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Quick introduction on twist-3 PDFs

Twist-2 PDFs

Twist-3 PDFs

Order of contribution:

O(1)

PDFs Dirac structure
fi(z) =7
g1(z) I'=9%;
hi(x) I =ioc'Tys

Order of contribution:  O(1/Q)
Jaffe, Ji (PRL 67, 552)/ Jaffe, Ji (Nucl. Phys. B 375, 527)
PDFs Dirac structure
e(r) I =
gr () I'=917
hi(z) ['=ioT s

Density interpretation:

filz) (=)

gi(z) (=p= - (=)
1 ;1

e ) - (D

Twist-3 PDFs

)

ggg correlation

Burkardt (arXiv: 0810.3589)

[ dxx?gr(x) — L force

[ dx x*e(x) — L force
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kr Sketch of quasi-PDF approach

Light-cone (standard) correlator

« Timedependence: 20 = —(z"4+27)=—2"

« Cannot be computed on Euclidean lattice
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Sketch of quasi-PDF approach

T

Light-cone (standard) correlator

Correlator for quasi-PDFs (Ji, 2013)

Cannot be computed on Euclidean lattice

Can be computed on Euclidean lattice

1 dz= . . 1 dzg .
F[F} _ = e ik-z T, .. p3 _ 2 Az ik-z
() 2) or ¢ Fo (@ P) 2] 2r©
X(pl(=3) T W(=3, 5)¥(3)Ip) . < (plo(=5) T Wa(=35, 5)v(5)Ip)
< =2J_=O ZO:EL:O
. 1 1 : ..
« Time dependence : 2% = ﬁ(f +27) = Ez— « Non-local correlator depending on position z*

* Quasi-PDF approach made it possible to directly extract light-cone PDFs from lattice QCD
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kf Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?
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Sketch of quasi-PDF approach

X : 1L

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

& p—k _ig*Crp* g [~ d’”‘k‘ TT[UU’Y k+/{ %+m/7"’ 1
A e Y fl (.'I)) = 1 / 7?'2,_'_ 25 + 7,5) xr — —3 —3
P

p/p
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Sketch of quasi-PDF approach

X : 1L

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

& p—k _ig*Crp* g [~ d’”‘k‘ TT[UU’Y k+/{ %+m/7"’ 1
A e Y fl (.'I)) = 1 / 7?'2,_'_ 25 + 7,5) xr — —3 —3
P

p/p

e k(K ko, k)




Sketch of quasi-PDF approach

T

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

5(s

k4
P

A

fi(z) = —

192 Cr g, /OO d"k Tr[uu*y k—i—/{ %+m/{7“
4 Tyl—l—zs m2 + ic)

e k(K ko, k)

» [ dk” — Residue theorem

pS

)

1

p3
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

s fla) - e [~ Tr[uu*r k+/4 %+m/v“ (r-5) 5
p+“fm\+ | ' N 4 Tyl—l—zs —l—'z,z-:) p3 ) p3

k— (K, ki, k?)

[ dk® — Residue theorem

Take p° — oo

Perform [ d*k,

10
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

ke p—k i CRE g [ dn’f TT[““’Y k+/{ %WL”’%{’Y“ 1
A —— Y fl(m)_ 37——3 "3
4 T?Z—I—’LE —I—ZE) p /D

P

k— (K, ki, k?)

[ dk® — Residue theorem

Take p° — oo

|« Perform [d?k, / ) dky

11
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?
k {
P

_ig2Cp,u2€gW /OO d"k Tr[uﬁ'y’j(k—i—/{q)’y?’(%ij/{’y“] 5(x k?’) 1

e Si(z) = T3 )3
SR, 4 —oo (@m)" (K2 — 4 ie)?((p — k)2 — m + ic) P/ P’

k— (K, ki, k?)

[ dk® — Residue theorem

Take p° — oo

e o]

| Perform [ d%k, o dkL Unfortunately, this
/ cannot be calculated
on lattice
i

asCF

fi(z) = (1—55)(’PUV+1H£ 22 —2>

2

12




Sketch of quasi-PDF approach

T

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

k4
P

filz) = — — x_F

9" Crp™ gy [ d"k Tr[uﬁffj(kﬂL/{q)’YB(%ﬂLm/’Y“} 5( k?’)_
, —— e -

What if I keep p° finite & repeat this calculation? ‘

o [ dk” — Residue theorem

o Take p3 — OO

e o]

dk 1 Unfortunately, this
cannot be calculated
on lattice

asCF

fi(x) = Gy

|+ Perform [ d?k, /0
/
- 2

1-a)(

2
va—Fh’l ) —2)

