
�

p
↵

(p+ q)µ +

q
�

p
↵

(p+ q)µ (2.22)

whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral

I(⇠) =

Z 1

�1
dx

h
f(x+ ⇠) � f(x)

i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit

(p+ q)µi�µ↵�(p, q) =
ie
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q
⌫ + 2mi�↵�(p, q) (2.62)

Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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A
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µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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or in position space
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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Having shown that the correlation function of one vector and one axial-vector current does
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find
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The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
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the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find

@µhJµ

A
(x)iA =

e
2

16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]

(p+ q)µi�µ↵�(p, q) =
ie

2~
2⇡2

✏↵���p
�
q
�
, (2.64)

or in position space

@µhJµ

A
(x)iA =

e
2~

16⇡2
✏
µ⌫↵�Fµ⌫F↵�. (2.65)

Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.

19

Steven Adler John S. Bell

Roman Jackiw

Sµ

Z 1

0
dxB g1(xB , Q

2)
���
Q2!1

<latexit sha1_base64="bPVG6GPybXIaFTvvZfPWmznVJA8=">AAACIHicbZDLSsNAFIYn9V5vUZduBougUEoiQnVX6salorWFpg2T6aQdOpmEmROxxD6KG1/FjQtFdKdP4/SyUOsPAx//OYcz5w8SwTU4zqeVm5tfWFxaXsmvrq1vbNpb2zc6ThVlNRqLWDUCopngktWAg2CNRDESBYLVg/7ZqF6/ZUrzWF7DIGGtiHQlDzklYCzfLl+1vSj1uIS26zu4c+dX sVfs+u6B oSK+bB8delXevfczgx7E2LSGMBj6dsEpOWPhWXCnUEBTXfj2h9eJaRoxCVQQrZuuk0ArIwo4FWyY91LNEkL7pMuaBiWJmG5l4wOHeN84HRzGyjwJeOz+nMhIpPUgCkxnRKCn/9ZG5n+1ZgrhSSvjMkmBSTpZFKYCm0NHaeEOV4yCGBggVHHzV0x7RBEKJtO8CcH9e/Is3ByV3OPS6eVxoVKd xrGMdtEeOkAuKqMKOkcXqIYoekBP6AW9Wo/Ws/VmvU9ac9Z0Zgf9kvX1DY34oWs=</latexit>

=
X

f

e2f
↵S

2i⇡MN
lim
lµ!0

lµ

l2
hP 0, S|TrcF↵�(0)F̃

↵�(0)|P, Si

<latexit sha1_base64="Iuc3IvvDXBQMRRrjhN4UOXwNOuY="></latexit>

The infrared pole must be cancelled by a pseudoscalar 
contribution



Finding the axial anomaly in the box diagram

6

One can rewrite this further in terms of the Fourier transforms of the background gauge fields

A↵(x2) =

Z
d
4
k2

(2⇡)4
e
ik2·x2Ã↵(k2); A�(x4) =

Z
d
4
k4

(2⇡)4
e
ik4·x4Ã�(k4) , (28)

as

�µ⌫
A [k1, k3] =

Z
d
4
k2

(2⇡)4

Z
d
4
k4

(2⇡)4
�µ⌫↵�

A [k1, k3, k2, k4] Trc(Ã↵(k2)Ã�(k4)) , (29)

where
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0
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µ
1 (k1)V

⌫
3 (k3)V

↵
2 (k2)V

�
4 (k4) � (µ $ ⌫)

i
, (30)

corresponds to the well-known box diagram of DIS with four incoming momenta ki shown in Fig. 1.
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FIG. 1. The box diagram �µ⌫↵�
A [k1, k3, k2, k4] for polarized DIS.

Taking the product of the four worldline interaction vertices V
µ
i (ki), and removing the terms proportional to ẋ

µ
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⌫
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↵
2 ẋ
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4 , which do not contribute to the antisymmetric part of the hadron tensor5, we obtain
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where the coordinate (xi ⌘ x(⌧i)) and Grassmann variables ( i ⌘  (⌧i)) in the coe�cients Cµ⌫↵�
n;(⌧1,⌧2,⌧3,⌧4)

[k1, k3, k2, k4]
depend on the proper time coordinates of the interaction of the worldlines with the external electromagnetic and

5
Indeed, the interaction of the worldline with external particles through ẋµ
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Worldline representation of the box diagram 
(one loop exact!):
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Hadronic tensor Box diagram

where the vector current
V µ
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Tarasov, Venugopalan (2019) 



