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Gluon Sivers func9on (GSF)
• Gauge link dependent gluon TMDs 

• GSF: T-odd object; two gauge links; process dependence more involved 
• For any process GSF can be expressed in terms of two func9ons: 

•           f-type, C-even  
•          d-type, C-odd 
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argument is used in the study of high-!! hadron pairs in
muon-deuteron and muon-proton scattering ["#, "$], where
photon-gluon fusion is expected to dominate. %e relevant
asymmetry "sin("2!#"")$! is found to be #0.14 ± 0.15(stat.) ±
0.06(syst.) at $%%& = 0.13 for the deuteron and #0.26 ±0.09(stat.) ± 0.08(syst.) at $%%& = 0.15 for the proton. For
the interpretation of the data in terms of the gluon Sivers
e&ect, '2 and !! of each hadron need to be su'ciently
large to trust factorization). Here the transverse momenta
of the heavy quarks are considered to be almost back-to-
back. %ere is no problem with TMD factorization breaking
contributions of the type discussed in [()], but that does not
mean that the process is as straightforward as SIDIS. Even in
the case where one considers charm jets, one has to include a
description of the transverse momentum distribution inside
such a jet. It may be easier to consider (0(0 measurements
(for a study of the twist-* SSA in large!!(meson production
in SIDIS, that is, )!& * )'(+, see [**, ")]). In either case
one deals with * TMDs. Such processes involve a di&erent
so+ factor (in this case a vacuum correlator of , Wilson
lines) compared to processes involving ) TMDs as in SIDIS,
a&ecting the predictability. %is has been discussed at the
one-loop level in ["*]. %e SSA in )!& * )'(0(0+ has
been studied for some models of the gluon Sivers function
in ["-]; compare Section ).*.$ of ["-]. %is may be the
“smoking gun” process for the gluonic Sivers e&ect at an
EIC. It should be mentioned though that it actually probes
a di&erent gluon Sivers TMD than the hadronic processes
discussed above. %is is discussed in the next section. It
shows that hadronic processes are complementary to DIS
processes.

For completeness we mention that when comparing
extractions of the gluon Sivers TMD fromdi&erent processes,
one has to take care not only of the process dependence but
also of the di&erent energy scales. Under TMD evolution
from one scale to another, the transverse momentum distri-
bution changes. For details we refer to ["!–.#].

5. Process Dependence of
the Gluon Sivers Function

Once a set of processes that in principle allow probing the
gluon Sivers TMD has been obtained, one still has to take
into account the fact that such TMD is process-dependent.
For quarks the famous overall sign change between the Sivers
TMD probed in SIDIS and the one probed in Drell-Yan
is expected [*, .$–.*] and is currently under experimental
investigation. For gluons the situation is more complicated
as each gluon TMD depends on two gauge links (in the
fundamental representation), so there are more possibilities
[$$, .-, .!].%e gauge link structure of the gluon distributions
in )! * )'(0(0+ di&ers from the one in, for instance,!! * ,jet+ (cf. [.,] for the comparison at small %).
Clearly, this will complicate the analysis of gluon Sivers e&ect
which will involve more than one gluon Sivers function.
In [$$] it was demonstrated that any gluon Sivers function

can be expressed in terms of two “universal” gluon Sivers
functions:-()[$]1! .%, k2(/ = 20*=11[$]%,*-()(+*)1! .%, k2(/ , ($#)

where the coe'cients 1[$]%,* are calculable for each partonic
subprocess. %e /rst transverse moments of the two distinct
gluon Sivers functions are related (at least at tree level) to the
two distinct trigluon Qiu-Sterman functions 2(,/-)% . %ere-
fore, we will refer to the universal gluon Sivers functions as-()(,)1! and -()(-)1! .%e two functions have di&erent behavior
under charge conjugation, just like2(,)% is a matrix element of
a 1-even operator and 2(-)% of a 1-odd operator.

%e process )!& * )'(0(0+ is dominated by just one
partonic subprocess ,3 * 44 and thus probes the gluon
Sivers functionwith two future-pointing (+) links [.(], which
is -()(,)1! [$$]. %e process !&! * ,jet+ probes the sub-
processes 43 * ,4 and 44 * ,3. If one selects kinematics
such that one probes small-% values in the polarized proton,
such that 43 * ,4 dominates, then this process accesses
the gluon Sivers with a future- and past-pointing link,
which corresponds to-()(-)1! .%e theoretical expectations are
di&erent for these two cases.

6. Theoretical Constraints on Sivers Function

Constraints on the unintegrated gluon Sivers TMD -()1! (%,
k2() from /ts have to take into account that it is theoretically
possible that both the quark and the gluon Sivers TMD can
have nodes in % and/or 5( [.", ..].%e possibility of a node
in % is supported by the observation [*!] that the splitting
function for 2(,)% is negative at small %, in analogy to the63 case. Fits to SIDIS data (studied with a rather restrictive
parameterization and in a restricted kinematic range) do not
appear to require a node [$##], but that does not exclude this
possibility. Especially when comparing data from di&erent
kinematic regions and di&erent processes, this option should
be kept in mind. Nodes can of course have a large e&ect
on integrals of Sivers functions, such as the /rst transverse
moment (() and its /rst Mellin moment (for parton 7)8k(.9 = #:.;S! < ;P/= d%-((1).1! (%) , ($$)

which is the average transverse momentum inside a trans-
versely polarized target.%e notation $k(.& comes from [$#$].
%is quantity is related to the Sivers shi+ [$#)], the average
transverse momentum shi+ orthogonal to the transverse
spin direction, which is normalized to the zeroth transverse
moment of the unpolarized TMD -(0)1 (%) > ? d25(-1(%, k2():85/( (%)9$!# =:-((1)1! @%; A, BC-(0)1 @%; A, BC . ($))