13




Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)
What if | calculate f; , with, a completely spatial correlator & with 7> & keeping p? finite?
p—k filz) = zngp,u Juv /OO d"k Tr[uu*y k—i—/{ %+m/{’)/“ . k_?’ 1
e S 4 — gl + i)’ i\ )P
- Keeping p? finite, perform [ d?k
i
(1—x)ln$_1+1 x> 1
sC — x)p3
filz,p®) = a F<(1—:1:)1n4(1 ;E)p?’—l—x 0<z<l
2T my
z—1
(1 —2) In —1 x <0
\ i
14




kf Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if | calculate f; , with, a completely spatial correlator & with 7> & keeping p? finite?

oo n ¥
Support outside “physical” region 0 < x < 1 ( d"k_ It [UUF}/ ( +/{ k il m,{{ 7 (x — —)

772'_'_25 m2 + ic) 3

p
' - Keeping p? finite, perform [ d?k

1
p3

((1—x)ln$_1+1 x> 1
fi(z,p®) = 2F<(1—9:)1n( f)p3+x 0<z<1
™ m;
—1
(1—x)ln$ —1 x <0
\ x

15




kf Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if | calculate f; , with, a completely spatial correlator & with 7> & keeping p? finite?

o0 n j ¥ 3
Support outside “physical” region 0 < z < 1 d k I [u Y PY (¥ +/{ % + m"{{ 7 T — k”\ 1
772' + ig)?2 2+ ’LE) 3 ) p3

p
' - Keeping p® finite, perform [ d?k

((1—x)ln$_1+1 x> 1
asC A(1 — x)p3
fi(z,p®) = 2F<(1—9:)1n( f)p3+x 0<z<1 oo
T m, =f0 dk |
—1
(1—x)ln$ —1 x <0
\ T

16




Sketch of quasi-PDF approach

IR singularities of quasi-PDFs & light-cone PDF's are same

Support outside “physical” region 0 < z < 1 (

What if | calculate f; , with, a completely spatial correlator & with v° & keeping p~ finite?

|
> d°k Tr[uuqf k—i—/{
| Tlerzs m2 + ic)

p

- Keeping p? finite, perform [ d?k

,—-\

:' 2 |
C +|\1 g 2>
asUF 1 — ,)(PUV nl(l :‘]‘ (
- h@) = o ( \l ,’,’ (1—:c)ln$_1—|—1 x> 1
vr. /;;/// ,’¢ ----- N\\
| ——— aC £ AL —z)p3
fi(z,p®) = 5 P31 —a)kn ( 2)p3¥:c 0<z<1 oo
s \\ my // > fo dk |
(1 —x) In = —1 x <0
\ x

3

;é+m/w (x 8

17




kf Sketch of quasi-PDF approach

IR singularities of quasi-PDFs & light-cone PDF's are same

What if | calculate f; , with, a completely spatial correlator & with 7v° & keeping p~ finite?

o0 n j ¥ 3
Support outside “physical” region (0 < z < 1 ( d*k_ 1 [“’ uy (K "’/{ % + m,{{ 7] (:c _ k_) %

| Tyz—l—zs m2 + ic) 3)p

p
- Keeping p? finite, perform [ d?k

,—-\

:' 2\ |
C +|\1 E v 2>
asUF 1 — ,)(PUV ,n(l :“: ¢ . .
- @)= ( \l ,’,' (1—2) In o +1 x> 1 UV-finite!
'1, /;;/// ,’, ————— N\\ l
// a,C s A(1 — 2
fi(z,p®) = 5 . (1 — z)iln ( f)p?’}x 0<x <l A
T \\\~~ mg—”; > fo ko_
—1
(1 —2) In ’ —1 x <0
\ x

18




Sketch of quasi-PDF approach

IR singularities of quasi-PDFs & light-cone PDF's are same

What if | calculate f; , with, a completely spatial correlator & with 7v° & keeping p~ finite?

3

o0 n j ¥ 3
Support outside “physical” region (0 < z < 1 ( d"k Tr [“’ uy"” (K "’/{ % + m/{ ’Y ( k

| 772'4—25 m2 + ic)

- Keeping p? finite, perform [ d?k

p

,—-\

N 1 Divergences will manifest after we integrate over x
[ v \
oy 9 |
_ e —n)(Pov R o) ) ; _
fi(z —_ . }: (1—2)In — +1 T>1 UV-finite!
\ /;;/// ,’¢ ----- N\\ l
| ——— aC £ AL —z)p3
f(a:p?’) — 2F<(1—a¢)(1n ( 2)]93}33 O<ar<l1 oo
T \\~- mg—/, > fo dk |
—1
(1 —2) In ’ —1 x <0
\ €T

19
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k~ Matching for twist-3 PDF gr(x)