The box diagram in the Bjorken limit
In the Bjorken limit  and  is fixedQ2 → ∞ xB

8

In the following two sections, we will explore in the physically interesting Bjorken and Regge asymptotics respectively
the structure of the box diagram represented by Eq. (38). We will show explicitly in both limits that the leading
contribution to the box diagram is given by the triangle anomaly.

a
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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. (39)

Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,

�µ⌫↵�
A [k1, k3, k2, k4]

���
xBj!0

= �
g
2
e
2
e
2
f

8⇡2
(2⇡)4�(4)(

4X

i=1

ki)
4Y

k=1

Z 1

0
duk

⇣ 9X

n=1

Iµ⌫↵�
n;(u1,u2,u3,u4)

[k1, k3, k2, k4]
⌘���

u2=u4

h
� k1 · k2GB(u1, u2)

�k1 · k3GB(u1, u3) � k1 · k4GB(u1, u4) � k2 · k3GB(u2, u3) � k2 · k4GB(u2, u4) � k3 · k4GB(u3, u4)
i�2

. (40)

In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background
gluons in Regge asymptotics.

6
We will discuss this emergent scale further in section IV.
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The structure function g1
non-local operatorinfrared pole

The structure function  is dominated by the triangle anomaly, hence  is topological. 
The result is formally identical in both Bjorken and Regge limits.  is 
topological in both asymptotic limits of QCD
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matches calculation of the triangle diagram
The pole must be removed by 
contribution of the pseudo-
scalar sector

Tarasov, Venugopalan (arXiv:2008.08104) 



Pseudoscalar contribution
To take into account contribution of the pseudoscalar sector we use 
the most general form of the imaginary part of the effective action

scalar field pseudoscalar field
D’Hoker, Gagne,hep-th/9508131

Leutwyler (1996); Herrara-Sikody et al (1997); Leutwyler-Kaiser (2000)
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Functional integral representation of the effective action:
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It generates the iso-singlet Wess-Zumino-Witten coupling ∝ η0FF̃
Tarasov, Venugopalan 
arXiv:2109.10370

in agreement with the corresponding term in  which was 
derived from chiral perturbation theory
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Matrix element of the current
With this form of the effective action, we see explicitly how the pole of the anomaly 
is canceled by a massless  exchange (“primordial” ninth Goldstone boson)η̄
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⌘̄

We’ll establish relations 
between diagrams

(a) (b) (c) (d)



Matrix element of the current

 form factor doesn’t have a pole:GP(l2)
a b c d

<latexit sha1_base64="dGz8E6JbGlSVeKCKWPayT5rgHZI="></latexit>

hP 0, S|Jµ
5 |P, Si = ū(P 0, S)

h
�µ�5GA(l

2) + lµ�5GP (l
2)
i
u(P, S)

Pseudoscalar coupling to the polarized protonDirect axial vector current

(a) (b) (c) (d)

<latexit sha1_base64="3xrid//hDPZNFoUx7TY4B2/q8Ds="></latexit>

lim
l!0

h
hP 0, S|Jµ

5 |P, Si|Fig. b + hP 0, S|Jµ
5 |P, Si|Figs. c+d

i
= 0

To establish relations 
between diagrams we 
use two conditions: 
anomaly equation for 
the current and 
absence of the infrared 
pole in  GP(l2)



Imaginary part of the effective action
The diagram represents the direct coupling of the axial vector currents to the 
nucleon target. It is fundamentally different from other diagrams since it is the only 
diagram which contributes to the axial form factor GA(l2)

a b c d

<latexit sha1_base64="KfnjIgoiA9tDKk2duzQZsuheIjU="></latexit>

lim
l!0

hP 0, S|Jµ
5 |P, Si = 2MN GA(0)S

µ

The anomaly equation for the divergence of the singlet axial current and the 
requirement of the infrared pole cancellation impose relation of this result to the 
contribution of other diagrams

<latexit sha1_base64="XCyN6VTEArUlTOeODAIi6/1XT3A="></latexit>

hP 0, S|Jµ
5 |P, Si

���
Fig. a

= GA(l
2) ū(P 0, S) �µ�5 u(P, S)

(a)



 Goldberger-Treiman relation
Using the anomaly equation we derive 
the  generalization  of  the  well-known  
Goldberger-Treiman  relation  to  the  
isosinglet  axial  vector current

<latexit sha1_base64="znWRlrf45ydkFjo0rwurC6tKdDA="></latexit>

hP 0, S|@µJµ
5 |P, Si = hP 0, S|2nf ⌦|P, Si

a b c d

related
Shore and Veneziano (89-92)

