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Standard Model Production Cross Section Measurements
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NLO status
EW$ & U'QCD NLOFHIEDETE T2 B E#Mt

® BlackHat+Sherpa

® FeynArts/FormCalc/LoopTools
® GRACE

® Gosam

® HELAC-NLO

° MCFM

® MadGolem

® MadGraph5_aMC@NLO

® OpenlLoops+Sherpa

® POWHEG-Box

® Recola+Sherpa (in alphabetical order)
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NNLO status
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https://arxiv.org/abs/1911.00479
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https://arxiv.org/abs/1911.00479

NS3LO status

THE N3LO ERA

N3LO HADRON-COLLIDER CALCULATIONS VS. TIME

Higgs (TH, app.) C. Anastasiou, G. Duhr, F. Dulat, . Herzog and B, Mistiberger HL-LHC (1 ATeV 3ab—1 )

Higgs (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff in TH app.) F. Dulat, B. Mistiberger and A. Pelloni HE-LHC (27Tev 15ab -1 )
Higgs, B. Mistiberger
Ao -
o IEEmERE & B %A IC!
L., X. Chen, T. Gehrmann, E. W. N. Glover and A. Huss
Higgs (Diff in TH) F. Dulat, B. Mistiberger and A. Pelloni
HH (VBF) F. A. Dreyer and A. Karlberg
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Anastasiou et al., PRL 114 (2015) 212001, arXiv:1503.06056 T8
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https://arxiv.org/abs/1802.00827
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http://pdg.lbl.gov/2019/reviews/contents_sports.html

IN— N VD RE
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Vermaseren, Vogt, Moch, NPB724 (2005) 3, arXiv:hep-ph/0504242

IN— N DIRFEEULNNLOBIL— )X T

Moch, Vermaseren, Vogt, NPB688 (2004) 101, arXiv:hep-ph/0403192
Vogt, Moch, Vermaseren, NPB691 (2004) 129, arXiv:hep-ph/0404111
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IN— K VR IEHEDETE
N-th Mellin moment:
N1
Yoo (N) == | dbx TPy ()
N-{&k 1714 % ¥ Dmassless propagator-type
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IN— K VR IEHEDETE
N-th Mellin moment:
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IN— K VR IEHEDETE
N-th Mellin moment:
N1
Yoo (N) == | dbx TPy ()
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N— VR IREHDFE

Fix N=2,4,6,...
— massless propagator-type
T74 VI UED
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https://arxiv.org/abs/hep-ph/0403192
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https://arxiv.org/abs/hep-ph/0403192

N— kR IREAHDERE
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https://arxiv.org/abs/hep-ph/0403192

Feynman integral calculus
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Feynman integral calculus
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Feynman integral calculus

M 7Z7AVRY - FAT I LEENRT S
2) Wb 2HAICEBRT 2, L—TREDICED
(3) TV )lfﬁﬁ‘% ANZ _Eﬁ‘: ﬁﬁg? ) (e.g., Passarino-Veltman)
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(3) YRY—TEADMICENLETZ — Rhlrvy s
(4) YRS —TED %Y %

14/28



IBPEI R

Integration-by-parts (IBP) BE{%=  chetyrkin, Tkachov ‘81
DRIt T D FENE B

Dy 9 u_
fdkak“f 0
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https://bitbucket.org/PanzerErik/hyperint

IBPEI R

Integration-by-parts (IBP) B8R\ chetyrkin, Tkachov 81
DRIt T DHENEIE
Dy 9 u_
f APk =

I—THESBOBERRES A S

DELMED EHMRKR
f5l: 2-loop massless scalar self-energy (D =4 — 2¢)

oo

0% BEEETE T % IC1E GPXT (Gegenbauer polynomial x-space technique) & h* b &
(58§75 Mellin-Barnesf& 4 3k~ * linear reducibility (HyperInt) & )
BDEFHEREL NI
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https://bitbucket.org/PanzerErik/hyperint

IBPEI R

Integration-by-parts (IBP) B8R\ chetyrkin, Tkachov 81
DR 7T T D FELE IR

Dy 9 u_
fdkakuf_o

I—THESBEOBRRRAESZ S

£ 5 4 LEAEBAHI: 1-loop massless scalar self-energy n
F(nq,np) = fd p(p2)ﬂ1 [(Q-p)2]r2 Q 7 Q

(D —2n1—n3)F(n1,n2) —naF(nq —1,n3 +1) +naF(ng,n2 +1) =0
(D—n1 —2n2)F(n1,n2)—n1F(n1 +1,ny —1) +n1F(n1 +1,n2) =0
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INT ANy U REHIEIL—IL