Here only the D-component perpendicular to the transverse
spin direction % is nonzero and therefore considered. Note
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so+ factor (in this case a vacuum correlator of , Wilson
lines) compared to processes involving ) TMDs as in SIDIS,
a&ecting the predictability. %is has been discussed at the
one-loop level in ["*]. %e SSA in )!& * )'(0(0+ has
been studied for some models of the gluon Sivers function
in ["-]; compare Section ).*.$ of ["-]. %is may be the
“smoking gun” process for the gluonic Sivers e&ect at an
EIC. It should be mentioned though that it actually probes
a di&erent gluon Sivers TMD than the hadronic processes
discussed above. %is is discussed in the next section. It
shows that hadronic processes are complementary to DIS
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versely polarized target.%e notation $k(.& comes from [$#$].
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is expected [*, .$–.*] and is currently under experimental
investigation. For gluons the situation is more complicated
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fundamental representation), so there are more possibilities
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is -()(,)1! [$$]. %e process !&! * ,jet+ probes the sub-
processes 43 * ,4 and 44 * ,3. If one selects kinematics
such that one probes small-% values in the polarized proton,
such that 43 * ,4 dominates, then this process accesses
the gluon Sivers with a future- and past-pointing link,
which corresponds to-()(-)1! .%e theoretical expectations are
di&erent for these two cases.
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k2() from /ts have to take into account that it is theoretically
possible that both the quark and the gluon Sivers TMD can
have nodes in % and/or 5( [.", ..].%e possibility of a node
in % is supported by the observation [*!] that the splitting
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calculable for each channel

(Buffing, Mukherjee, Mulders’13)
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Gluon Sivers func9on (GSF)
• Theory constrain from Burkardt’s sum rule: sum of the transverse momenta of 

quarks and gluons in a transversely polarized nucleon is zero  
• Various pp scaYering processes suggested to probe GSF 

• Within generalized parton model, first es9mate of the GSF 
• twist-3 collinear factoriza9on, indirect constrain on GSF
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"e #avor singlet combination of ! and " is of the same order
as the gluon contribution in #! counting [$%]. "e latter is
thus 1/#! suppressed with respect to the #avor nonsinglet
quark Sivers e&ect at not too small $ ($ % 1/#!) [$'].

Within the current accuracy, the SIDIS data do not
require any sea quark or gluon contributions, which among
other considerations (see Section () led Brodsky andGardner
to conclude that the gluon Sivers function is small or even
zero (“absence of gluon orbital angular momentum”) [()].
"e SIDIS data fromHERMES, COMPASS, and Je&erson Lab
Hall A are of course at rather modest &2 and not too small-$
values, that is, in the valence region. One cannot yet draw any
conclusions about the gluon Sivers function at higher&2 and
smaller values of $. Moreover, the data certainly still allow
for gluon Sivers contributions of the order of 1/#! times the
valence quark Sivers functions. "is is evident from the *ts
by Anselmino et al. [$$], where the *rst transverse moment
of the ! and " Sivers functions has error bands that are at least
around +)% of the central values.

Note that the SSA in the “inclusive” process '( ) *+,
where the back-scattered lepton is not observed [(,, (-], does
not allow for an interpretation in terms of TMDs, as the data
are dominated by &2 , 0. Even for large (" the appropriate
factorization would be collinear factorization and the Sivers
type of asymmetry would probe the Qiu-Sterman functions
instead [(+], which as discussed above have some relation
to the Sivers TMDs, but only via the tail or possibly via the
*rst transverse moment. "e asymmetries for (" > 1GeV
are found to be at the level of $–,)% for positive hadrons.
Fits will need to make clear how much room there is for a
gluon Qiu-Sterman e&ect. Given the fact that the gluon Qiu-
Sterman function does not enter at leading order in -# in this
process, this room may be considerable.

4. Sivers Asymmetry in Other Processes

Several other (( scattering processes to access the gluon
Sivers function have been suggested over the past years:($( ) jet jet+ [(!], ($( ) .+ [+!, !!, ($], ($( ) /+
[((], ($( ) /jet+ [((, (.], ($( ) /%+ ) 0+0&+
[((], ($( ) jet+ (single transverse spin asymmetries in jet
production measured at RHIC [(%, ('] at forward rapidities
(the valence region) show very small asymmetries, which
is probably due to a cancellation among ! and " quark
contributions [.)]), ($( ) 1jet+ [.,], and ($( ) 2!/'+
[+']. Several of these processes are like 3( in (high-(")
pion production, which means that they deal with twist-+
collinear factorization and only provide indirect or limited
information about the gluon Sivers TMD. Several other
processes run into the problem of TMD factorization break-
ing contributions [.-] and hence are not safe. In principle
they do probe TMDs but as a result of TMD factorization
breaking contributions, conclusions about the gluon Sivers
function from their measurements cannot be drawn safely.
"is applies, for instance, to the process ($( ) jet jet+
(measured at RHIC to be small at the few percent level [.+]),
which moreover su&ers from cancellations between ! and "
contributions and between the e&ects of initial and *nal state

interactions [.!–.(]. TMD factorization breaking would also
apply to open heavy quark production: ($( ) &&+, such
as ($( ) .0.0+; compare, for example, [..]. Whether the
problem also applies to double heavy quarkonium produc-
tion remains to be seen, because in practice the color singlet
contributions may give the dominant contribution in that
case. Among the hadronic collisions the processes having one
or two color singlets in the *nal state would in any case be
the safest. One very promising example is ($( ) /jet+
[(.], where it depends on the rapidity of the photon and
the jet, that is, on the $ fraction of the parton in polarized
proton, whether the gluon Sivers function dominates over the
quark one or vice versa. Another very promising example is($( ) 4/5/+, which is predominantly initiated by gluon-
gluon scattering (which is an order in -# higher than the
gluon contribution in ($( ) /jet+) and for which the color
singlet contribution dominates over the color octet one to a
large extent [.%, .']. "e same applies to ($( ) 4/54/5+
(see the contribution by Lansberg and Shao in this special
issue). AFTER@LHC would be very well-suited for studying
these processes.