<latexit sha1_base64="bU8vzPXv4nWAWu6vkQegVIgA8MA="></latexit>

GA(0) =

p
2ñf

2MN
F⌘̄ g⌘0NN

<latexit sha1_base64="qGvY86faJYq2wm7DdJEgw3pByRA="></latexit>

lim
l!0

hP 0, S|Jµ
5 |P, Si =

p
2ñf F⌘̄ g⌘0NNSµ

coupling to 
the nucleondecay constant

<latexit sha1_base64="ZsPFXJVW7k06V/eS8O14km8csxI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BQTxGMA/ILmF20psMmX04MxsIS77DiwdFvPox3vwbJ8keNLGgoajqprvLTwRX2ra/rcLa+sbmVnG7tLO7t39QPjxqqTiVDJssFrHs+FSh4BE2NdcCO4lEGvoC2/7odua3xygVj6NHPUnQC+kg4gFnVBvJu+tlrk8lcVHTaa9csav2HGSVODmpQI5Gr/zl9mOWhhhpJqhSXcdOtJdRqTkTOC25qcKEshEdYNfQiIaovGx+9JScGaVPgliaijSZq78nMhoqNQl90xlSPVTL3kz8z+umOrj2Mh4lqcaILRYFqSA6JrMESJ9LZFpMDKFMcnMrYUMqKdMmp5IJwVl+eZW0LqrOZbX2UKvUb/I4inACp3AODlxBHe6hAU1g8ATP8Apv1th6sd6tj0VrwcpnjuEPrM8fdOSR6Q==</latexit>

F⌘̄

<latexit sha1_base64="RV9zg1HIWblfkP3IsPhfcPbbGmo=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF08hgnlAsiyzk9lkyOzDmd5AWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCopeNUMd5ksYxVx6eaSxHxJgqUvJMoTkNf8rY/upv57TFXWsTRI04S7oZ0EIlAMIpGcgde1uNIPZvU61OvXLGr9hxklTg5qUCOhlf+6vVjloY8Qiap1l3HTtDNqELBJJ+WeqnmCWUjOuBdQyMacu1m86On5MwofRLEylSEZK7+nshoqPUk9E1nSHGol72Z+J/XTTG4cTMRJSnyiC0WBakkGJNZAqQvFGcoJ4ZQpoS5lbAhVZShyalkQnCWX14lrYuqc1W9fLis1G7zOIpwAqdwDg5cQw3uoQFNYPAEz/AKb9bYerHerY9Fa8HKZ47hD6zPHw1wkaQ=</latexit>g⌘0NN

<latexit sha1_base64="8SUT/xqOz78SzHpgkp5k8iEI1Uc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9aDHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbqt56o0kyKBzOOqR/hgWAhI9hYqXnbuyq7p71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJLP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukeVbxzivV+2qpdp3FkYcjOIYyeHABNbiDOjSAwCM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fEb6OJw==</latexit>

GA(0)

(a) (b)



Cancellation of the infrared pole
From requirement of the infrared pole cancellation we find a relation between the 
product of the  decay constant and its coupling to the nucleon to the matrix 
element of the topological charge density in the forward limit

η0

a b c d

<latexit sha1_base64="fE6yIXiIwk8aYbPR6PyVLGx8vSI=">AAACCnicbVDLTgIxFO3gC/E16tJNlZi4IjOGqEuiG3diwithCOmUCzS0nUnbMSHA2o2/4saFxrj1C9z5N5aBhYInubkn59yb9p4w5kwbz/t2Miura+sb2c3c1vbO7p67f1DTUaIoVGnEI9UIiQbOJFQNMxwasQIiQg71cHAz9esPoDSLZMUMY2gJ0pOsyygxVmq7xwEnsscBe+NKcCegR/Csjb1ApU7bzXsFLwVeJv6c5NEc5bb7FXQimgiQhnKiddP3YtMaEWUY5TDJBYmGmNAB6UHTUkkE6NYoPWWCT63Swd1I2ZIGp+rvjRERWg9FaCcFMX296E3F/7xmYrpXrRGTcWJA0tlD3YRjE+FpLrjDFFDDh5YQqpj9K6Z9ogg1Nr2cDcFfPHmZ1M4L/kWheF/Ml67ncWTRETpBZ8hHl6iEblEZVRFFj+gZvaI358l5cd6dj9loxpnvHKI/cD5/AGTfmhg=</latexit>