IBPEIfR R & (FT) &< |

_(D=nq=ny)(D—-2n1-2n, +2)

Fm) == 0 -2m)

f:(’]1 - 15I72)

(D — N —nz)(D - 2n1 - 2n2 + 2)

Flomnz) =~ (n2 =1)(D-2ny)

F(n1,n —1)
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INT ANy U REHIEIL—IL

IBPEIfR R & (FT) &< |

_(D=nq=ny)(D—-2n1-2n, +2)
(n=1)(D-2m)

F(nq,ny) = F(n1-1,n3)

_(D—I’H —nz)(D—2n1 —2n2 +2)
(n2 =1)(D-2ny)

F(n1,nz) = F(n1,n —1)

D=L EEYRLERTZE T#LW] Bo%
(L] TRY—BEHICBEHNELT I ENTES

F(3,3)= %(D—3)(D—5)(D—8)(D—10)F(1,1)
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Laporta’” /LT X A

lllﬁf'%'ﬁ i ng’j‘b\fcﬁﬁ X@f%f/ﬁ Laporta ‘00
(M) BAEBICN EnZRA L THRLBHDOFRZEK

(n.np)=(3,2): —-2F(2,3)+2F(3,3)+(D-8)F(3,2)=0  —-3F(4,1)+3F(4,2)+(D-7)F(3,2)=0
(n,np) =(3,1): -F(2,2)+F(3,2)+(D-7)F(3,1)=0  —3F(4,0)+3F(4,1)+(D-5)F(3,1)=0
(nq.np)=(2,2): —-2F(1,3)+2F(2,3) +(D-6)F(2,2)=0  -2F(3,1)+2F(3,2) + (D-6)F(2,2) =0
(nq,np) = (2,7): -F(1,2)+F(2,2)+(D-5)F(2,1)=0  -2F(3,0)+2F(3,1)+(D-4)F(2,1) =0
(n1,n9)=(1,2): —2F(0,3)+2F(1,3)+(D-4)F(1,2) =0 -F(2,1)+F(2,2)+(D-5)F(1,2)=0
(nq,np)=(1,7): -F(0,2) +F(1,2)+(D-3)F(1,1)=0 -F(2,0)+F(2,1)+(D-3)F(1,1)=0
(n1,n)=(0,3):  —-3F(-1,4)+3F(0,4)+(D-3)F(0,3)=0 (D-6)F(0,3)=0
(n1,n2)=(0,2):  —2F(-1,3)+2F(0,3) +(D-2)F(0,2) =0 (D-4)F(0,2)=0
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Laporta’” /LT X A

lllﬁf'%'ﬁ i ‘CE'D“\/\TC 73'7 A @5% f/f Laporta ‘00
(Dﬁ%mumtm%ﬁlbf+ﬁ@@®%ﬁ%$ﬁ

(n1n9)=(32):  —2F(2,3)+2F(3,3)+(D-8)F(3,2)=0  —3F(4,1)+3F(4,2)+(D-T7)F(3,2) =
(n1.n5) = (3.1): “F(2,2)+F(3,2)+(D-7)F(31)=0  —3F(4,0)+3F(4,1)+(D—-5)F(3,7) =0
() =(2.2):  ~2F(1,3)+2F(2,3)+ (D-6)F(2.2) =0  ~2F(3,1)+2F(3,2)+ (D~ 6)F(2,2) =0
(n7.n5) = (27): “F(1,2)+F(2.2)+ (D-5)F21) =0  -2F(3,0)+2F(3,1)+(D-4)F(2,1)=0
(1.19)=(12):  -2F(0,3)+2F(1,3)+(D-4F(1,2)=0  -F(2,1)+F(2,2)+(D-5)F(1,2)=0
(n1.ng) = (1,1): —F(0,2) +F(1,2) + (D-3)F(1,7) = 0 —F(2,0)+F(2,7) +(D-3)F(1,7) =0
(n1.19)=(0,3):  =3F(~1,4)+3F(0,4)+(D-3)F(0,3) =0 (D-6)F(0,3)=0
( ( )

n1.n)=(0,2):  ~2F(-1,3)+2F(0,3) + (D~ 2)F(0,2) = 0 (D-4)F(0,2)=0

(2) B = DFEA(F(,1), F(1,2), F(2,7), . ) e ZhEhEHE L
RIS T
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Laporta’” /LT X A