SSA experiments could be done at AFTER@LHC where
the beam of protons or lead ions of the LHC would collide
with a *xed target that is transversely polarized. Such(($ and67($ collisions would have a center-of-mass energy 89((
of ,,$ and .-GeV, respectively, and have high luminosity
and good coverage in the rapidity region of the transversely
polarized target (mid and large $$)) [!.]. Polarized Drell-
Yan and prompt photon production studies could be done
to measure the quark Sivers function very precisely, perhaps
to the level that the gluon Sivers function becomes relevant,
despite the large values of $ in the polarized target. As
mentioned /jet and 4/5/ production could be used to study
the gluon Sivers e&ect directly, where the former would
need speci*c selection of the rapidities. In addition, the
comparison of 67($ ) /jet+ and (($ ) /jet+ would
give a further handle on determining the relative sizes of
quark and gluon Sivers functions. Other processes, such as.-meson or 4/5 production, would allow a similar study of
Qiu-Sterman functions, including the trigluon ones, which
are of course interesting in their own right. See [-%] for a
more detailed and quantitative study of twist-+ transverse
single spin asymmetries in proton-proton collisions at the
AFTER@LHC experiment. All these possibilities o&er a very
interesting complementary opportunity or even a compet-
itive alternative to the other existing high-energy particle
physics spin projects aiming at studying the role of gluons in
transversely polarized protons.

In electron-proton scattering one of the most promising
processes to directly probe the gluon Sivers function is open
charm production, '($ ) '*::+, which could ideally be
studied with an Electron-Ion Collider (EIC). By selecting
the charm (or bottom) quark, one e&ectively eliminates the
subprocesses /%; ) ;< and /%; ) ;< and becomes essen-
tially (this assumes that intrinsic charm contributions are
suppressed by selecting su/ciently small-$ values) sensitive
to /%< ) :: and thus to the gluon Sivers function (a similar
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as ($( ) .0.0+; compare, for example, [..]. Whether the
problem also applies to double heavy quarkonium produc-
tion remains to be seen, because in practice the color singlet
contributions may give the dominant contribution in that
case. Among the hadronic collisions the processes having one
or two color singlets in the *nal state would in any case be
the safest. One very promising example is ($( ) /jet+
[(.], where it depends on the rapidity of the photon and
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of ,,$ and .-GeV, respectively, and have high luminosity
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to the level that the gluon Sivers function becomes relevant,
despite the large values of $ in the polarized target. As
mentioned /jet and 4/5/ production could be used to study
the gluon Sivers e&ect directly, where the former would
need speci*c selection of the rapidities. In addition, the
comparison of 67($ ) /jet+ and (($ ) /jet+ would
give a further handle on determining the relative sizes of
quark and gluon Sivers functions. Other processes, such as.-meson or 4/5 production, would allow a similar study of
Qiu-Sterman functions, including the trigluon ones, which
are of course interesting in their own right. See [-%] for a
more detailed and quantitative study of twist-+ transverse
single spin asymmetries in proton-proton collisions at the
AFTER@LHC experiment. All these possibilities o&er a very
interesting complementary opportunity or even a compet-
itive alternative to the other existing high-energy particle
physics spin projects aiming at studying the role of gluons in
transversely polarized protons.

In electron-proton scattering one of the most promising
processes to directly probe the gluon Sivers function is open
charm production, '($ ) '*::+, which could ideally be
studied with an Electron-Ion Collider (EIC). By selecting
the charm (or bottom) quark, one e&ectively eliminates the
subprocesses /%; ) ;< and /%; ) ;< and becomes essen-
tially (this assumes that intrinsic charm contributions are
suppressed by selecting su/ciently small-$ values) sensitive
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(measured at RHIC to be small at the few percent level [.+]),
which moreover su&ers from cancellations between ! and "
contributions and between the e&ects of initial and *nal state

interactions [.!–.(]. TMD factorization breaking would also
apply to open heavy quark production: ($( ) &&+, such
as ($( ) .0.0+; compare, for example, [..]. Whether the
problem also applies to double heavy quarkonium produc-
tion remains to be seen, because in practice the color singlet
contributions may give the dominant contribution in that
case. Among the hadronic collisions the processes having one
or two color singlets in the *nal state would in any case be
the safest. One very promising example is ($( ) /jet+
[(.], where it depends on the rapidity of the photon and
the jet, that is, on the $ fraction of the parton in polarized
proton, whether the gluon Sivers function dominates over the
quark one or vice versa. Another very promising example is($( ) 4/5/+, which is predominantly initiated by gluon-
gluon scattering (which is an order in -# higher than the
gluon contribution in ($( ) /jet+) and for which the color
singlet contribution dominates over the color octet one to a
large extent [.%, .']. "e same applies to ($( ) 4/54/5+
(see the contribution by Lansberg and Shao in this special
issue). AFTER@LHC would be very well-suited for studying
these processes.

SSA experiments could be done at AFTER@LHC where
the beam of protons or lead ions of the LHC would collide
with a *xed target that is transversely polarized. Such(($ and67($ collisions would have a center-of-mass energy 89((
of ,,$ and .-GeV, respectively, and have high luminosity
and good coverage in the rapidity region of the transversely
polarized target (mid and large $$)) [!.]. Polarized Drell-
Yan and prompt photon production studies could be done
to measure the quark Sivers function very precisely, perhaps
to the level that the gluon Sivers function becomes relevant,
despite the large values of $ in the polarized target. As
mentioned /jet and 4/5/ production could be used to study
the gluon Sivers e&ect directly, where the former would
need speci*c selection of the rapidities. In addition, the
comparison of 67($ ) /jet+ and (($ ) /jet+ would
give a further handle on determining the relative sizes of
quark and gluon Sivers functions. Other processes, such as.-meson or 4/5 production, would allow a similar study of
Qiu-Sterman functions, including the trigluon ones, which
are of course interesting in their own right. See [-%] for a
more detailed and quantitative study of twist-+ transverse
single spin asymmetries in proton-proton collisions at the
AFTER@LHC experiment. All these possibilities o&er a very
interesting complementary opportunity or even a compet-
itive alternative to the other existing high-energy particle
physics spin projects aiming at studying the role of gluons in
transversely polarized protons.