« Matching formula

qq(z; P°) 2/

dy [z M2 ( Xiong, Ji, Zhang, Zhao, 2013/ Stewart, Zhao, 2017/
mc — )q(y) + O
~1

(P3)2 Izubuchi, Ji, Jin, Stewart, Zhao, 2018/
Yy Ma, Qiu (2018)/ Chen, Wang, Zhu (2020)/
(Scale dependence omitted) Li, Ma, Qiu (2020) )

20
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k~ Matching for twist-3 PDF gr(z)

« Matching formula

—1 |y|

qq(z; P?) = fﬂ @C(S)Q(y) + 0O ( (g;)

(Scale dependence omitted)

 One-loop matching coefficient

C(z; P?)=06(1—2x) +

( Xiong, Ji, Zhang, Zhao, 2013/ Stewart, Zhao, 2017/
Izubuchi, Ji, Jin, Stewart, Zhao, 2018/
Ma, Qiu (2018)/ Chen, Wang, Zhu (2020)/
Li, Ma, Qiu (2020) )

21



N Matching for twist-3 PDF gr(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

L I W 2017/
1-loop corrections = 4§(1 —z) + s o I
(Feynman Gauge) p
(1a)

(1b) (1c) (1d)

Matc

+

e B
onss % Z? 4 @ T @ " ;@ |
k (2a) (2b) (2c) (2d) J
Set up for our calculation
(mq # 0
i.  Feynman Gauge i. UV: [Td’k, — euv ii. IR: [[d®ki — < eR
(Mg # 0



N Matching for twist-3 PDF gr(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matc

1-loop corrections = (1 —x)

(Feynman Gauge)

@)
S
P

(2d)

,@\
L

Set up for our calculatic Ladder diagram: Origin of new features at twist-3 r

i.  Feynman Gauge i. UV: [“dk, — euv il IR: [jd®ki — < e€mr




Casel: g9r & 9ro



Matching for twist-3 PDF gr(z)

~N
kr SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for gr(z)

Definition: M

T S% gr(z) = o'l Hadron attributes: (M, S%, Pt)
Quark Target Model (QTM)
k v
+ p—k
~[00000000) Mg 00 () ig°Cri* g /°° d'k Tr[uay” (F+mg) y'vs (F +mg) "] s(. F\ 1
P pr LI T ey B m e (kP —mi e\ pt) o

« One cannot set m, to zero at the start in QTM calculations

« Extract linear terms in m, & thenset m, =0 , unless it is used as the IR regulator

25




~N Matching for twist-3 PDF gr(z)
f SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for gr(z)

Definition: = St gr(z) = d0' ) Hadron attributes: (M, S%, PT)

Quark Target Model (QTM)

| +m ﬁsi g(la)(m):_’imcpu%gw /oo A"k Tr[uafyf/ (}é—i—mq)fyi% (k‘qu)’Y”} s( ETN\ 1
¥ pt "I 4 oo (2m)7 (K2 —m2 +ig)2((p — k)2 — m2 + ic)

Trace algebra

n=4—2¢

. o 2¢ o0 @ +
(12) () = _ 9 Cri p+/ "2k, dk~ di* vk () L
— mZ + ig)

Ir (2m)" . (k> —m2 + i2)2((p — k)? ot ) ot

26




~N Matching for twist-3 PDF gr(z)
f SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

CaICUIation O'F ladAAv AiaAavrarm fAr P U |

Definition: Twist-2 Twist-3
Numerator independent of £k~ Numerator has one power of £~
v
p—k
OOOOTOTD| || o gftd(z) = 0Ot [* Tk TOWTY (L ma) s (B4 a0 g, KO) L
pt I 4 oo (2m)7 (K2 —m2 + ie)2((p — k)2 — m2 + i) pt ) pt

Trace algebra

n=4—2¢

- 2 2e o0 (:5
(1a)($) _ g Cru +/ 02k | k- dit 2p7k™ ...

ETYN 1
Sl =2 ) —
It (2m)n p e (k2 — mg +1e)2((p — k)2 — mg + ig) (m pt ) pt

27




~N Matching for twist-3 PDF gr(x)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

=05
Aslan talk, LC 2019

Aslan, Burkardt, Lorce’, Metz, Pasquini

**I' (arXiv: 1802.06243 :
> ( RN ) - ] Twist-3
'I ' \‘ I, :.\//"//
: o {0 ‘ nt of £~ Numerator has one power of £~
\ \i\ L ‘
1 \\;ll \‘\\\ /I’

ﬁ;. .
o T D IR B /7o /°° d*k_ Trluay” (k +mq)v'ys (F+mq) "] o
1 -08 -06 5-04 02 0 02 04, 06 038 1 4 e (27T)” (kQ _ mg —|—i€)2((p _ k)? _ mg + iE)

(2m)" . (k> —m2 + i2)2((p — k)?