I|IEF1‘JLTL:§6‘L\T:7§'7Z@Si%fif Laporta ‘00
(1) BAEBICm EnERA L THABBOERE EK

(n7,n) = (3,2): -25(,2/37.«0 8)F(3:2]=0  ~3FU)+3F(4:2) +(D-7)F(32)=0
(nq.n9) = (3,1): ~F(2:2)+F(32)+(D-T)E(3 =0 ~3F(4,0)+ 3EMAJ + (D - 5)E(3:1) = 0
(nmung)=(2.2):  ~2F(8)+2F(28) +(D-6)F(22]=0  ~2F(31)+ 2F(3:2) + (D - 6)F(22) = 0
(nq.n9) = (2,1): —ﬁ(;lﬂﬂf;(iﬂﬁ(D—S)ﬁ(z,/Tf:O ~2F(3:0) + 2F (31 + (D - 4)F(21 = 0
(nq.n9) = (1,2): ~2F(0; +25(;,/s'r+(o-4)5(;,/zr:o -M+M (D-5)F(%2)=0
(M. =(17): ~FOAT+EUZT+ O-FFAD»0  ~FROT+ERAT+ (0~
(nq.n9) = (0,3): _3F(71,4r+ 3F(0,4) + (D—3)fj,0r3’f: 0 (D—6)IjDr3’f: 0
(n1.12) =(0.2):  —~2F(38)+2F (03] + (D~ 2)F(02) = 0 (0-4)F(D:2)=0

(2) B = DFEA(F(,1), F(1,2), F(2,7), . ) e ZhEhEHE L
RBMER R — T#HL W] WA EHRE

F(3,3) = %(D— 3)(D-5)(D-8)(D-10)F(1,1)

R ETEIFELY TV (BRBEFARICESEDND)
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IBP solvers and tools

AIR (Automatic Integral Reduction) Anastasiou, Lazopoulos '04

‘ FIRE (Feynman Integral REduction) Chukharev, Smirnov2 '08-

ICE (IBP Chooser of Equations) Kant 13

%

AZURITE (A ZURich-bred method for finding master InTEgrals)

Georgoudis, Larsen, Zhang "16

Reduze von Manteuffel, Studerus '09- LiteRed Lee'12
Kira Maierhofer, Usovitsch, Uwer '17- FireFly Klappert, Lange 19
TopolD Hoff, Pak (open source)

and many private tools...
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4-loop IBP reduction?

(D=ny =ng = 2ng =ng =N )F(M.N2,N3,Na,N5.N6.N7,M8,Ng, Mo, N1, M2, M3, Ma)

+(=n1)F(n1 +1,02,n3,n4,05,M6,17,N5 ~1,n9., M0, M1 M2, M3,M1a) + (=N3)F(M.02,N5 +1,04.n5,6,N7,05 = 1,9, M10,M11,N12,M3,Ma)
+(=n3)F(n1,n2,n3 +1,4,n5,n6,n7,ng,Ng = 1,M0,M1,M2,M13,M14) + (~n3)F(1,n2,n3 +1,04,n5,06,n7,Ng,Ng, Mo, M1 —1,M12,M3,Ma)
+(=n3)F(n1,n2,n3 +1.14.05,M6,7,M8,N9,M0,M1,Mz,M = T,Ma) + (=Na)F(N1,02,13.n4 +1.05,M6,7,0g = 1,M9,M0,M1.N12,M3.M1a)
+(=na)F(n.n2,N3,n4 +1,n5,06,07,08,09,M0,M1 = 1,N12,M3,Mma) + (=Na)F(11,12,n3,0a +1,5,N6,N7,N8.M9, Mo ,N11, 12,713 = 1,n1a)
+(=ns)F(n1,nz.n3.n4 ~