h0|T⌦⌦|0i
<latexit sha1_base64="N5e7aRA/Zhudwc+EEqxoplHVSWo=">AAACC3icbVA9SwNBEN2LXzF+RS1tlgTBKtxJUMugjZ0R8gW5EOY2k2TJ3t6xuyeEJL2Nf8XGQhFb/4Cd/8bNR6GJDwYe780wMy+IBdfGdb+d1Nr6xuZWejuzs7u3f5A9PKrpKFEMqywSkWoEoFFwiVXDjcBGrBDCQGA9GNxM/foDKs0jWTHDGFsh9CTvcgbGSu1szhcgewKpO65Q/y7EHlAfDbTdseurmdXO5t2COwNdJd6C5MkC5Xb2y+9ELAlRGiZA66bnxqY1AmU4EzjJ+InGGNgAeti0VEKIujWa/TKhp1bp0G6kbElDZ+rviRGEWg/DwHaGYPp62ZuK/3nNxHSvWiMu48SgZPNF3URQE9FpMLTDFTIjhpYAU9zeSlkfFDBj48vYELzll1dJ7bzgXRSK98V86XoRR5qckBw5Ix65JCVyS8qkShh5JM/klbw5T86L8+58zFtTzmLmmPyB8/kDkA6aIg==</latexit>

h0|T⌦⌘0|0i

These diagrams are related
(b) (c) (d)

topological 
susceptibility



Topological susceptibility
We study the effect of the WZW coupling in the two-point Green functions and 
demonstrate how it generates a nonzero mass of the η′ 

a b

a b

…

<latexit sha1_base64="CHRGolt/u9ZHd9G2QiglxFp8Sj8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQi6rHoxZsV7Ac0oUy2k3bpbhJ2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMadf9tkpr6xubW+Xtys7u3v6BfXjUUkkmKTZpwhPZCUEhZzE2NdMcO6lEECHHdji6m/ntMUrFkvhJT1IMBAxiFjEK2kg92/YfBA7AD0HmPmqY9uyqW3PncFaJV5AqKdDo2V9+P6GZwFhTDkp1PTfVQQ5SM8pxWvEzhSnQEQywa2gMAlWQzy+fOmdG6TtRIk3F2pmrvydyEEpNRGg6BeihWvZm4n9eN9PRTZCzOM00xnSxKMq4oxNnFoPTZxKp5hNDgEpmbnXoECRQbcKqmBC85ZdXSeui5l3VLh8vq/XbIo4yOSGn5Jx45JrUyT1pkCahZEyeySt5s3LrxXq3PhatJauYOSZ/YH3+ALOtk7g=</latexit>

⌦⌘̄

topological 
susceptibility χ(l2)

YM topological 
susceptibility χYM(l2)

<latexit sha1_base64="dhpNS/iDDwdhG4qvAiEiGK1o59U="></latexit>

�(l2) = i

Z
d4x eilxh0|T ⌦(x)⌦(0)|0i

Taking into account the coupling 
between  and , as specified by 
the WZW action, it is easy to obtain

η̄ Ω
<latexit sha1_base64="Q+ZlvSDqlvz/YJz6/7bKOQ+U6vo="></latexit>

�(l2) = l2
1

l2 �m2
⌘0
�YM(l2)

<latexit sha1_base64="zTdsbgS1YsFZ7jX6Weu6J4ieOYo="></latexit>

m2
⌘0 ⌘ �2nf

F 2
⌘̄
�YM(0)

Witten-Veneziano 
formula for m2

η′ 



The WZW-  term and the topological susceptiblityη̄

a b c d

<latexit sha1_base64="Q+ZlvSDqlvz/YJz6/7bKOQ+U6vo="></latexit>

�(l2) = l2
1

l2 �m2
⌘0
�YM(l2)

<latexit sha1_base64="zTdsbgS1YsFZ7jX6Weu6J4ieOYo="></latexit>

m2
⌘0 ⌘ �2nf

F 2
⌘̄
�YM(0)

For this diagram we have:

In the forward limit the contribution of this diagram:

The topological susceptibility  vanishes in the forward 
limit because of topological mass generation

χ(l2)