In electron-proton scattering one of the most promising
processes to directly probe the gluon Sivers function is open
charm production, '($ ) '*::+, which could ideally be
studied with an Electron-Ion Collider (EIC). By selecting
the charm (or bottom) quark, one e&ectively eliminates the
subprocesses /%; ) ;< and /%; ) ;< and becomes essen-
tially (this assumes that intrinsic charm contributions are
suppressed by selecting su/ciently small-$ values) sensitive
to /%< ) :: and thus to the gluon Sivers function (a similar
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FIG. 1: Best estimate of the SSA AN , red solid line, compared with PHENIX data [1] at
!
s = 200 GeV and at midrapidity, as

a function of PT and adopting the SIDIS2 extraction for the quark Sivers functions [50]. The red band represents a tolerance
of 10% in !2 (see text for details).
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FIG. 2: Best estimate of the SSA AN , red solid line, compared with PHENIX data [1] at
!
s = 200 GeV and at midrapidity,

as a function of PT (in the lower PT range), obtained adopting the SIDIS2 set [50] (left panel) and the SIDIS1 set [45] (right
panel) for the quark Sivers functions. The red(green) band represents a tolerance of 10%(2%) in !2 (see text for details). The
gluon contribution to AN , blue dotted line, is also shown.

We notice here that a tolerance of 5% would give results very similar to the 10% uncertainty band. As stated above,
given the limited number of experimental data, we cannot claim to have a statistically significant best fit. Therefore,
it would not make sense defining and showing statistical error bands. On the other hand, it is useful to quantify the
level of accuracy in the description of the data and the corresponding gluon Sivers function when the !2 varies within
these ranges.
In Fig. 1 we present our results for AN (quark plus gluon contributions) at

!
s = 200 GeV and midrapidity,

compared with PHENIX data [1] and adopting the SIDIS2 [50] extraction of the quark Sivers functions. Here we
show the full PT range, together with our best estimate (solid red line) and a red band corresponding to a tolerance
of 10% in !2, as explained above. As one can see the description of data is extremely good, even if the scale adopted
in the plot and the tiny data values hide some details. Almost undistinguishable results are obtained for the SIDIS1
set.
To better visualize the data description and the di!erences between the two sets, in Fig. 2 we show the results for

AN in the lower PT range for the SIDIS2 (left panel) and the SIDIS1 (right panel) sets. Quite importantly, this is the
region that better constrains the gluon Sivers contribution. In this case, we also show the narrower tolerance green
band corresponding to a 2% increase in !2, together with the contribution coming from the best estimate of the gluon
Sivers function (blue dotted line).
Notice that for the full-PT range, the Bjorken x explored varies, roughly, between 6 · 10!3 and 0.6, while in the

lower-PT range (up to 5 GeV) the maximum value of x is around 0.4-0.5. This has to be taken into account, together
with the fact that the adopted quark Sivers functions are constrained by available SIDIS data only in the region
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FIG. 3: First k!-moment of the gluon Sivers function as defined in Eq. (14) for the SIDIS2 set (left panel) and SIDIS1 set
(right panel) at Q2 = 2 GeV2. The best estimates (red solid lines) are shown together with the tolerance bands corresponding
to a 2% (narrower, green) and 10% (wider, red) variation in the !2. The former bound on the gluon Sivers function (magenta
dotted line), obtained in Ref. [2], is also shown.

up to x ! 0.3. In other words, the present analysis, which aims at constraining the gluon Sivers function adopting
the information on the quark Sivers contribution and the midrapidity data in pp collisions, is sound only up to
x ! 0.3" 0.4. On the other hand, this is the most interesting region for a study of gluon distributions.
In Fig. 3 we present the corresponding results for the first k!-moment of the gluon Sivers function, defined as

!Nf (1)
g/p!(x) #

!

d2k!
k!
4Mp

!Nfg/p!(x, k!) = "f!(1)g
1T (x) . (14)

More precisely we show (SIDIS2 set in the left panel and SIDIS1 set in the right panel) the best estimates, red solid
line, together with the two tolerance bands of 2% (green, the narrower one) and 10% (red, the wider one) and the
previous upper bound obtained in Ref. [2] (magenta dotted line). Notice that the two results (old vs. new bound)
for both sets are not directly comparable due to the deep di"erences in the two analyses. Nevertheless from this new
study one can appreciate the tiny role left to the gluon Sivers function when one tries to describe the latest AN data
at midrapidity. This is confirmed even assuming a relatively large tolerance in !2, like those considered here.
From these results one can quantify the role played by the indeterminacy on the quark Sivers functions and on the

fragmentation function sets. This is definitely an important source of uncertainty in the GSF extraction. In particular,
as shown in Fig. 3, we see that the GSF is much smaller (but with larger uncertainties) for the KRE-SIDIS1 case
in the low x region, while on the contrary is more constrained for the DSS-SIDIS2 case in the large-x region. For
0.05 <! x <! 0.3 the two extractions are almost compatible, considering the uncertainty bands, with the DSS-SIDIS2
bands narrower than the corresponding bands for the KRE-SIDIS1 set in the low-x region, while the viceversa is true
in the large-x region. This is related to the fact that the SIDIS2 set has also a more constrained sea quark component
and the DSS fragmentation set enhances the role played by the gluon distribution.
Another potential source of uncertainty of this analysis is related to the direct use of the quark Sivers functions as

extracted from SIDIS data. As already remarked in the introduction, we do not have a proof of TMD factorization and
universality of TMD PDFs for inclusive processes like the one under consideration. Nevertheless, one could speculate
about the possible impact of initial and/or final state interactions.
A way to implement these e"ects in pp $ "X processes was proposed few years ago in Ref. [83], and applied to

inclusive pion jet production in pp collisions in Ref. [84], in the framework of the so-called color gauge-invariant (CGI)
GPM approach. We recall here that the authors of these works focused only on the quark initiated processes and that
nothing has been done so far on the gluon sector. To account also for this source of uncertainty we have reconsidered
the contribution of the quark Sivers functions adopting the CGI-GPM. It is important to note that di"erently from
what happens in the forward rapidity region, where one gets a contribution of almost the same size but opposite in
sign w.r.t. the GPM, in the midrapidity region the overall e"ect is a strong reduction in size, but keeping the same
sign. This is due to the fact that in this kinematical region many partonic channels play a comparable role, leading to
relative cancellations among their contributions. The use of this result in the present analysis would imply a reduction
of the GSF and a relative larger indeterminacy towards its smaller values.
In the spirit of further pursuing this issue we explore a somewhat more extreme scenario, maybe less realistic, but

worth of being considered. We repeat the procedure described above, adopting a quark Sivers function reversed in



