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Nucleon spin

Naïve Quark Model

Almost none of nucleon spin
is carried by quarks!

Sea-quarks and gluons? Orbital angular momenta ?

Nucleon spin puzzle!?

Tensor structure  b1 (e.g. deuteron)

b1= 0
only S wave

b1≠0
S + D waves

“old” standard model

standard model

?

Tensor-structure puzzle!?

b1
experiment

≠b1
“standard model”



Experimental projects and personal works on spin-1 physics

1990

2000

2010

2020

2030

1989: Hoodbhoy-Jaffe-Manohar on b1−4 
[1983: Frankufurt-Strikman]

1988: EMC spin puzzle on proton

1990: Close and SK on b1 sum rule

1998: Courant’s BNL report on
polarized-deuteron acceleration at RHIC

Personal studies of SK with collaborators

2005: HERMES measurement on b1

1999: Hino and SK on formalism of 
p-d Drell-Yan 

2010: SK on determination of 
tensor-polarized PDFs

2008: SK on projection operators for b1−4

2011: JLab proposal on b1

2016: JLab LoI on gluon transversity

2021: NICA paper on deuteron
2022: Fermilab proposal on deuteron

2025 ~ : JLab, Fermilab, NICA, LHCspin, • • •

2030’s  : EIC/EicC, • • •

2016: SK and Song on tensor-polarized
PDFs in p-d Drell-Yan

2017: Cosyn, Dong, SK, Sargsian,
on convolution estimate on b1

2020: SK and Song on gluon transversity
in p-d Drell-Yan,

2021:        on TMDs and PDFs up to twist 4, 
twist-2 relation and sum rule for PDFs

Deuteron spin-1 physics will be developed significantly in 2020’s and 2030’s.

Year



Standard model prediction for b1 of deuteron

D
N

q

γ * Wµν = 1
π

 Im Tµν

S + D waves

Standard model
of the deuteron

b1(x) =
dy
y∫ δT f (y)F1

N (x / y,  Q2 ),      y = Mp ⋅ q
MNP ⋅ q

!
2p−

P−

      δT f (y) = f
0 (y) − f

+ (y) + f − (y)
2

                  = d 3p y − 3
4 2π

φ0 (p)φ2 (p) +
3
16π

|φ2 (p) |
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⎣⎢
⎤
⎦⎥∫ (3cos2θ −1)δ y − p ⋅ q

MNν
⎛
⎝⎜

⎞
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      Nucleon momentum distribution:  

                   f H (y) ≡ f↑
H (y) + f↓

H (y) = d 3p y |φ H (
!
p) |∫

2
δ y − E − pz

MN

⎛
⎝⎜

⎞
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      D-state admixture: φ H (
!
p) = φℓ=0

H (
!
p) + φℓ=2

H (
!
p)

   

S-D term D-D term

W. Cosyn, Yu-Bing Dong, SK, M. Sargsian,
Phys. Rev. D 95 (2017) 074036.

 
 b1(theory) ≪ b1(HERMES)
  at  x < 0.5

Standard convolution model does not
work for the deuteron tensor structure!?
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?

Gluon transversity ΔT g

b1  (δTq,  δT g) ≠ 0 ⇔  still ΔT g = 0

S + D waves

p

n

What would be the mechanism(s) 
for creating ΔT g ≠ 0?

Helicity amplitude A(Λ i ,λi ,  Λ f ,λ f ),    conservation Λ i − λi = Λ f − λ f

Longitudinally-polarized quark in nucleon:  Δq(x) ~  A + 1
2
+ 1

2
,  + 1

2
+ 1

2
⎛
⎝

⎞
⎠ − A + 1

2
− 1

2
,  + 1

2
− 1

2
⎛
⎝

⎞
⎠

Quark transversity in nucleon:                     ΔTq(x) ~  A + 1
2
+ 1

2
,  − 1

2
− 1

2
⎛
⎝

⎞
⎠ ,     λi = + 1

2
→ λ f = − 1

2
 quark spin flip (Δs = 1) 

Gluon transversity in deuteron:                    ΔT g(x) ~  A +1 +1,  −1 −1( ) ,            A + 1
2
+1,  − 1

2
−1⎛

⎝
⎞
⎠  not possible for nucleon

Note: Gluon transversity does not exist for spin-1/2 nucleons.