s +1,n6,17,0, M, M, M1,N12,M13,M14) + (=N5)F(n1,N2,n3,n4,n5 +1,6,N7,n8,N9, M0, N1t — 1,N12,113,M14)
+(=ns5)F(n1,n2,13,N4,N5 +1,M6,017,8,N9,M0,M1,Mz,M3 = T,Ma) + (=N )F(N1,N2,13,N4,Ns,N6,N7,Ng = T,Ng +1,M10,M1.M12,Ma.M1a)
+(=n11)F(01,12,13,04,N5,M6,17,7g = 1,09, Mo, +1,m2,Ms,M14) + (=n11)F(11,n2,n3,04,n5.,6,N7,0g,Ng M0, M +1,012,m3 = 1na)
+(=n12)F(m.n2,n3,n4,n5,N,n7,ng,Ng,Mo,N11 —1,M2 +1,m3,ma) +(~M2)F(n1,n2,3,n4,N5,n6,7,N8,Ng,M10,N11, N1z + 1,013 = T,n14)
+(=Ma)F(1,n2,n3,n4,M5,N6,N7,N5 = 1,M9,N10, M1, M2, M3.Ma +1) + (=Ma)F(M,12,N3,4,N5,M6,17,N8.Ng Mo, M1, Mz, M13,Ma +1)
+(M)F(n1 +1,02,n3,04,05,16,17,M5,M9,M10,M11,M12,M13,Ma) + (13)F (7 ~1,12,n3 + 1,14, Ns,N6,N7,N6.N9, Mo, 11, M2,M13.,M1a)
+(n3)F(m.nz =105 +1,4,05,16,17,Ng,Ng, Mo, N11,M2,N13,Ma) + (13)F(11,n2,N3 +1,n4,N5,6,N7 —1,Mg,Ng,N10, M1, N12,M3.N14)
+(na)F(m =1,n2,N3,04 +1,15,16,17,Ng,N9 , Mo, N11,M2,M13,Ma) + (Na)F(11,12,13.n4 +1,05,N6 1,17, N9, M0, M1.N12,Ma.M1a)
+(na)F(m.n2,N3,n4 +1,05,6,07,,N9,Mo,M1,Mz = 1,M3,Ma) + (1 )F (1,123,405 + 1,06 ~1,n7,N8.,M9,Mo,N11,N12,M13,Ma)
+(ns)F(1.n2,n3,n4,n5 +1,06,n7.N5,Ng,Mo.N11,M2 — 1N13,Ma) +(15)F(11,12,13,n4,Ms +1,M6,N7,Ng.N9. N0, M1, M, M3, Ma)
+(n9)F(1,n2,N3,N4,N5.N6,N7 —1.Ng,Ng + 1Mo, N11,Mz2.M13,Ma) + (M1 )F (P12 =1,3,Na,N5.N6,N7.Mg, Mg, Mo, +T,M1z,Ma,Ma)
+(Mm)F(n1,n2,n3,04,n5,05,N7.n,Ng,M0,Mm +1,012,M3,Ma) + (M2)F (11 ~1,12,N3,Na,Ns,N6.,N7,Ne. N9, Mo, N1, Mz +1,M13,M1a)
+(112)F(11,12 ~1,n3,4,M5,M6.17,Ng. Mg, Mg, N11,M12 +1,013,M14) + (118)F (M = 1.n2.3,0,N5,Ng,17,Mg,Ng Mg, M. Mz, N1, Mg +1)

+ other 19 IBPs
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4-loop IBP reduction?

(D=ny =ng = 2ng =ng =N )F(M.N2,N3,Na,N5.N6.N7,M8,Ng, Mo, N1, M2, M3, Ma)