<latexit sha1_base64="w2mk8yZx0N/IKeQHKl7eaD6qq8o=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokTlVSVcCxggvHItGH1IbKcZ3WquNEtgOqQj6FCwcQ4sqXcONvcNscoGWk1Y5mduX1+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Hrmdx6oVCwSd3oaUy/EI8ECRrA20sAu9wOJScrv+2GSmVbLBnbFqTpzoFXi5qQCOZoD+6s/jEgSUqEJx0r1XCfWXoqlZoTTrNRPFI0xmeAR7RkqcEiVl85Pz9CpUYYoiKQpodFc/b2R4lCpaeibyRDrsVr2ZuJ/Xi/RwaWXMhEnmgqyeChIONIRmuWAhkxSovnUEEwkM7ciMsYmC23SKpkQ3OUvr5J2reqeV+u39UrjKo+jCMdwAmfgwgU04Aaa0AICj/AMr/BmPVkv1rv1sRgtWPnOEfyB9fkDsFuUSg==</latexit>

lµ

l2

<latexit sha1_base64="j7pIsDqxIZX8ORNhkve/8pHiE54=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kOPjFiZP1bP+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdKqVryLSu2uVqpfZ3Hk4QROoQweXEIdbqEBTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gC+wo+6</latexit>

�(l2)

<latexit sha1_base64="PVF3nDajwjxdeyvUK/H0+MFZm2U="></latexit>

hP 0, S|Jµ
5 |P, Si

���
Fig.d

= 2nf
lµ

l2 �m2
⌘0
�YM(l2) · g⌦NN ū(P 0, S) �5 u(P, S)

<latexit sha1_base64="rdMjFrHqBnh7Zz4GXtffZ/d0SLE="></latexit>

lim
l!0

hP 0, S|Jµ
5 |P, Si

���
Fig.d

= 0
(d)



The WZW-  term and the topological susceptiblityη̄

a b c d

Contribution of the diagram (c) is not zero 
even in the forward limit (note a 
pseudoscalar pole in the expression for the 
diagram)

related

Going back to the requirement of the infrared pole cancellation we obtain a relation 
between the decay constant and the topological susceptibility 

<latexit sha1_base64="w2mk8yZx0N/IKeQHKl7eaD6qq8o=">AAAB+nicbVDLTsMwENyUVymvFI5cLCokTlVSVcCxggvHItGH1IbKcZ3WquNEtgOqQj6FCwcQ4sqXcONvcNscoGWk1Y5mduX1+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Hrmdx6oVCwSd3oaUy/EI8ECRrA20sAu9wOJScrv+2GSmVbLBnbFqTpzoFXi5qQCOZoD+6s/jEgSUqEJx0r1XCfWXoqlZoTTrNRPFI0xmeAR7RkqcEiVl85Pz9CpUYYoiKQpodFc/b2R4lCpaeibyRDrsVr2ZuJ/Xi/RwaWXMhEnmgqyeChIONIRmuWAhkxSovnUEEwkM7ciMsYmC23SKpkQ3OUvr5J2reqeV+u39UrjKo+jCMdwAmfgwgU04Aaa0AICj/AMr/BmPVkv1rv1sRgtWPnOEfyB9fkDsFuUSg==</latexit>

lµ

l2
<latexit sha1_base64="j7pIsDqxIZX8ORNhkve/8pHiE54=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kOPjFiZP1bP+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdKqVryLSu2uVqpfZ3Hk4QROoQweXEIdbqEBTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gC+wo+6</latexit>

�(l2)
<latexit sha1_base64="DzWvjiddrWkRGkNYct76Pr//Q+o=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrulqMeiF48V7Ae0a8mm2TY0m6xJtlCW/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O2vrG5tb24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d+e0KVZlI8mGlM/QgPBQsZwcZKfi9UmKRelvLHatYvld2KOwdaJV5OypCj0S999QaSJBEVhnCsdddzY+OnWBlGOM2KvUTTGJMxHtKupQJHVPvp/OgMnVtlgEKpbAmD5urviRRHWk+jwHZG2Iz0sjcT//O6iQmv/ZSJODFUkMWiMOHISDRLAA2YosTwqSWYKGZvRWSEbQ7G5lS0IXjLL6+SVrXiXVZq97Vy/SaPowCncAYX4MEV1OEOGtAEAk/wDK/w5kycF+fd+Vi0rjn5zAn8gfP5A8GPkho=</latexit>

1

l2

(c)(b)
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1
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<latexit sha1_base64="rNqMgMaKjCNWkmp13jZ5KlEc94k="></latexit>

h0|T⌦⌘0|0i = �i
1

l2

p
2ñf

F⌘̄
�(l2)

<latexit sha1_base64="WsE4atEhb1pm3SpMlHlvoSdUS2Q="></latexit>p
2ñf F⌘̄ = 2nf lim

l!0
i h0|T ⌦⌘0|0i

Expanding  in powers of  and taking into 
account that :

χ(l2) l2

χ(0) = 0
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F 2
⌘̄ = 2nf�

0(0)