Δs = 1



TMDs and PDFs
for spin-1 hadrons

S. Kumano and Qin-Tao Song, 
Phys. Rev. D 103 (2021) 014025.



Twsit-2 TMDs for spin-1/2 nucleons and spin-1 hadrons

Bacchetta-Mulders, PRD 62 (2000) 114004.Twist-2 TMDs

Twist-2 collinear PDFs [· · ·]= chiral odd

T-even T-odd T-even T-odd T-even T-odd

U f1 [h1]

L g1L [h1L]

T f1T g1T [h1], [h1T]

LL f1LL [h1LL]

LT f1LT g1LT [h1LT], [h1LT]

TT f1TT g1TT [h1TT], [h1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Spin-1/2 nucleon

Spin-1 hadrons

*1

*1   Because of the time-reversal invariance, the collinear PDF h1LT (x) vanishes. 
       However, since the time-reversal invariance cannot be imposed
       in the fragmentation functions, we should note that the corresponding
       fragmentation function H1LT (z) should exist as a collinear fragmentation function.
       (see our PRD paper for the details)



TMD correlation functions for spin-1 hadrons
Spin vector:  Sµ = SL

P+

M
n µ − SL

M
2P+ n

µ + ST
µ

Tensor:   T µν = 1
2

4
3
SLL
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M 2 n
µnν + P

+
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n {µSLT

ν } − 2
3
SLL n
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ν } + 1
3
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M 2
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Tensor part (twist-2):  Bacchetta, Mulders, PRD 62 (2000) 114004

             Φ(k,  P,  T ) = A13

M
I + A14
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kµT
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Tensor part (twist-2, 3, 4):  nµ  dependent terms are added for up to twist 4.
                         [For the spin-1/2 nucleon:  Goeke, Metzand, Schlegel, PLB 618 (2005) ,90; Metz, Schweitzer, Teckentrup, PLB 680 (2009) 141.]
             Kumano-Song-2021, for the details see PRD 103 (2021) 014025 
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M
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From this correlation function, new tensor-polarized TMDs are defined 
in twist-3 and 4 in addition to twist-2 ones.

New terms
in our paper

Bacchetta
-Mulders

Terms associated with

n = 1
2

(1,  0,  0,  −1)

Φ ij (k,P,T ) = d 4ξ
(2π )4  eik⋅ξ∫  P,T  ψ j (0)W(0,ξ )ψ i (ξ )  P,T

                                     W(0,ξ ) = Pexp −ig dξ ⋅ A(ξ )
0

ξ

∫⎡
⎣⎢

⎤
⎦⎥



Twist-3 TMDs for spin-1 hadrons
Φ[Γ ](x,  kT ,  T ) ≡ 1

2
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T-even T-odd T-even T-odd T-even T-odd

U [e]

L [hL]

T gT

LL [eLL]

LT fLT

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

T-even T-odd T-even T-odd T-even T-odd

U f  
[e] g [h]

L fL
[eL] gL [hL]

T fT, fT
[eT, eT] gT, gT [hT], [hT]

LL fLL
[eLL] gLL [hLL]

LT fLT, fLT
[eLT, eLT] gLT, gLT [hLT], [hLT]

TT fTT, fTT
[eTT, eTT] gTT, gTT [hTT], [hTT]

Quark

Hadron

⊥

⊥

⊥

⊥

⊥
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⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

⊥

⊥

⊥

⊥

New TMDs New collinear PDFs[· · ·]= chiral odd

*2
*3

*2, *3   Because of the time-reversal invariance, the collinear PDFs gLT (x) and hLL(x)
             do not exist.  However, the corresponding new collinear fragmentation functions 
             GLT (z) and HLL(z) should exist. (see our PRD paper for the details)