+(=m)F(ny +1:n2,n3,04,05,,7,ng = 1,19, Mo, M1,N12,M13,Ma) + (~N3)F(M1,12,N3 + 1,04, Ns,N,N7.Ne ~ 1,9, Mo, M1,N12,M13,M14)
+(=n3)F(n1,n2,n3 +1,4,n5,n6,n7,ng,Ng = 1,M0,M1,M2,M13,M14) + (~n3)F(1,n2,n3 +1,04,n5,06,n7,Ng,Ng, Mo, M1 —1,M12,M3,Ma)
+(=n3)F(n1,n2,n3 +1.14.05,M6,7,M8,N9,M0,M1,Mz,M = T,Ma) + (=Na)F(N1,02,13.n4 +1.05,M6,7,0g = 1,M9,M0,M1.N12,M3.M1a)
+(=na)F(n.n2,N3,n4 +1,n5,06,07,08,09,M0,M1 = 1,N12,M3,Mma) + (=Na)F(11,12,n3,0a +1,5,N6,N7,N8.M9, Mo ,N11, 12,713 = 1,n1a)
+(=ns)F(n1,n2,n3,n4 = 1,05 +1,n6,n7,ng,N9, Mo, M1,M2,M13,M14) + (=N )F(11,2,n3,n4,n5 +1,n6,n7,Ng,Ng, Mo, M1 —1,M12,M3,Mma)
+(=ns5)F(n1,n2,13,N4,N5 +1,M6,017,8,N9,M0,M1,Mz,M3 = T,Ma) + (=N )F(N1,N2,13,N4,Ns,N6,N7,Ng = T,Ng +1,M10,M1.M12,Ma.M1a)
+(=n11)F(01,12,13,04,N5,M6,17,7g = 1,09, Mo, +1,m2,Ms,M14) + (=n11)F(11,n2,n3,04,n5.,6,N7,0g,Ng M0, M +1,012,m3 = 1na)
+(=n12)F(m.n2,n3,n4,n5,N,n7,ng,Ng,Mo,N11 —1,M2 +1,m3,ma) +(~M2)F(n1,n2,3,n4,N5,n6,7,N8,Ng,M10,N11, N1z + 1,013 = T,n14)
+(=Ma)F(1,n2,n3,n4,M5,N6,N7,N5 = 1,M9,N10, M1, M2, M3.Ma +1) + (=Ma)F(M,12,N3,4,N5,M6,17,N8.Ng Mo, M1, Mz, M13,Ma +1)
+(M)F(n1 +1,02,n3,04,05,16,17,M5,M9,M10,M11,M12,M13,Ma) + (13)F (7 ~1,12,n3 + 1,14, Ns,N6,N7,N6.N9, Mo, 11, M2,M13.,M1a)
+(n3)F(n,nz —1,n3 +1,n4,N5,n6,7,N3,Ng,N10,M11,M12,M13,Ma) + (n3)F(M,n2,n3 +1,n4,n5,n6,n7 —1,ng,Ng, M0, M1, M12,M3,Ma)
+(na)F(m =1,n2,N3,04 +1,15,16,17,Ng,N9 , Mo, N11,M2,M13,Ma) + (Na)F(11,12,13.n4 +1,05,N6 1,17, N9, M0, M1.N12,Ma.M1a)
+(na)F(m.n2,N3,n4 +1,05,6,07,,N9,Mo,M1,Mz = 1,M3,Ma) + (1 )F (1,123,405 + 1,06 ~1,n7,N8.,M9,Mo,N11,N12,M13,Ma)
+(ns)F(n,n2,n3,n4,n5 +1,n6,n7,0g,ng,Mo,M1,M2 —1,m3,Mma) + (ns)F(M,n2,n3,n4,N5 +1,16,n7,ng,Ng, Mo, M1, M2,N13,M14)
+(n9)F(1,n2,N3,N4,N5.N6,N7 —1.Ng,Ng + 1Mo, N11,Mz2.M13,Ma) + (M1 )F (P12 =1,3,Na,N5.N6,N7.Mg, Mg, Mo, +T,M1z,Ma,Ma)
+(Mm)F(n1,n2,n3,04,n5,05,N7.n,Ng,M0,Mm +1,012,M3,Ma) + (M2)F (11 ~1,12,N3,Na,Ns,N6.,N7,Ne. N9, Mo, N1, Mz +1,M13,M1a)

+(n12)F (1,12 =1,03,04,n5,N6,7,Ng, Mg, Mo, M1.N1z +1,M3,Ma) + (Ma)F (M ~1:n2,N3,04,N5,N6,N7,Ng, N, Mo N1 M1z, M3, Ma +1)

+ other 19 IBPs

Laporta(d L < (3D —MHR) 7T Xh: BBEO
RSARNY Yy JIZFTHRL: TABE®
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The FORCER program

4)L— 7'massless propagator-type (scalar))L— 71& 9 %
RMTEYICFE S 2FORM T O 5 L

Ruijl, TU, Vermaseren "17; Works with FORM 4.2: Ruijl, TU, Vermaseren 17
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The FORCER program

4)L— 7'massless propagator-type (scalar))L— 71& 9 %
RMTICEEM S 2ForM 7’ O S A

Ruijl, TU, Vermaseren "17; Works with FORM 4.2: Ruijl, TU, Vermaseren 17
EARMIZ(3/)L— ) Mincer D4)L— T~ DR

Chetyrkin, Tkachov '8T,;

Schoonschip version: Gorishny, Larin, Surguladze, Tkachov '89;
Forwm version: Larin, Tkachov, Vermaseren ‘91
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The FORCER program

4)L— 7'massless propagator-type (scalar))L— 71& 9 %
RMTICEEM S 2ForM 7’ O S A

Ruijl, TU, Vermaseren "17; Works with FORM 4.2: Ruijl, TU, Vermaseren 17
EARMIZ(3/)L— ) Mincer D4)L— T~ DR

Chetyrkin, Tkachov '8T,;

Schoonschip version: Gorishny, Larin, Surguladze, Tkachov '89;
ForM version: Larin, Tkachov, Vermaseren '91

N 7RO —IZ & o Tone-loop insertion integration®?
triangleruleZ @A L CEABA MROD —ICRESE S