. o 2¢ o0 @ +
(12) () = _ 9 Cri p+/ "2k, dk~ di* vk () L
— mZ + ig) pt

28




Matching for twist-3 PDF gr(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

{05

Aslan talk LC 2019

Aslan, Burkardt, Lorce, Metz, Pasquini
(arXiv: 1802.06243)

,‘
/4 \\
\
1
I
]

7

nt of k~

Twist-3

Numerator has one power of £~




Matching for twist-3 PDF gr(z) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

General structure for the ladder-diagram result: LC gr(x)

k la la la
| - g = g8 + an

(1a)
Singular term Canonical term

x 0(x)

30
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Close look at singular term

dn_2]€J_ 1
(2m)n=2 (k3 + m2)

Result after [d" 2k, : gé}(‘g(m) = —a,Cri(z) (4 —n) /ﬁe/

31
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Close look at singular term

dn_2]€J_ 1
(2m)n=2 (k3 + m2)

Result after [d" 2k, : gé}(‘g(m) = —a,Cri(z) (4 —n) /_FE/

32
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Close look at singular term

n—2
2 (1a) - ™ "k1
ReSUIt afterfd kJ_ - gT(S)( QSCF(S ‘ / 27T n—2 k.2 +m2)

X EUV

1
(X —_—
EUV

33
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Close look at singular term

dn_2]€J_ 1
(2m)n=2 (k3 + m2)

Result after [d" 2k, : gé}(‘g(m) = —a,Cri(z) (4 —n) /_FE/

34
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Close look at singular term

n—2

Il. €R

35
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Close look at singular term

n—2

\
|

1 1
5(58) cygyy — — 5(58) €EIR ——
] (la) a,Cr
. mg#0 97() | my 20 = —?5(.@) (} cuv €IR

Il. €R

36
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Close look at singular term

n—2
- ] (1&) . d kJ_
Resultafter [d" 2k, : gy (2) = —asCrd(z) (4 —n) p* / omyn—2 (k2 V{i

(la) o a,Cr
: Mgy % 0 gT(s) m 70 I 5(‘%)
I em gé’}((g e

» Appearance of zero modes is an IR scheme-dependent feature

37
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Matching for twist-3 PDF gr(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Results for canonical part:

dn—2)]_€L

2k* 4 2k1 + 2m? — (4 — n)m]

dk~
_/ 2w (k? —m2 +ie)*((p — k)? — mZ +ie)

p 2

- (1a)  aCp Uy r? —2r—1
I mg 70 T(C)(x)‘ 27 (:EPUV +ln (1 —x)?m?2 1—x )

a q
. a asC 2
i, my £ 0 o] = (ePv ram S 0o

g
a asC 2
ii. €1 g, C)) (z) 2; (x (Puv = Pir) + zIn %)
€IR IR

Puvr =

€UV/IR

T

+ Indn — vg

38
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Results for canonical part:

d™" 2k, / dk=  2k* 4 2k% +2m] — (4 —n)m;
(27)—2 2w (k? —m2 +ie)*((p — k)? — mZ +ie)

i Cr “2
. m 0 (1) ‘ %Xs 1 uv
0 7 977, = Tom A= 2)2m2
1
( ) Puv/ir = p—— +Indr — g
_ aCp
€EIR N 27T

gr(e)(T) = OésCFMQE/

.. la QfsCF
ii. my #0 g(T(C))(x)‘m o

la
iii. er g ()

39



~ Matching for twist-3 PDF gr(z)
J SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Definition: % SY grqlz) = B s

q
/|

Bt Mg (la)

A (o o Y _ (3}) p—

(I B

_”;92CFN269;W /Oo d"k Tr [’UJE'YU (F +mg) v (K ‘|‘mq)"Y”] 52 k? 1
4 (2m)" (k2 —m2 +ig)?((p — k)? — m2 + ie) 3

— 00

40




~ Matching for twist-3 PDF gr(z)
J SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Definition: % SY grqlz) = B s

A ])_:_k % (1‘1) (ZC) — _ig2CFl‘L26gMV /OO dﬂk TI' [UEWU (%‘ —|— mq)’yif)/'c') (k ""mq) ’7”} 5 T — k_g i
‘o0000000) | P UTe 1 o (2 (B2 = m2 +ie)2((p — k)2 — m2 + i) 5 ) p°

(la) (1a)
97.03(s o _ gl
Split into singular & canonical parts

2e A"k / A0 2k%+2k3 +2m2 — (4—n)m?
@r) 2 ) om (B —m2 +ie)((p— k)? —m2 +ie) |

L m e R R R R R R R R R N AR RN N AR R R N AR R AR AR AR RN RN EEE AR EE A REN A RRRNENRARNENEAREEAAREEEEEEEEEEEEEEEEEEEEEEEEREEER

o QEfd“_QkL/dko (4—n)
IrQ = QEFI [ orn=2 | 2r (12— m2 + ie)?