Twist-4 TMDs for spin-1 hadrons

Φ[Γ ](x,  kT ,  T ) ≡ 1
2
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New TMDs New collinear PDFs[· · ·]= chiral odd

T-even T-odd T-even T-odd T-even T-odd

U f3

L g3L

T [h3T]

LL f3LL

LT

TT

Quark

Hadron

γ − γ −γ 5 σ i−

T-even T-odd T-even T-odd T-even T-odd

U f3 [h3]

L g3L [h3L]

T f3T g3T [h3T], [h3T]

LL f3LL [h3LL]

LT f3LT g3LT [h3LT], [h3LT]

TT f3TT g3TT [h3TT], [h3TT]

Quark

Hadron

⊥

⊥

⊥

⊥ ⊥

⊥

⊥

γ − γ −γ 5 σ i−

*4

*4   Because of the time-reversal invariance,  h3LT (x) does not exist; 
       however, the corresponding new collinear fragmentation function 
       H3LT (z) should exist because the time-reversal invariance does not 
       have to be imposed.



TMDs and their sum rules for spin-1 hadrons 

T-even T-odd T-even T-odd T-even T-odd

U f3 [h3]

L g3L [h3L]

T f3T g3T [h3T], [h3T]

LL f3LL [h3LL]

LT f3LT g3LT [h3LT], [h3LT]

TT f3TT g3TT [h3TT], [h3TT]

Quark

Hadron

⊥

⊥

⊥

⊥ ⊥

⊥

⊥

γ − γ −γ 5 σ i−

T-even T-odd T-even T-odd T-even T-odd

U f  
[e] g [h]

L fL
[eL] gL [hL]

T fT, fT
[eT, eT] gT, gT [hT], [hT]

LL fLL
[eLL] gLL [hLL]

LT fLT, fLT
[eLT, eLT] gLT, gLT [hLT], [hLT]

TT fTT, fTT
[eTT, eTT] gTT, gTT [hTT], [hTT]

Quark

Hadron

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

⊥

⊥

⊥

⊥

Twist-3 TMDs Twist-4 TMDs

T-even T-odd T-even T-odd T-even T-odd

U f1 [h1]

L g1L [h1L]

T f1T g1T [h1], [h1T]

LL f1LL [h1LL]

LT f1LT g1LT [h1LT], [h1LT]

TT f1TT g1TT [h1TT], [h1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Twist-2 TMDs
Time-reversal invariance in colliear corrlation functions (PDFs)

              d 2kTΦT-odd (x,kT
2 )∫ = 0

Sum rules for the TMDs of spin-1 hadrons

              d 2kT  h1LT (x,kT
2 )∫ = 0,                d 2kT  gLT (x,kT

2 )∫ = 0,

              d 2kT  hLL(x,kT
2 )∫ = 0,                 d 2kT  h3LT (x,kT

2 )∫ = 0

For example, in the twist-4

              d 2kT  h3LT (x,kT
2 )∫ ≡ d 2kT  ′h3LT (x,kT

2 ) − kT
2

2M 2 h3LT (x,kT
2 )⎡

⎣⎢
⎤
⎦⎥∫ = 0



New fragmentations for spin-1 hadrons

Corresponding fragmentation functions exist for the spin-1 haddrons
        simply by changing function names and kinematical variables.

TMD distribution functions:        f ,   g,   h,   e ;      x,   kT ,   S,     T ,    M,    n,   γ + ,   σ i+

                                                                                   ⇓
TMD fragmentation functions:   D,   G,   H,   E ;   z,   kT ,   Sh ,   Th ,   Mh ,   n,   γ − ,   σ i−

Collinear fragmentation functions:
X. Ji, Phys. Rev. D 49, 114 (1994).