«@» — E @ and/or
Chetyrkin, Tkachov '81;
Diamond extension: Ruijl, TU, Vermaseren "15

Chetyrkin, Kataev, Tkachov '80;
Chetyrkin, Tkachov '81
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Chetyrkin, Tkachov '81;
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4-loop reduction flowchart
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4-loop reduction flowchart

WNBIRTOMROY—%54




4-loop reduction flowchart

WNBIRTOMROY—%54

437D S 416D k7RO Y —lLone-loop integration*>
triangle ruleZs %@ F T 88

BWIXIBPAE>T MR\
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4-loop reduction flowchart

WNBIRTOMROY—%54

437D S 416D k7RO Y —lLone-loop integration*>
triangle ruleZs %@ F T 88

BV IZIBPAFE>T MWK
to7O0—Fvy—rEHEICFETTOT T LICEL DIFEE

279417 DPython 7’04 5 LIC & 2 T39406{TDFORM T O Y 5
LBEBEIER (6260 70—F v— hEPython 704 S LAER L6 D)
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May the FORCER be with you

FORCER: 4)L— 7 % T®Mmassless propagator-type scalar
774 VR VEDEBRTHICITOFORMT O S A

https://github.com/benruijl/forcer Ruijl, TU, Vermaseren "17
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https://github.com/benruijl/forcer

May the FORCER be with you

FORCER: 4)L— 7 % T®Mmassless propagator-type scalar
774 VR VEDEBRTHICITOFORMT O S A

https://github.com/benruijl/forcer Ruijl, TU, Vermaseren 17
Example: P b3

Pq 4

Q P9 P11 Q
Ps P1o Ps 2
0
p7 Pe s
de de de de (ZQ-pz)_n12(2p1 'p4)_n13 (20'p3)_n14
1 2 3 4 (pz)n1 (p2 )
1 T

(nq,...,nqq9: integers, nqy,...,n14: non-positive integers)
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https://github.com/benruijl/forcer

May the FORCER be with you

FORCER: 4)L— 7 % T®Mmassless propagator-type scalar
774 VR VEDEBRTHICITOFORMT O S A

https://github.com/benruijl/forcer Ruijl, TU, Vermaseren "17
Example: P b3

Pq 4

Q P9 P11 Q
Ps P1o Ps 2
0
p7 Pe s
de de de de (ZQ-pz)_n12(2p1 'p4)_n13 (ZQ’P3)_n14
1 2 3 4 (pz)fh (p2 )
1 T

(nq,...,nqq9: integers, nqy,...,n14: non-positive integers)

R RAY—BHMN)NDEHEEITL, eCA—F VR (D=4-2¢)

Mis all known: Baikov, Chetyrkin "10; Lee, Smirnov, Smirnov "11
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https://github.com/benruijl/forcer

May the FORCER be with you

FORCER: 4)L— 7 % T®Mmassless propagator-type scalar
774 VR VEDEBRTHICITOFORMT O S A

https://github.com/benruijl/forcer Ruijl, TU, Vermaseren "17

Applications include:
® 4-loop QCD propagators and vertices ® 4-loop SM g funcs.
Ruijl, TU, Vermaseren, Vogt "17 Davies, Herren, Poole,

® 4-loop QCD splitting functions Steinhauser, Thomsen 19
Davies, Vogt, Ruijl, TU, Vermaseren "16;
Moch, Ruijl, TU, Vermaseren, Vogt "17, 18

FORCER + IRR (5)Lb— FOUVEE £ 4L — THRIETE X E):

® 5-loop QCD g func. Herzog, Ruijl, TU, Vermaseren, Vogt "17,
Chetyrkin, Falcioni, Herzog, Vermaseren '17

® 5-loop Higgs decay to gluons  Herzog, Ruijl, TU, Vermaseren, Vogt "17
® 5-loop anomalous dims.  Herzog, Moch, Ruijl, TU, Vermaseren, Vogt "18

® 2-and 3-loop anomalous dims. of Weinberg op.
de Vries, Falcioni, Herzog, Ruijl 19
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https://github.com/benruijl/forcer

753%1: forward scattering amplitude

Harmonic projection to
probe-parton forward scattering
Gorishnii, Larin, Tkachev '83; Gorishnii, Larin '87

Q{M Q,uN} 6N Q Q
P P

(*Z Z Tldflavor non-singlet (NS) quark partiC DWTEZ £Y)
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https://arxiv.org/abs/1610.07477

753%1: forward scattering amplitude

Harmonic projection to
probe-parton forward scattering
Gorishnii, Larin, Tkachev '83; Gorishnii, Larin '87