41




~ Matching for twist-3 PDF gr(z)
J SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

M

Definition: -3 SY grqlz) = B s
k4 .
A p_:_k‘ v Mq (la) () = _7:92OFIU269,MV /OO d"k Ir [uﬁf)ﬂ/ (k + mq) 7' Ys5 (k -+ mq) "Y'u} 5l — k_3 i
+mm p3 79 4 _oo (2m)" (K2 —m2 +ie)?((p — k)? — m3 + ig) p3 ) p3
P

(la)

o 2€fd”_2kL/dl~c° (4—n)
IrQ = QSR [ omn=2 | or (B2 — m2 + ie)?

42
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J SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

i d" 2k, [dK®  (4—n)
Close look at singular term (la) 26/ L /
d 97,Q(s) asCru (2m)n—2 om (k2 — m2 + ic)?
\ J
k4 '
p—k
A o coun Y (4 . n)
‘000000007
& (K + 223 + m2)/?

43
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Calculation of ladder diagram for grq(x)

: dk" (4 —n)
Close look at sinqular term (1a) . O
: Ir.Q(s) ¥ XsCFH 21 (k% — m2 + ic)?
J
k4 '
p—k
A —_—— (4 — TL)
00000000
/| (0 + 2]+ )

44
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Calculation of ladder diagram for grq(x)

: dk" (4 —n)
Close look at sinqular term (1a) o . O 2
d IT.Q(s) ~ HsTEFH 2m (k? —m2 + ic)?
J
k4 !
p—k
A s 4 (4 _ TL) X €
00000000
5| (k2 + 27p3 + m2)3/?
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Calculation of ladder diagram for grq(x)

dk® (4—mn)
2w (k? —m2 +ig)?

)

|

(d-n) X €
00000000
(k? + 27p3 + m2)3/2

=Py

- (la) o
. mg #0 97,Q(s) lmy 20 = 0
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k~ Matching for twist-3 PDF gr(z)

T

Calculation of ladder diagram for grq(x)

k
+ p—k
A
P
(1a)
: (la) _
I mgq #0 97,Q(s) lmg#0 = 0

. €R
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k~ Matching for twist-3 PDF gr(z)
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T

Calculation of ladder diagram for grq(x)

Close look at singular term gg}g(s) ~ asCpu
k
+ p—k
A
P4
(‘111.')
- (la) _
l. mq % 0 gT:Q(S) mq7#0 =0

. €R

UV-finite
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Calculation of ladder diagram for grq(x)

Close look at singular term  ¢3'0) | ~ a.Crp
k
+ p—k
00000000 * UV-inite
P4
(1a) « IR-finite exceptat = = 0
: (1a) _
I mgq #0 97,Q(s) lmg#0 = 0

. €R
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Matching for twist-3 PDF gr(x)

I
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Close look at singular term  ¢3'0) | ~ a.Crp
k
+ p—k
A
P4
(1a)
: (1a) _
. mg#0 9I7,Q(s) lmg#0 = 0 /

. €R

d" %k, (4 —n) - 2 M Zarg=3/24ar [(1/2 4 e

UV-finite

IR-finite exceptat x = 0

22 (R + )

(p3)1+261R
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Calculation of ladder diagram for grq(x)

We derive:

/ dk® (4—mn)
/‘“\\ 27 (kQ — mg + ’iE)Q
1., \\
1 10(x)\ 1
IL‘l—HZ(m - _|| E( )l: [m:| +O0(er) —1<az<l \ /
IR LI 4(0)

\\ ,,
” )
‘ (k2 +$p3/ «  UV-finite

* [R-finite exceptat x = 0

- (1a) _
I mg # 0 9I7,Q(s) lmg#0 = 0 / d" 2k, (4 —n) - 2 M Zarg=3/24ar [(1/2 4 e

(27)n—2 (ki _|_$2p:2)))3/2 - (p3)1+2em

. €R
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k~ Matching for twist-3 PDF gr(z)

T

Calculation of ladder diagram for grq(x)

Close look at singular term gg}g(s) ~ asCpu
k
+ p—k
A
P4
(‘111.')
- (la) _
l. mq % 0 gT:Q(S) mq7#0 =0

i, e gl | =
' IR T,Q(s) leir QT
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Matching for twist-3 PDF gr(z)
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T