PDFs for spin-1 hadrons 

Twist-3 PDFs Twist-4 PDFs

Twist-2 PDFs

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

T-even T-odd T-even T-odd T-even T-odd

U [e]

L [hL]

T gT

LL [eLL]

LT fLT

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ +γ 5 σ ij ,  σ −+

*2

*3

*1

T-even T-odd T-even T-odd T-even T-odd

U f3

L g3L

T [h3T]

LL f3LL

LT

TT

Quark

Hadron

γ − γ −γ 5 σ i−

*4

*1: h1LT (x),     *2: gLT (x),     *3: hLL(x),     *4: h3LT (x)
     Because of the time-reversal invariance, the collinear PDF vanishes. 
     However, since the time-reversal invariance cannot be imposed
     in the fragmentation functions, we should note that the corresponding
     fragmentation function should exist as a collinear fragmentation function.

We derived analogous relations to 
Wandzura-Wilczek relation and 
Burkhardt-Cottingham sum rule
for fLT and f1LL. (→Song’s talk)

SK and Qin-Tao Song, 
JHEP 09 (2021) 141



Twist-2 relation and sum rule
•   Twist-3 matrix element in terms of tensor-polarized PDFs

           P,T  ψ (0)(∂µγ α − ∂α γ µ )ψ (ξ )  P,T = 2MSLT
α dx

−

1

∫  e− ixP
+ξ −

− 3
2
f1LL(x) + fLT (x) −

d
dx

xfLT (x){ }⎡
⎣⎢

⎤
⎦⎥

•   Twist-3 operator in terms of gluon field tensor

          ξµ ψ (0)(γ α ∂µ − γ µ ∂α )ψ (ξ )⎡⎣ ⎤⎦ = g dt  
0

1

∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠ G

αµ tξ( ) − 1
2
γ 5G!

αµ
tξ( )⎧

⎨
⎩

⎫
⎬
⎭
ξµ ξψ (ξ )

•   Matrix element of field tensor in terms of twist-3 multiparton distribution functions

          d(P ⋅ξ )
2π

eix1P⋅ξ P,T g dt
0

1

∫  ∫ ψ (0) i t − 1
2

⎛
⎝

⎞
⎠  Gµν (tξ ) − 1

2
γ 5 !G

µν (tξ )⎧
⎨
⎩

⎫
⎬
⎭

 ξµ ξψ (ξ ) P,T ξ + =
!
ξT =0

                      = −2MSLT
ν P dx20

1

∫
1

x1 − x2
∂
∂x1

FG ,LT (x1,x2 ) +GG ,LT (x1,x2 ){ } + ∂
∂x2

FG ,LT (x2 ,x1 ) +GG ,LT (x2 ,x1 ){ }⎡

⎣⎢
⎤

⎦⎥

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −

x dfLT (x)
dx

= − 3
2
f1LL(x) − fLT

(HT )(x),    Higher-twist:  fLT
(HT )(x) = −P dy

0

1

∫
1
x − y

∂
∂x

FG ,LT (x, y) +GG ,LT (x, y){ } + ∂
∂y

FG ,LT (y,x) +GG ,LT (y,x){ }⎡
⎣⎢

⎤
⎦⎥

          → fLT (x) =
3
2

dy
yx

ε (x )

∫ f1LL(y) +
dy
yx

ε (x )

∫ fLT
(HT )(y),    ε (x) = i

π
P dy

−∞

∞

∫
1
y
e− ixy = +1      x > 0

−1      x < 0
⎧
⎨
⎩

Define  f + (x) = f (x) + f (x) = f (x) − f (−x),    f = f1LL ,   fLT ,   fLT
(HT ) ,   x > 0

          → fLT
 + (x) = 3

2
dy
yx

1

∫ f1LL
 + (y) + dy

yx

1

∫ fLT
(HT )+ (y)   → Twist-2 relation:   fLT

 + (x) = 3
2

dy
yx

1

∫ f1LL
 + (y)

If we define  f2LT (x) =
2
3
fLT (x) − f1LL(x),

          f2LT
 + (x) = − f1LL

 + (x) + dy
yx

1

∫ f1LL
 + (y) + 2

3
dy
yx

1

∫ fLT
(HT )+ (y)   → Twist-2 relation:    f2LT

 + (x) = − f1LL
 + (x) + dy

yx

1

∫ f1LL
 + (y),    Wandzura-Wilczek like 

                                                                                                → Sum rule:    dx  
0

1

∫ f2LT
 + (x) = 0,                                   Burkhardt-Cottingham like

If  the parton-model sum rule without the tensor-polarized antiquark distributions dx  f1LL
 + (x) = 2