• At the EIC the spin asymmetry of the heavy quark pair and dijet produc9on in parton model 

has been studied in Boer, Mulders, Pisano and Zhou ’16 

• Accessing of GSF via high-pT dihadron, open charm and dijet has been inves9gated using 

PYTHIA and reweighing methods in Zheng, Aschenauer, Lee, Xiao, Yin ’18 

• They find that the dijet process is the most promising channel 

• Spin asymmetry from GSF in parton model 

• posi9vity bounds Mulders, Rodrigues ’20 

• We recently develop TMD factoriza9on framework for open charm and heavy flavor dijet 
produc9on, and study spin asymmetry a_er including QCD evolu9on.  (Kang, Reiten, DYS, Terry 
’20 JHEP; Kang, Lee, DYS in progress)

4

GSF and spin asymmetry at the EIC



5

Jet TMD studies at the LHC

All-order resumma9on results are consistent with the LHC data 

��� ��� ��� ��� ��� ���

���

�

��

Chien, DYS & Wu  ’19 JHEP Eur. Phys. J. C 77 (2017) 751

(see also Sun,Yuan,Yuan ’15; Buffing,Kang,Lee,Liu ’18,…)



In the Breit frame, the dijet imbalance 
is defined as 

6

TMD factoriza9on for heavy-flavor dijet produc9on in DIS

• Hard, so_ and TMD func9ons are the same as light-jet cases, since pT>>mQ 

• Jet and collinear-so_ func9ons are new, which receive finite quark mass correc9on

d�
UU ⇠ H(Q, pT )JQ(pTR,mQ)JQ̄(pTR,mQ)S(�T )fg(kT )S

c
Q(lQT )S

c
Q̄(lQ̄T )�

(2)(kT + �T + lQT + lQ̄T � qT )
<latexit sha1_base64="7JDxxY/HUStzQPKciktUP/sUCdY="></latexit>

the factorized form of the spin-independent cross sec9on

(Kang, Reiten, DYS, Terry ’20 JHEP)
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Figure 1. HF dijet production in electron-proton collisions, as stated in Eq. (2.1).

2.1 Kinematics

As shown in Fig. 1, we consider HF dijet production in the polarized-proton-electron scat-

tering process

e(`) +N(P,ST ) ! e(`0) + JQ(pJ) + JQ̄(pJ) +X , (2.1)

where ST is the transverse spin of the polarized proton with momentum P and ` (`0) is

the momentum of the incoming (outgoing) electron. At LO, HF dijets are produced via

the �⇤g ! QQ̄ process. The HF quark Q and antiquark Q̄ initiate the observed HF jets

JQ and JQ̄ with momentum pJ and pJ , respectively. In this paper, we choose to work

in the Breit frame so that both the virtual photon (with momentum q = ` � `0) and the

beam proton scatter along the z-axis. For convenience, we define the following variables

commonly used in DIS,

Q2 = �q2 , xB =
Q2

2P · q
, y =

P · q

P · `
. (2.2)

We may further note that Q2 = xB y S`P , where S`P = (` + P )2 denotes the electron-

proton center-of-mass energy. In a fashion analogous to SIDIS, we also define the kinematic

variable z = P · pJ/P · q, which gives the momentum fraction of the photon carried by the

jet JQ. At LO, the four-momenta of the incoming and outgoing particles are expressed as
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where we have introduced two light-like vectors, nµ = (1, 0, 0, 1) and n̄µ = (1, 0, 0,�1),

and define pµt such that pµt ptµ = �p2T with pT = pT (cos�J , sin�J). We denote transverse

momenta relative to the photon-proton beam by the subscript T , while that relative to the

jet direction is given the subscript ?. Here, we assume p2T � m2

Q and take p2J = p2
J
= 0.

This allows us to derive the factorized cross section in the following section. Lastly, the

parton-level Mandelstam variables can be defined as

ŝ ⌘ (pg + q)2 = (pJ + pJ)
2 =

p2T
z(1� z)

, (2.4)

t̂ ⌘ (pg � pJ)
2 = (q � pJ)

2 = �
Q2x z

xB
, (2.5)

û ⌘ (pg � pJ)
2 = (q � pJ)

2 = �
Q2x (1� z)

xB
, (2.6)

where x is the momentum fraction of the proton carried by the gluon, and is given by

x =
xBD

Q2z(1� z)
, with D = Q2z(1� z) + p2T . (2.7)

2.2 Factorization formula

In the Breit frame, we define the dijet imbalance as qT = pJT + pJT . For this paper, we

examine the back-to-back configuration where qT ⌧ pJT ⇠ pJT ⌘ pT . Furthermore, we

work in the kinematic regime where mQ . pTR ⌧ pT , with R denoting the jet radius.

Overall, in the region with the scale hierarchy as qTR ⌧ qT . mQ . pTR ⌧ pT , the

factorized expression for the proton-spin-independent cross section is given by

d�UU

dQ2dyd2pTdyJd2qT
=H(Q, y, pT , yJ , µ)

Z
d2�T d2kT d2lQT d2lQ̄TS(�T , µ, ⌫) (2.8)

⇥ �(2)(�T + kT + lQT + lQ̄T � qT ) fg/N
�
x, kT , µ, ⇣/⌫

2
�

⇥ JQ(pTR,mQ, µ)S
c
Q(lQT , R,mQ, µ) JQ̄(pTR,mQ, µ)S

c
Q̄(lQ̄T , R,mQ, µ) .