Calculation of ladder diagram for grq(x)

k
+ p—k
A
P4
(1&1.')
- (la) _
. mg #0 97,Q(s) lmg#0 = 0

i, e gl | =
' IR T,Q(s) leir QT

Just as in LC case, existence of zero modes in quasi-PDF is
IR scheme-dependent
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Results for canonical part:

rmlnﬁ—l x> 1
- a aC
L. mg #0 Iraw@)| = 27TF<J:111 tarlnfE 41204+ 2 O<z<l
mq
\:ElnT—l—l 117<0
(:clnﬁ—l r>1
. a asC
. mg # 0 (I,Q)(C)(:B) = QWF<$IH +rzlnd4(l—2)+1-2x O0<z<l1
Mg
\a:ln7+1 x <0
faclnﬁ—l r>1
a asC (1
Il. €R gé}Q)(c)() = 27TF<—33’PIR+33111%—$ O0<z <l
€IR
A z—1 x <0
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i ,F\)QCn]h\,.c-,

~
k Matching for twist-3 PDF a~ft)

“physical region” o<xe<l only

IR singularities present in the
1///
i. mq 75 0 (1a) ya—
gTﬂQ(C)(aj) = aSCF < 1 " §
Mq o xr nm_SQ
: 0<z<l1
g (1a)
o), = <
mg 2’]'['
O<z<l
iil. ar (1 (
a) ,,
Irqe®)| = O *Q
€IR T —T ’PIR
0<
\ r <1
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Agreement of the IR singularities between light-cone PDF & quasi-PDF
: + p—k
"00000000)




Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

: « Singular terms: Coefficient of singular terms are IR finite
p—k
(00000000} Light-cone PDF Quasi-PDF
(13‘) p C 4 (1 )
a Qg ’ —
970 (@) 0 = — g 0(2) 97.0(6) (), 20 =0
(1a) “ 2m (1a) _
97(5) () = 4 97,q(s) (%) = 4
(1a) _0 Ua) (z)] = osCr §(x)
\QT(S)(J;)‘EIR - \gTaQ(S) €IR ot
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Matching for twist-3 PDF gr(z)
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T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

« Singular terms: Coefficient of singular terms are IR finite

 Canonical terms:
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~ Matching for twist-3 PDF gr(z) II
f SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)
Agreement of the IR singularities between light-cone PDF & quasi-PDF
k4 :  Singular terms: Coefficient of singular terms are IR finite
p—Fk
A e ) |
p} « Canonical terms:
(1a)
: (1a) asCr -1 [,LU-V 1 1 P r? —2r —1
Light-cone PDF gT(C)(%‘)‘mq = g tem Ty TPy T
Quark mass
El x> 1
- a SC
Quasi-PDF 9ot (@ )‘ - = Liani b+ ol {2 41— 0<az<l1
|z In # T +1 x <0
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Agreement of the IR singularities between light-cone PDF & quasi-PDF

k4 :  Singular terms: Coefficient of singular terms are IR finite

p—

A - -

p ) » Canonical terms:

(1a)

- a SO
Light-cone PDF génl(c))(i‘)‘ = QQWF )

Quark mass

Quasi-PDF (1a) ‘ _aCF
gjugﬁg(x)?nq = or \

O<e<l
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T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

k4 :  Singular terms: Coefficient of singular terms are IR finite
p—
A - -
p ) » Canonical terms:
(1a)
: (1a) o C‘fscF
Light-cone PDF 9 )(:p)‘ = |
¢ Mgy 2
Gluon mass

~

uasi-PDF a
° o (@)

Ve

O<axe<l1

61
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T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

k4 :  Singular terms: Coefficient of singular terms are IR finite
p—
A - -
p ) » Canonical terms:
(1a)
. (1a) o OL’SC
Light-cone PDF 97 (@) T Ton +
DR for IR

4

o Cp
e ) 27[- 6@

\

QuasIi-PDF gé}’g(c) (z)

O<ax<l
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Agreement of the IR singularities between light-cone PDF & quasi-PDF

« Singular terms: Coefficient of singular terms are IR finite

« Canonical terms: IR singularities agree for all 3 regulators
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Agreement of the IR singularities between light-cone PDF & quasi-PDF

: « Singular terms: Coefficient of singular terms are IR finite
p—
« Canonical terms: IR singularities agree for all 3 regulators

Other diagrams can be calculated just like in the twist-2 case
Diagram by diagram the IR singularities agree, which is at the heart of quasi-PDF approach

Matching is possible for g (x)
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Matching in MS scheme

([—€2+26+1 £ £ 3 3
(0 £>1 ¢ 1”5—1+1—5+EL_E
QSCF QSCF '_§2 + 25 +1 45(1 - {f)pg 52 - g —1
- Q 0(€) 0<éE<l  + 5 <_ ¢ In 2 + T ]+
0 £<0 2l -1 & 3 ]_ 3
L 1-¢ 3 1-¢& 2(1-&)], 2(1-¢)
aCr 1 3 2