3
dx  b1

 + (x) = 0 
0

1

∫  
0

1

∫ is valid,   → Sum rule:    dx  
0

1

∫ fLT
 + (x) = 0

Summary on the twist-2 relation and sum rule

         g2 (x) = −g1(x) + dy
yx

1

∫ g1(y) (Wandzura-Wilczek relation),       dx
0

1

∫  g2 (x) = 0 (Burkhardt-Cottingham sum rule)

For tensor-polarized spin-1 hadrons, we obtained

         f2LT
 + (x) = − f1LL

 + (x) + dy
yx

1

∫ f1LL
 + (y),                                                  dx  

0

1

∫ f2LT
 + (x) = 0,               f2LT (x) ≡ 2

3
fLT (x) − f1LL(x)

                                                                                                                dx  
0

1

∫ fLT
 + (x) = 0  if dx  f1LL

 + (x) = 2
3

dx  b1
 + (x) = 0 

0

1

∫  
0

1

∫
Existence of multiparton distribution functions:  FG ,LT (x1,x2 ),  GG ,LT (x1,x2 ),  HG ,LL

⊥ (x1,x2 ),  HG ,TT (x1,x2 )

dx∫ b1
D (x) = lim

t→0
− 5
12

t
M 2 FQ(t) + ei

2

i
∑ dxδT∫ qi (x)

                 = 0 ?
F. E. Close and SK, PRD 42 1990( )  2377.
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Future prospects 
and summary



Spin-1 deuteron experiments from the middle of 2020’s
JLab

Proposal (approved),
Experiment: middle of 2020’s

Proposal, 
Fermilab-PAC: January, 2022
Experiment: 2020’s

Fermilab NICA

EIC/EicC2030’s

LHCspin

Prog. Nucl. Part. Phys. 
119 (2021) 103858,
Experiment: middle of 2020’s

arXiv:1901.08002,
Experiment: ~2028

R. Abdul Khalek et al.
arXiv:2103.05419.

D. P. Anderle et al., 
Front. Phys. 16 (2021) 64701.



Summary: our spin-1 TMD and PDF studies
TMDs of spin-1 hadrons

•  TMDs: interdisciplinary field of physics 
•  We proposed new 30 TMDs and 3 PDFs in twist 3 and 4.
•  New sum rules for TMDs.
•  New TMD fragmentation functions.

Twist-3 TMD:   fLL
 ⊥ ,  eLL ,  fLT ,  fLT

 ⊥ ,  e1T ,  e1T
 ⊥ ,  fTT ,  fTT

 ⊥ ,  eTT ,  eTT
 ⊥ ,  

                          gLL
 ⊥ ,  gLT ,  gLT

 ⊥ ,  gTT ,  gTT
 ⊥ ,  h1L ,  hLT ,  hLT

 ⊥ ,  hTT ,  hTT
 ⊥

Twist-4 TMD:   f3LL ,  f3LT ,  f3TT ,  g3LT ,  f3TT ,  h3LL
 ⊥ ,  h3LT ,  h3LT

 ⊥ ,  h3TT ,  h3TT
 ⊥

Twist-3 PDF:    eLL ,  fLT
Twist-4 PDF:    f3LL

Sum rules:        d 2kT gLT (x,  kT
2 ) =∫ d 2kThLL(x,  kT

2 ) =∫ d 2kTh3LL(x,  kT
2 ) =∫ 0

TMD distribution functions:        f ,   g,   h,   e ;      x,   kT ,   S,     T ,    M,    n,   γ + ,   σ i+

                                                                                   ⇓
TMD fragmentation functions:   D,   G,   H,   E ;   z,   kT ,   Sh ,   Th ,   Mh ,   n,   γ − ,   σ i−



The End

The End