Above, yJ is the rapidity of the HF jet JQ and is related to the kinematic variable z

through the relation z = eyJpT /Q. In the factorization formula Eq. (2.8), S denotes

the soft function while fg/N is the unpolarized gluon TMD PDF. Their perturbative one-

loop expressions can be found in Sec. 2.4. In the third line of Eq. (2.8), JQ and Sc
Q are

the massive quark jet and collinear-soft functions, which di↵er from the corresponding

functions utilized in light jet production [24–28]. In Secs. 2.5 and 2.6, we present their

explicit calculations at next-to-leading order (NLO). The variables kT , �T , and lT label the

transverse momenta associated with the collinear, soft, and collinear-soft modes. Finally,

µ and ⌫ are the factorization and rapidity scales, respectively, while ⇣ is the Collins-Soper

parameter [30, 31]. In the derivation of the above factorization formula we apply the narrow

jet approximation with R ⌧ 1. However, as shown in [32–35] this approximation works

well even for fat jets with radius R ⇠ O(1), and the power corrections of O(R2n) with

n > 0 can be obtained from the perturbative matching calculation.
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R: Jet radius 
MQ: heavy quark mass
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Heavy quark mass correc9ons in the evolu9on equa9on 

�jQ(↵s) = �CF �
cusp(↵s) ln

m2
Q + p2TR

2

µ2
+ �jQ(↵s)

<latexit sha1_base64="lstdAoW5+sDxZpGjkw/NDGW5kAY="></latexit>

�
jQ
0 = 2CF

 
3�

2m2
Q

m2
Q + p2TR

2

!

<latexit sha1_base64="lOqDs76GI0D3AmchADX3WQqAzlY="></latexit>

�csQ(↵s) = CF �
cusp(↵s) ln

R2µ2
b

µ2
+ �csQ(↵s)

<latexit sha1_base64="l13plxzTlH8Wva6BeDAerfRs+ec="></latexit>

�
csQ
0 = �4CF

"
2 ln [�2i cos(�b � �J)]�

m2
Q

m2
Q + p2TR

2
� ln

m2
Q + p2TR

2

p2TR
2

#

<latexit sha1_base64="bHc+4AzIrh6narLZWAyA59kz9IM="></latexit>

Anomalous dimension for the HF quark jet func9on:

Anomalous dimension for the HF collinear-so_ func9on

Heavy-quark mass dependence cancels out in 

�jQ + �csQ = �jq + �csq
<latexit sha1_base64="iFtGwW/RzPC3X93oxmmDgxrQhTQ="></latexit>

Heavy quark mass will contribute the RG evolu9on between jet and 

collinear-sot func9on 

<latexit sha1_base64="ursyz91n6l71WFfwgcuI2jvMCTo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IU8bEruHFZpS9oQphMJ+3YmUmYh1BLv8SNC0Xc+inu/BunbRbaeuDC4Zx7ufeeOGNUac/7dgpr6xubW8Xt0s7u3n7ZPThsq9RITFo4ZansxkgRRgVpaaoZ6WaSIB4z0olHNzO/80ikoqlo6nFGQo4GgiYUI22lyC0H3EQPgaIcZlET3kduxat6c8BV4uekAnI0Ivcr6KfYcCI0Zkipnu9lOpwgqSlmZFoKjCIZwiM0ID1LBeJEhZP54VN4apU+TFJpS2g4V39PTBBXasxj28mRHqplbyb+5/WMTq7CCRWZ0UTgxaLEMKhTOEsB9qkkWLOxJQhLam+FeIgkwtpmVbIh+Msvr5J2repfVGt355X6dR5HERyDE3AGfHAJ6uAWNEALYGDAM3gFb86T8+K8Ox+L1oKTzxyBP3A+fwD9N5Kg</latexit>

µj ⇠ pTR

<latexit sha1_base64="eHgtFCN5t8a4xoIJjG+ysvhJFJE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRFfOwKblxW6QuaECbTSTt0ZhJnJmIJ+RU3LhRx64+482+ctllo64ELh3Pu5d57woRRpR3n2yqtrW9sbpW3Kzu7e/sH9mG1q+JUYtLBMYtlP0SKMCpIR1PNSD+RBPGQkV44uZn5vUciFY1FW08T4nM0EjSiGGkjBXbV42mQYZV7inL4ELThfWDXnLozB1wlbkFqoEArsL+8YYxTToTGDCk1cJ1E+xmSmmJG8oqXKpIgPEEjMjBUIE6Un81vz+GpUYYwiqUpoeFc/T2RIa7UlIemkyM9VsveTPzPG6Q6uvIzKpJUE4EXi6KUQR3DWRBwSCXBmk0NQVhScyvEYyQR1iauignBXX55lXQbdfei3rg7rzWvizjK4BicgDPggkvQBLegBToAgyfwDF7Bm5VbL9a79bFoLVnFzBH4A+vzB59IlCM=</latexit>

µcs ⇠ qTR
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RG evolu9on and resumma9on
• Resumma9on formula:

• Typical scales:

• Non-perturba9ve model:

d�
UU

dQ2dyd2qT dyJd2pT
=H(Q, pT , yJ , µh)

Z 1

0

bdb

2⇡
J0(b qT )fg/N (xg, µb⇤)

⇥ exp

"
�
Z µh

µb⇤

dµ

µ
�h (↵s)� 2

Z µj

µb⇤

dµ

µ
�jQ (↵s)� 2

Z µcs

µb⇤

dµ

µ
�csQ (↵s)

#

⇥ exp [�SNP(b,Q0, n · pg)]
<latexit sha1_base64="NekwRdMUR+O5BeN1jS/4xG69p7w="></latexit>

• b*-prescrip9on to avoid Landau pole

µh ⇠ pT , µj ⇠ RpT , µcs ⇠ Rµb⇤
<latexit sha1_base64="q+coKCfNYUGeZCeEP6+1clPs5N4="></latexit>

Sun, Isaacson,Yuan,Yuan ‘14

µb⇤ = 2e��E/b⇤
<latexit sha1_base64="lP6TsBBVRY0VOLLtmgQWbh3JeSs="></latexit>
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Spin dependent cross sec9on

d�
UT (ST )

dQ2dyd2qT dyJd2pT
=sin(�q � �s)H(Q, pT , yJ , µh)

Z 1

0

b
2
db

4⇡
J1(b qT )f

?
1T,g/p(xg, µb⇤)