The WZW-  term and the topological susceptiblityη̄
Using relation  we can rewrite the matrix element of the axial vector F2

η̄ = 2nf χ′ (0)

Shore, Veneziano (1992)  
Narison, Shore, Veneziano (1998) 

<latexit sha1_base64="L3BVuH8n10EPPNPEmIE/+B7I/Ps="></latexit>

hP 0, S|Jµ
5 |P, Si =

r
2

3
2nf g⌘0NN

p
�0(0)Sµ

<latexit sha1_base64="3LN7HgWLNb2FJOG50Uf/8A1aZNY="></latexit>

⌃(Q2) =

r
2

3

2nf

MN
g⌘0NN

p
�0(0)Magnitude of the OZI violation:
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a0|Q2=10GeV 2 = 0.33± 0.05

In agreement with COMPASS ( ) 
and HERMES data ( )

a0 |Q2=3GeV2 = 0.35 ± 0.08
a0 |Q2=5GeV2 = 0.330 ± 0.064

Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
with HERMES and COMPASS data
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Axion-like effective action
One can construct an effective action which is based on the chiral Ward 
identities and incorporates cancelation of the infrared pole

a b c d

The gluon field, i.e. the YM topological susceptiblity 
 , is dominated by the instanton configurations. 

The typical scale is .
χYM

m2
η′ 
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Effective action at small-x
Since the anomaly dominates the box diagram, the anomaly effects should be 
visible in analysis of the  dependence of . In particular, novel 
features emerge at small .

xB g1(xB, Q2)
xB

a b c d
At large-x the gluon field is 
dominated by the instanton 
configurations.

At small-x there is a background of 
small-x gluons characterized by the 
saturation scale .Q2

s

1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.

1

10

10-3

103

10-2

102

10-1 110-4

x
Q

2
 (

G
e

V
2
)

0.1

EIC
 √s =

 90 G
eV, 0

.01 ≤ y 
≤ 0.95

EIC
 √s =

 45 G
eV, 0

.01 ≤ y 
≤ 0.95

Measurements with A ≥ 56 (Fe):

 eA/μA DIS (E-139, E-665, EMC, NMC)

 νA DIS (CCFR, CDHSW, CHORUS, NuTeV)

 DY (E772, E866)

perturbative

non-perturbative

geom
etric scaling

ln x

non-perturbative region

ln
 Q

2

Q
2
s(x)

saturation

JIMWLK
BK

DGLAP

BFKL

αs <<  1

αs ~ 1

Figure 1.5: Left: The range in the square of the transferred momentum by the electron to the
nucleus, Q2, versus the parton momentum fraction x accessible to the EIC in e-A collisions at
two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering
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Effective action at small-x
Gluon saturation can induce over the barrier sphaleron-like transitions

While at large  the gluon field is dominated by the 
instanton configurations, at small  the CGC solution 
( ) starts to dominate and we predict over-the-
barrier sphaleron transitions between different 
topological sectors of QCD vacuum

xB
xB

Q2
s ≫ m2

η′ 

20

E

NCS

instanton

sphaleron

FIG. 8. The vacuum energy of ✓-vacua as function of the Chern-Simons number NCS labeled by positive and negative integers.
The arrows denote instanton/anti-instanton tunneling configurations and over-the-barrier sphaleron configurations; both of
these e↵ects result in a change of the Chern-Simons number.

The explicit derivation in [39], performed in the real-time Schwinger-Keldysh formalism, gives after thermal averaging
(here corresponding to the averaging of sources),

@2⌘0

@t2
= ��

@⌘0

@t
� m2

⌘0⌘0 . (92)

A subtle point, discussed at length in [39], is that the coupling of the gauge fields to the color charges does not alter
topological mass generation whereby ⌘̄ ! ⌘0. Both ⌘̄ and ⌘0 couple identically to ⌦, with the only di↵erence being
the strength of the coupling given by the di↵erence in their respective decay constants.

In particular, note that the only di↵erence in the equations of motion relative to that derived from Eq. (80) is the
term with the friction coe�cient �. This term reflects the drag on ⌘0 propagation due to the coupling of the color
sources to the gauge field. In our picture, this is fundamentally what causes the quenching of the coe�cient (g1) of
the spin four-vector Sµ reflecting the e�ciency of spin di↵usion28.