Q{M Q,uN} 6N Q Q
P P

240
SetupH* i © @
NAK = {123 & SHEBSRIA A ©

P=0

(*Z Z Tldflavor non-singlet (NS) quark partiC DWTEZ £Y)
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https://arxiv.org/abs/1610.07477

753%1: forward scattering amplitude

Harmonic projection to

probe-parton forward scattering 04 (3)+' y
Gorishnii, Larin, Tkachev '83; Gorishnii, Larin ‘87 Tns - €ven N
®3)-.
Q..qmt N Q Q 0} Yns 1 0ddN
P P o
P=0 ()
SEE 02 #0 02} [ J
SetupAfEHE © o
NAKE 723 & EHEBRENRE O ¢
- o1 Method |
N=4FT: BERID#ER & R SUG), e =4
Velizanin_’ﬂ "14, Baikov, Chetyrkin, Kiihn, Rittinger expan’sign in as
N=6&TaH Ot;e 5 10 15 20
cf. Davies, Ruijl, TU, Vermaseren, Vogt N

NPB915 (2017) 335, arXiv:1610.07477for large ns

(*Z Z Tldflavor non-singlet (NS) quark partiC DWTEZ £Y)
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https://arxiv.org/abs/1610.07477

75:%2: operator matrix elements

Matrix elements of twist-2 DIS operators

gytaDz...Divly Y(N?: even N
®3)-.
5 P p2s0 0_3_)/NS.0ddN

02} [}

o1 Method |
SU@3),nf=4
expansion in ag

0 5 10 15 20
N
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75:%2: operator matrix elements

Matrix elements of twist-2 DIS operators

gytaDz...Divly Y(N?: even N
Y2 odd N
P P P2%0 I
)
SHERRIDEMAE LA © I
SetupliC#t (771 veva/BYRS) O .°
o1f Method |
SU@B), ns=4
expansion in ag
ole
0 5 10 15 20

N
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75:%2: operator matrix elements

Matrix elements of twist-2 DIS operators

0.4 T T T
gytaDz...Divly Y(N?: even N
) | T U N
P P P220 o
o°

SRR OEMAEPH © S
SetupliC#t (771 veva/BYRS) O .°
N=6Z%T: HEIDER AR " Method I
THICE > THE2AEL L SUE).nf =4
TOFSLAENTVWEI L% Lo expansion in as
9'_1 W 7 0 5 10 15 20
N

N=16% CT&t&
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—4
10=* 107% 1072 107! 10°

N3LO NS splitting functions

(1—2)P* (x)

approx. + ———
P=asP© + 2P 4 3P

+atP® 4

approx. — ——
large n, —— ]

Large-nc part: analytically reconstructed
Rest: approximation

ny= 4
expanded in oy
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gy, evolution: NNLO vs N°LO
Logarithmic derivatives w.r.t. the factorization scale
. ding
" din22

Reference input: xq(x,p%) =x95(1-x)3 with as(p%) =02,n,=4

1.04 e 104
| . q_
qNS . NS
e HEH 1.02 |-
S~al [ N
Sel N
- .
\\
1 1
L | L
|
098 - --- N’LO/NLO ! 098 - --- NLO/NLO
L 1| 4 L
== N’LO/N’LO = N’LO/N’LO
L . L
L . ] L ]
0.96 Aw coval 0l 2\ cobd 0.96 Aw PRTIY B 2\ L ]w Ll
10 10 10 10 1 10”7 10 10 10 1
X X
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d, evolution: renormalization scale dependence

F ] Eo r B
©02F dlng’ /dlnp? A 012 NLO 70028 [ e
NS (N E > ! t P
A A osE N LO A0 r ]
0.23 S R S g 003 .
Ve ] = NLO, /_,~’ E F S
/ .1 o E . - r AT
024 AP Il A7 Joon P, A -
‘. e ] ::\,‘_a_,‘i;;/: :/;_’_/__—__,//:
A_-____!_;_’__:/-/’: -0.135 e — F e B
025 NI - E e o 1-0034 = 7
x=0.8 1 o x=05 E - x=0.15 J
026 Coveal g Covnal i g3 T B
0052 . = 008 - E E
AN ] [N 1 009 =
0.05 o - E N 1 £ E
R v B L D 3 0085 E
0.048 .7 RN TR E E
E . T] 007 St 008 =
0.046 |- M £ RN ] 0075 E E
0.044 [ g 0065 | g
oom b x=001 3 o06 b x=107 3 007
1 bl 1 wl vl (g5 — Ll
10° 1 0, 10 10° 1 - 10 10° 1 ,, o 10
/g W/ M/ H