⇥ exp

"
�
Z µh

µb⇤

dµ

µ
�h (↵s)� 2

Z µj

µb⇤

dµ

µ
�j (↵s)� 2

Z µcs

µb⇤

dµ

µ
�cs (↵s)

#

⇥ exp
⇥
�S

?
NP(b,Q0, n · pg)

⇤
<latexit sha1_base64="aGC8UiZocx8YKEG1y/DEP/xbVoQ="></latexit>

• Resumma9on formula:

• Polarized hard func9on: For  the  polarized  process,  we  must  consider  the  aYachment  
of  an  addi9onal  gluon from gauge link in GSF

f-type gluon Sivers func9on

unpolarized:

polarized:

C1 + C2 = Cu
<latexit sha1_base64="4dq0aijYPTrc5l7Pbc1s/XYrV2c="></latexit>

polarized and unpolarized hard func9ons are the same

Qiu, Vogelsange, Yuan ’07;  
Kang, Lee, DYS, Terry, ’20 JHEP … 
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Numerical results

Heavy quark mass can give sizable correc9ons to the predicted asymmetry

Anti-kT, R=0.6
c-jets:

b-jets: A

sin(�q��s)
UT =

d�UT

d�UU
<latexit sha1_base64="Ik6PgKEFy5iXuUHLkQmFIyNC/4E="></latexit>

d�(ST ) = d�UU + sin(�q � �s)d�
UT

<latexit sha1_base64="yqG6/mLcthgy/9sxWf83kYNkoPM="></latexit>

GSF: SIDIS1 set
D’Alesio, Murgia, Pisano ’15 
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Figure 6. The Sivers spin asymmetry for charm (left plot) and bottom (right plot) dijet production
at the EIC is plotted as a function of qT /pT . The solid curves are the results from using the
resummation formula, while the dashed curves represent the resummation prediction using the
evolution kernel without finite quark mass corrections. The red and blue bands indicate theoretical
uncertainties from the variation of hard and jet scales.

mQ/ (pTR)) from light flavor jet-pairs than it does charm dijets. This relative positioning

is then clearly displayed in Figs. 5 and 6.

In order to estimate the theoretical uncertainties, in both Figs. 5 and 6 we also show

the uncertainties from scale variations, which are given by the red and blue bands. Here

we vary the hard and jet scales by a factor of two around their default values as defined in

(3.1), and the total uncertainty bands are obtained by the envelope of all the variations.

Since the non-perturbative Sudakov factor in Eq. (2.79) is fitted at the canonical scale µb⇤ ,

we do not include theory uncertainties from µb⇤ and µcs variations. We find that the scale

uncertainty is compatible with the finite quark mass corrections in charm dijet process,

while its impact on the bottom dijet process is smaller than the mass correction. Therefore

in order to identify the finite quark mass e↵ects in the charm dijet process it is essential

to reduce the scale uncertainties. Our factorization and resummation formula provides a

clear structure to improve the perturbative accuracy, which makes scale uncertainty further

reduction possible. We leave the higher-order perturbative calculations in future work.

4 Conclusion

A major priority of the future EIC is to explore the gluon TMD PDFs. In this paper,

we have investigated the use of back-to-back HF dijet production in transversely-polarized

target DIS as a means of probing spin-dependent gluon TMD PDFs. We have calculated the

expressions for the mass-dependent jet and collinear-soft functions at next-to-leading order.

Using these expressions, as well as Soft-Collinear E↵ective Theory, we resum the large

logarithms associated with these expressions at next-to-leading logarithmic accuracy. We

– 20 –
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TMD resumma9on for heavy quark pair at the LHC

Eur. Phys. J. C (2015) 75 :542 Page 15 of 39 542
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Fig. 11 Normalized differential tt production cross section in the
!+jets channels as a function of the ptt

T (top left), ytt (top right), and mtt
(bottom) of the tt system. The data points are placed at the midpoint of
the bins. The inner (outer) error bars indicate the statistical (combined
statistical and systematic) uncertainties. The measurements are com-

pared to predictions from MadGraph+pythia6, powheg+pythia6,
powheg+herwig6,mc@nlo+herwig6, and to NLO+NNLL [14,15]
calculations, when available. The lower part of each plot shows the ratio
of the predictions to data

mine an uncertainty on the shape of this background con-
tribution. The dependence of the measurement on the top
quark mass is also estimated from dedicated MadGraph
simulation samples in which the top quark mass is changed
by ±1 GeV relative to the value used in the default simula-
tion. The uncertainty from hadronization and parton show-
ering is assessed by comparing the results obtained from
samples simulated with powheg and mc@nlo interfaced
with pythia6 and herwig6, respectively. The uncertainty

from the choice of PDF is determined by reweighting the
sample of simulated tt signal events according to the 52
CT10 PDF error sets [24], at a 90 % confidence level.
The maximum variation is taken as uncertainty. As men-
tioned in Sects. 4.2 and 4.3, the effect of scaling the top
quark pT spectrum in simulation to match the data has
negligible impact on the measured cross sections, there-
fore no systematic uncertainty is taken into account for this
effect.
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where ! is now the relative azimuthal angle between x?
and v3.

Equation (28) is the master factorization formula of our
paper, which is valid to all orders in "s and to any loga-
rithmic accuracy, up to power corrections of the sizes
q2T=M

2 and !2
QCD=q

2
T . The appearance of the tensor struc-

tures in the gg channel was noted before in the studies of
the Higgs production [62,82,83]. The case for t"t produc-
tion, however, is even more complicated since the hard
matching coefficient itself is a tensor. The situation can be
simplified if we restrict ourselves up to the NNLL accu-
racy. At this order, the second Lorentz structure in the B#$

g=N

functions does not contribute. This is guaranteed since
B0g=N vanishes at the leading order, and

Z 2%

0
d!g#&

?

!
g$'

2
! x$?x

'
?

x2T

"
H"0#;#$&'

gg "M;mt; v3;## $ 0;

(29)

where H"0#;#$&'
gg is the leading order coefficient of H#$&'

gg

in the perturbative expansion in "s. Once this is true, the

dependence on ! in the integrand of Eq. (28) now resides
only in the soft functions. This fact motivates us to define
new soft functions as

Si"i"L?;M;mt; cos (;## $
Z d!