The underlying dynamics is illustrated in Fig. 8. In ‘t Hooft’s picture [16, 17], tunneling instanton-anti-instanton
configurations generate the nontrivial Yang-Mills topological susceptibility which, we have seen, are responsible for the
large ⌘0 mass. The e↵ect of the coupling to large x sources, and the averaging over WY [⇢] is to introduce the saturation
momentum QS > ⇤QCD, which can lead to over-the-barrier sphaleron transitions as shown in Fig. 8. For the finite
temperature case, the friction coe�cient � is proportional to the sphaleron transition rate [39]: � = 2nf�sphaleron/F 2

⌘̄ T ,
where29

�sphaleron = lim
�t!1

1

V �t
h(NCS(t + �t) � NCS(t))2i , (93)

with NCS(t) =
R

d3x K0. Here V denotes the three dimensional volume of the system. At finite temperature,
�sphaleron = ↵5

s T 4, where  is a nonperturbative constant [40]. In the CGC, from parametric arguments alone30,

one can deduce that �sphaleron / Q4
S and � / 2nf

Q3
S

F 2
⌘̄

. Parametrically, for t ⇠ 1/QS , the interaction time of the probe

with the shock wave, the first term on the r.h.s will dominate over the second for when �2 > m2
⌘0 , or equivalently,

28 In high energy DIS, it is more convenient to represent Eq. (91) in lightcone coordinates. Clearly, this choice of coordinates should not
alter our discussion of the physics of spin di↵usion.

29 The Chern-Simons current Kµ = g2

8⇡2 "
µ⌫⇢�Tr
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3 A⌫A⇢A�

⌘
, which satisfies @µKµ = ⌦.

30 Interestingly, in numerical simulations of the hot and dense Glasma [42, 82, 83] produced in a nuclear collision, one finds that the
sphaleron transition rate scales with the string tension of a spatial Wilson loop in the Glasma [42].
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Axion-like effective action with coupling to CGC
We  construct an axion-like effective action at small  that describes the interplay 
between gluon saturation and the topology of the QCD vacuum. It contains the WZW 
coupling and a kinetic term for the  field. This dynamics is governed by the 

xB

η̄ m2
η′ 
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The background gauge configurations are static classical configurations and their 
dynamics is described by the Color Glass Condensate (CGC) Effective Field Theory 
and controlled by the saturation scale Q2

s

McLerran, Venugopalan (1994)

<latexit sha1_base64="9ZMGGh6maQ5wpxE6SGhMIG9rfiA="></latexit>

hOi
Regge
pol. =

Z
D⇢WY [⇢]

Z
D⌘̄ W̃P,S [⌘̄]

Z
DA O[A] eiSpCGC[A,⇢,⌘̄]

<latexit sha1_base64="Jzug8o6MHcqfguGSsW8ZmZ02gbQ="></latexit>

SpCGC[A, ⇢, ⌘̄] = SCGC[A, ⇢] +

Z
d4x

"
1

2
(@µ⌘̄) (@

µ⌘̄)�
p
2nf

F⌘̄
⌘̄⌦

#



The  structure functiong1(xB, Q2)
The dynamics of the structure function is governed by two scales  and m2

η′ 
Q2

s
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We estimate the structure function at  employing analysis of the axion-like 
dynamics in a hot QCD plasma (see McLerran,Mottola,Shaposhnikov (1990)). We 
predict a rapid spin diffusion due to “drag force” on “axion” propagation in the shock 
wave background which is proportional to sphaleron transition rate.
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COMPASS data
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Table 2
List of experimental data sets used in this analysis. For each set the number of points, the χ2 contribution and the fitted normalisation factor is given for the two functional 
shapes discussed in the text, which lead to either a positive or a negative function "g(x).