65




Matching for twist-3 PDF gr () Il
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Matching in MS scheme

[ —£%2 42641

§ 3 3 3
!0 £>1 _ ¢ lng_l—f—l_g—i-ik_—i E>1
QSCF QSCF __§2+2£+1 45(1_5)})% 62_§_1
. 0(&) 0<eE<l  + - ¢ In 2 + T— ¢ } 0<eE<l

Matching coefficient for ¢ (x) is independent of IR scheme b £<0

CESCF 1 3 [1,4
51-8)(—=+=In—
T g)( 2+2n4p§)
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Matching in MS scheme

([—€2+26+1 ¢ ¢ 3 3
(0 £>1 ¢ 1”5—1+1—5+EL_E
u? o CF aCp | [—€2+26+1  46(1—-&)ps &£ —-€6-1
%) = 40 0<g<1l 4+ — <_ ¢ In " + ey L
0 £<0 '—§2+25+1ln§—1_ &, 3 ]_ 3
(L 1-¢ 3 1-¢& 21-9], 21-¢)
OdSCF 1 3 [1,2
gy 2 Y) (‘§+§1“@)

£>1

0<¢é<l

§<0

« Convolution integrals ¢(z) :/OO %C(m(g)
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-
- Sy
~

AT +26+1 ¢ ¢ 3 377
4 1 ] - = 0 1
0 §>1 (\I - teo1 —5+25+ 2 . §>
I T B
1) (¢ P s Cr asCr
D (e B ) = 0 1
CMS (g?p:%) 27_[_ <5(§) 0<£<1 + 27T < --------------------------- <§<
T T
T £ 1-¢a-9). 20-g."°

-~ -
~ -
al . -

-~ —
---—-- -
N ——

Problems with MS g
« Convolution integrals ¢(x) :/ é()(&)fj(g)

» Mismatch in norm: [*°_dz g™ (z, u, p®) # fol dz g™ (z, 1)
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Matching in MMS scheme

([—&2+2¢+1

§ £ 3 3
(0 £>1 ¢ 1”5—1+1—5+EL_E
0 (¢ 1) _ @Cr a:Cr | [=62+26+1  48(1 = &)pj 52—5—1]
Cm—s(fv_g) = —- (9@ 0<g<l + — i In T .
0 £<0 [ S SR A Sk S SR ] 3
(L 1-¢ & 1-¢ 201-9), 200-9)

OdSCF 1 3 [1,2
1—&) -2+ 2mi
o 8( 2+2n4p§)

£>1

0<¢é<l

§<0

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

69




~N Matching for twist-3 PDF gr ()
f SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MMS scheme

([—€2+26+1 £ £ 3 3
(0 £>1 o 1-¢ 1n£—1+1—§+i}+_>< <
(1) p?\ aCr asCp | [-€2+26+1  46(1-&p; & —-¢-1
CM_S(g,—%) = (&) 0<é<l + 5 <_ ¢ In 2 + ¢ |, 0<é<l
0 £<0 2+l (-1 € 3 ] B
T 1o M 1ol AN T

OdSCF 1 3 [1,2
1—&) -2+ 2mi
o 8( 2+2n4p§)

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

« Subtract divergences outside the physical region
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Matching in MMS scheme

0 e>1 (:_£21+—2§+11n£§1+1§§+%}+_>)’< o
c%(f“—;) = Q;i‘”w(g) 0<&<1 + 0‘32?< :_§21+_2§+11n4f(1l;25)p§+521__§€_1]+ 0<é<
0 £<0 \:—521+_2§+11n€g1_1f§+2(13_£)]+— G £<0
+ QZ:F(S(l— > —1n”—22)

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

« Subtract divergences outside the physical region

« Ampose: [ da Gz, p,p%) = [y duq®(z, p)
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Matching in MMS scheme

([—€24+26+1 £ £ 3
(0 £>1 1« lng—1+1—g+EL £>1
2 B 2 2 2
(1) 17 asC asC —{E+26+1 4(1—-&)ps  &£—-E6—-1
-Cl\}M—S(é’,%) = (0@ 0<é<t o+ QWF<_ T e R L 0<¢<1
0 £<0 A4 -1 ¢ 3 } 0
T ioe MEe TioeTaigl, - <

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

« Subtract divergences outside the physical region

« Ampose: [ da Gz, p,p%) = [y duq®(z, p)
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Matching in MMS scheme

([ +2641 § § 3
P\ _ asCr a,Cp | [ +26+1  4¢(1 — €)p3 g2_5_1]
(‘fa%) = o <6(£) 0<§<1 + o <_ 1_5 In /,1,2 + 1_&_ N O<£<1
L0 §<0 ’—g2+2§+11 -1 ¢ 3 } ;
T 1o Me Ti-etai-ol. ¢
éedTWisteot