2%
W"x?;##; (30)

where

L? $ ln
x2T#

2

4e%2)E
: (31)

Note that the soft function defined in this way doesn’t
obey non-Abelian exponentiation theorem. The reason is
that the extra phase space integration over ! does not
factorize. This means that at NNLO, the scale indepen-
dent terms proportional to C2

F cannot be obtained by
simply exponentiating the NLO results, but have to be
recalculated. Fortunately, for the logarithmic accuracy
studied in this paper, those terms are not needed. The
simplified factorization formula, valid up to the NNLL
accuracy, now reads

d4'

dq2TdydMd cos (
$

X

i$q; "q;g

8%*t

3sM

1

2

Z
xTdxTJ0"xTqT#

!
x2TM

2

4e%2)E

"%Fi"i"x2T ;##
Bi=N1

"+1; x
2
T;##B"i=N2

"+2; x
2
T;##

& Tr'Hi"i"M;mt; cos (;##Si"i"L?;M;mt; cos (;##(: (32)

This formula will be the starting point of our NNLL
transverse momentum resummation in the following.

III. NLO RESULTS FOR THE HARD AND SOFT
FUNCTIONS AND THE TMD PDFS

In this section, we present the NLO calculations for the
hard and soft functions and the TMD PDFs which are
relevant for the NNLL transversemomentum resummation.
While the hard functions and the TMD PDFs at NLO are
already available in the literature, the transverse soft func-
tion is new in our framework and is a major difference from
the Drell-Yan process or Higgs production. Therefore, we
will first discuss the calculation of the soft function.

The soft functions are defined in Eqs. (25) and (30). We
define the perturbative expansions of them as

Si"i"L?;M;mt; cos (;## $
X1

n$0

S"n#
i"i

!
"s

4%

"
n
: (33)

Up to now we have been treating the soft functions as
abstract matrices in color space. In practice, it is more
convenient to cast them into a matrix form by defining
the matrix elements

SIJ $ hcIjSjcJi: (34)

In this form, the LO soft functions for the q "q and gg
channels are given by

S"0#
q "q $

N 0

0 CF

2

 !
; S"0#

gg $
N 0 0

0 N
2 0

0 0 N2%4
2N

0
BB@

1
CCA: (35)

At the NLO, the soft functions receive contributions
from the diagrams depicted in Fig. 1. We can write the
bare soft functions as

S"1#;bare
i"i

$
X

j;k

wi"i
jkIjk; (36)

where wi"i
jk is the NLO color matrices defined by

"wi"i
jk#IJ $

1

dR
hcIjTj ) TkjcJi; (37)

with Tj the color generator associated with the parton j.
These matrices can be found in Ref. [14]. Ijk are integrals
of the form

Ijk $ %"4%#2#,
%2%,

Z 2%

0
d!

&
Z

ddk
!

$

n ) k

"
"
-"k2#("k0#vj ) vke

%ix?)k?

vj ) kvk ) k
; (38)

where the analytic regularization method of Ref. [80]
is used. We show an example for calculating I13 in
Appendix B. The results for the nonvanishing integrals are
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NNLL predic9ons for top quark pair produc9on in the small transverse momentum region 

soc funceon matrix account for the soc gluon emissions from the final massive states
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TMD resumma9on for heavy quark pair at the EIC
Kang, Lee & Shao in progress

We consider the heavy quark pair produc9on at the EIC in the back-to-back limit

Factoriza9on formula 

gluon TMDs softHard

Heavy quark mass correc9ons are included in both hard and so_ func9ons

<latexit sha1_base64="dYza1i2sIsg5bPqweBvAJIgv8bk=">AAACF3icbZC7TsMwFIYdriXcymVjsaiQmKoEVcBYwcLYSr1JTRQ5jtNatRNjO0gl6oOwscJLsCFWRt6Bh8BpO0DLkSx/+v9zdI7+UDCqtON8WSura+sbm6Ute3tnd2+/fHDYUWkmMWnjlKWyFyJFGE1IW1PNSE9IgnjISDcc3RZ+94FIRdOkpceC+BwNEhpTjLSRgvLxfdCCHmNQFL+iHPKgGZQrTtWZFlwGdw4VMK9GUP72ohRnnCQaM6RU33WE9nMkNcWMTGwvU0QgPEID0jeYIE6Un0+vn8Azo0QwTqV5iYZT9fdEjrhSYx6aTo70UC16hfif1890fO3nNBGZJgmeLYozBnUKiyhgRCXBmo0NICypuRXiIZIIaxOYbXsRiaEn0kzDXAS5Jzk0PJnYJh53MYxl6FxU3ctqrVmr1G/mQZXACTgF58AFV6AO7kADtAEGj+AZvIBX68l6s96tj1nrijWfOQJ/yvr8AXmTnko=</latexit>

qT ⌧ pT ⇠ mQ

E.g. so_ radia9on between 
two heavy quarks
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Numerical results

A
sin(�q��s)
UT =

d�UT

d�UU
<latexit sha1_base64="Ik6PgKEFy5iXuUHLkQmFIyNC/4E="></latexit>

d�(ST ) = d�UU + sin(�q � �s)d�
UT

<latexit sha1_base64="yqG6/mLcthgy/9sxWf83kYNkoPM="></latexit>

Posi9vity bounds Mulders, Rodrigues ’20

Spin-dependent cross sec9on
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Sivers asymmetry is significantly reduced  

a_er including the QCD evolu9on
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Conclusion
• Heavy quark pair and dijet produc9on can be used to study gluon TMDs at the 

EIC 

• We develop the TMD factoriza9on formalism for heavy flavor dijet and heavy 
quark pair produc9on in electron polarized proton collisions 

• In both cases we consider heavy quark mass correc9on in the factoriza9on 
formula, as well as the associated evolu9on equa9ons 

• We generate predic9ons for the Sivers asymmetry in these two processes  

• In heavy flavor dijet process, we find the mass correc9on could be important for 
future global analyses for boYom dijet produc9on 

• In open charm process, we find the QCD evolu9on reduces the size of the 
asymmetry

Thank you