Experiment Function extracted Number of points χ2 Normalisation

"g(x) > 0 "g(x) < 0 "g(x) > 0 "g(x) < 0

EMC [1] Ap
1 10 5.2 4.7 1.03 ± 0.07 1.02 ± 0.07

E142 [23] An
1 6 1.1 1.1 1.01 ± 0.07 0.99 ± 0.07

E143 [15] gd
1/F d

1 54 61.4 59.0 0.99 ± 0.04 1.01 ± 0.04

E143 [15] gp
1/F p

1 54 47.4 49.1 1.05 ± 0.02 1.08 ± 0.02

E154 [24] An
1 11 5.9 7.4 1.06 ± 0.04 1.07 ± 0.04

E155 [25] gd
1/F d

1 22 18.8 18.0 1.00 ± 0.04 1.00 ± 0.04

E155 [16] gp
1/F p

1 21 50.0 49.7 1.16 ± 0.02 1.16 ± 0.02

SMC [17] Ap
1 59 55.4 55.4 1.02 ± 0.03 1.01 ± 0.03

SMC [17] Ad
1 65 59.3 61.5 1.00 ± 0.04 1.00 ± 0.04

HERMES [14] Ad
1 24 28.1 27.0 0.98 ± 0.04 1.01 ± 0.04

HERMES [14] Ap
1 24 14.0 16.2 1.08 ± 0.03 1.10 ± 0.03

HERMES [26] An
1 7 1.6 1.2 1.01 ± 0.07 1.00 ± 0.07

COMPASS 160 GeV [20] gd
1 43 33.1 37.7 0.97 ± 0.05 0.95 ± 0.05

COMPASS 160 GeV [3] Ap
1 44 50.8 49.1 1.00 ± 0.03 0.99 ± 0.03

COMPASS 200 GeV (this work) Ap
1 51 43.6 43.2 1.03 ± 0.03 1.02 ± 0.03

Fig. 6. Results of the QCD fits to gp
1 (left) and gd

1 (right) world data at Q 2 = 3 (GeV/c)2 as functions of x. The curves correspond to the two sets of functional shapes as 
discussed in the text. The dark bands represent the statistical uncertainties associated with each curve and the light bands, which overlay the dark ones, represent the total 
systematic and statistical uncertainties added in quadrature. (Coloured version online.)

The integral #NS
1 (Q 2) at a given value of Q 2 is connected to the 

ratio gA/gV of the axial and vector coupling constants via the fun-
damental Bjorken sum rule [32]

#NS
1 (Q 2) =

1∫

0

gNS
1 (x, Q 2)dx = 1

6

∣∣∣
gA

gV

∣∣∣CNS
1 (Q 2) , (13)

where CNS
1 (Q 2) is the non-singlet coefficient function that is given 

up to third order in αs(Q 2) in perturbative QCD in Ref. [33]. The 
calculation up to the fourth order is available in Ref. [34].

Due to small differences in the kinematics of the data sets, all 
points of the three COMPASS g1 data sets (Table 2) are evolved 
to the Q 2 value of the 160 GeV proton data. A weighted aver-
age of the 160 GeV and 200 GeV proton data is performed and 
the points at different values of Q 2 and the same value of x are 
merged.

For the determination of #p
1 and #d

1 , the values of gp
1 and gd

1 are 
evolved to Q 2 = 3 (GeV/c)2 and the integrals are calculated in the 
measured ranges of x. In order to obtain the full moments, the QCD 
fit is used to evaluate the extrapolation to x = 1 and x = 0 (see Ta-
ble 4). The moment #n

1 is calculated using gn
1 = 2gN

1 − gp
1 . The 

Table 3
Value ranges of first moments of quark distributions, as obtained from the 
QCD fit when taking into account both statistical and systematic uncertain-
ties, as detailed in the text.

First moment Value range at Q 2 = 3 (GeV/c)2

"% [0.26,0.36]
"u + "ū [0.82,0.85]
"d + "d̄ [−0.45,−0.42]
"s + "s̄ [−0.11,−0.08]

systematic uncertainties of the moments include the uncertainties 
of PB, PT, f , D and F2. The uncertainties due to the dominant 
additive systematic uncertainties for the spin structure functions 
cancel to a large extent in the calculation of the first moments 
and are thus not taken into account. In addition, the uncertainties 
from the QCD evolution and those from the extrapolation are ob-
tained using the uncertainties given in Section 6. The full moments 
are given in Table 5. Note that also #N

1 is updated compared to 
Ref. [20] using the new QCD fit.

For the evaluation of the Bjorken sum rule, the procedure 
is slightly modified. Before evolving from the measured Q 2 to 
Q 2 = 3 (GeV/c)2, gNS

1 and its statistical and systematic uncertainty 

The difference between  and  can be explained 
by a difference in density of color sources

gp
1 gn

1



Summary
• We show that the anomaly appears in both the Bjorken limit of large  

and in the Regge limit of small . We find that the infrared pole in the 
anomaly arises in both limits


• The cancellation of the pole involves a subtle interplay of perturbative 
and nonperturbative physics that is deeply related to the  problem 
in QCD


• We demonstrate the fundamental role of the WZW term both in 
topological mass generation of the  and in the cancellation of the off-
forward pole arising from the triangle anomaly in the proton's helicity. We 
recover the result by Shore and Veneziano that  


• We introduce an axion-like effective action at small-x which describes the 
interplay between gluon saturation and the topology of the QCD vacuum


• We outline the role of “over-the-barrier” sphaleron-like transitions in spin 
diffusion at small . Such topological transitions can be measured in 
polarized DIS at a future Electron-Ion Collider.
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