@%\ Matching implemented by ETM Collaboration in lattice QCD

'
b, J See Aurora’s talk for our first lattice QCD result for g (z)

Cy
ONaporat™®
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF

Features

Example:

-
’ \
\

N’

a asCF' /J,2
h(Ll(s)) (33)|mq = _Tqu?(m) EPUV + In nt?,J;[ —1

q

)

Zero modes are unavoidable
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF

Features

Example:

4
a asCry
hfrf(sﬁ (x) |mq == Tﬁpﬁ?(ﬂﬁ)ﬁpuv

Zero modes are unavoidable

IR-dependent prefactor of zero modes
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF Features
Example: :
P « Zero modes are unavoidable
/“\\
h(Ll(C;)) (33)|m = —q;;C'F((S(:B) EPUV — 1)
’ AN . IR-dependent prefactor of zero modes
Quasi-PDF Features
Example: « Seemingly different looking IR pole

(la) _
hiqe) () —

structure
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF

Features

Example: :
P « Zero modes are unavoidable
AN
\
a SC !
h(Ll(s)) (33)|mq = _anl\é(a:) EPUV — 1)
N/ * IR-dependent prefactor of zero modes
Quasi-PDF Features
Example: « Seemingly different looking IR pole
structure
hpoe(@)| =

Mg

Do quasi-PDFs and LC PDFs share same
IR physics?
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

(1) asCr 1 , m?

L,Q(S)(m) m, - T on \/m where, n?= E —l<z<l1
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

P9 @] —-2er h 22 gt
L, wIlere, = —5 — xr
Q) Mg 27 \/513274-772 " p3
(1a) _ asCr
hL:Q(S) (:C) 29
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Non-trivial role of zero-modes in matching for e(z) & hy(z) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

CI{SCF 1 mg

pile) (a:)‘ — 2 _ _
L,Q(s) my o 2 + 12 where, n* = ~ 1<z <1
asCp H%}V .
( )l =i d(z) | Puv + In — —1
g 2m m é
Cr |1
h(la) . aS =

Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

O{SCF

Recaﬂ:

1 m

(1a)
hiqes (@)

mq:_ 27T 4/;1;24—7']2

where, 7?= —1L p(1a)

p% L (s) (I')/ =

iy CF

m,

7 . —0 2
2r °@)(Pyy o1, My
m?=2

Incorrect approach

q

Correct approach

/tda:& = /11dmf(zz:

+ e f() Hm] +O0P)

-1 |33|

Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!

By convoluting with a well-behaved test-function, it is possible
to isolate singularity at x = 0

Agreement in the IR poles between quasi & LC PDFs:
Matching possible for e(x), hr(x)
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

Point = = 0 is extremely delicate for quasi-PDFs! ‘

Incorrect approach

Correct approach

T

/11dx\/§2(—$7—‘—)?72 = /11dmf(:zr
+ /1 dr f(x) [LLM +O(n?)

-1 |33|

Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!

By convoluting with a well-behaved test-function, it is possible
to isolate singularity at x = 0

Agreement in the IR poles between quasi & LC PDFs:
Matching possible for e(x), hr(x)
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Non-trivial role of zero-modes in matching for e(z) & hy(z)
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T

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

Point z = 0 is extremely delicate for quasi-PDFs!

ln~rAvrrant nnnrannh | Cnrrart annrnarh

Matching coefficient for A (z) (as well as for e(z) ) is independent of IR scheme ‘

LQs) v o W

+ 11 o [li—d Ly FOu)

Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!

By convoluting with a well-behaved test-function, it is possible
to isolate singularity at x = 0

Agreement in the IR poles between quasi & LC PDFs:
Matching possible for e(x), hr(x)
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

Point z = 0 is extremely delicate for quasi-PDFs!

Cnrrart annrnarh

IlnArAvvran + annrnnnm 2

T

Matching coefficient for A (z) (as well as for e(z) ) is independent of IR scheme |

R 2 '] I R I
éed Tw:ste
_ ;&“ %m Matching implemented by ETM Collaboration in lattice QCD _
Doin¢ | = ossible
matcl ¢
one J ’s tallk f first lattice QCD result for }
& LC e ¥ See Aurora’s talk for our first lattice QCD result for 5 (z)
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Summary & Outlook

Quasi-PDF approach has made it possible to directly access PDFs from lattice QCD

Extracted matching coefficient for 97(z), hr(z) (& e(x))

Presence of singular zero-modes in perturbative results makes the extraction of matching coefficient
non-trivial

We laid the necessary theoretical foundation to deal with zero-modes in matching

Explore recent twist-3 matching results by Braun, Ji, Vladimirov (arXiv: 2103.12105, 2108.03065)
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