N3LO: stable
scale uncertainty below 1% for uf/2 < pr < 2us
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x&H



x&H

FJ‘EEGDHL LHCXHE-LHC T D15 Z Al E
HERBRE S BBURICIND 2 HE

N— N DHERIEERED—F
N3LO PDFD s E i
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https://doi.org/10.1016/j.physletb.2018.06.017
https://arxiv.org/abs/1805.09638

x&H

FJ‘;EODHL LHCXHE-LHC T D15 Z Al E
HERBRE S BBURICIND 2 HE

N— N DHERIEERED—F
N3LO PDFD s E i

N3LO/X— k > 4 EE %K

e 7L —/N—3E—EIHE(non-singlet):
IRFKEMPFIRICTHA S B REE DI

e 7L —/\——H&IH(singlet):
F A 5EL. work in progress...

cf. S. Moch, B. Ruijl, TU, J.A.M. Vermaseren, A. Vogt, PLB782 (2018) 627,
arXiv:1805.09638
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Parton evolutions

qi(x, 12), Gi(x, u2) and g(x, u?) for massless quarks,
antiquarks of flavour i and gluons

2 nf (anti-)quark distributions decomposed as

s i = (@i £ Gi) = (Gk £ o),
flavour non-singlet, 2(ns — 1) components,
evolving with P

* g)s=X".(qi—@): flavour non-singlet (“valence”), evolving
with Pyc = Pps + P3g

* gs=X"(qi+j): flavour singlet,
mixing with gluons. Pqq = P}s + Pps

d (qS) (qu qu) (Cls)
dinuz\g) \Pgg Pgg) \g

Appendix - 1/8



Restoring scale dependence
L =In(u?/p?) #0, from L =0 results:

yo(L) = y

Yo = Y +,30LY(0)

YR W) =y +2poLyie +(piL+ L)y

Y2) =y + 3oL yR + (261 + 363L%) y (Y
+(ﬁzL+—ﬂ1ﬁoL2+ﬁ8L3)y‘n?

YR =758 +4poLy’y + (3p1L + 683L2) v
(2p2L+7ﬁ1ﬁ0L2+4ﬁ0L3)yn§
(B3 +3apol + S B2+ 2 a1 + L)Y

Appendix - 2/8



Reconstructing full-N expression

Non-singlet, large-n. part: computed up to N=20
Yans(N): (G +Gi) — (qk £ Gi)

Ansatz: if analogous to lower orders
2n+1 2n+12n+1-k SW(N)

yOUN) = Z coowSw(N)+)_ > >

Cakw
a k=1 w=0 (N+a)k

YNs: constrained by ‘self-tuning’ (conjecture, conformal symmetry)

PR
Yns =Vns for Iarge-nc. ) Dokshitzer, Marchesini '06;
Large-N and small-x limits (N — oo and N — 0) Basso, Korchemsky '06;. ..

Small-x resummation: known coefficients g;’l';smh'.tég“ Marchesini,

N <18 Diophantine egs. to fix remaining coefficients
Checked by N=19,20
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Approximation for remaining terms

Non-singlet, remaining large-n. suppressed terms

90 resulting trial functions, parameters fixed from the first 8
moments, two representatives chosen that indicate the remaining
uncertainty

O g g ey LOI (3

xM1-x) P P{)T(x) /ref.

20007 ref. = (A+B)/2

Checked by the 9th moment, e.g., P;I(f)(N =18):
195.88887925 <195.8888857...cxact < 195.8888968,
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Singlet status

In general, computed up to

N = 8 for yg%), ygg and N =6 for 7/(%), yg;) by Method |

AN - w1 NBLO corrections
105 Peg/ B Jios b P /B 3

ok i in N-space

Lo 1 relative to NLO

Lot [ E as = 02, ng= 4
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gs(N) and g(N) evolution: u-dependence

-0.017
-0.018
-0.019

-0.02
-0.021

-0.022

0.026

0.024

0.022

0.02

F El L 1 0aa |- ]
£, dlnqg/dIn u? [ -—- NLO R L ”
EX 1ol ---NLO ] [
£ 1o s T sk A
F [ — NLO 1 t "
3 : S I
5 FEE) SN,
C [~ - ]
S B SN
E =24 r N=4 ] 1
v vl g vl
I ding/dlnp? | o8 [ 0 B
g 1R 8
L [
L s ke
[/ 02 F
[ r N=4] f N=6
C il ST YT PPN I BT
! 10 ! 10 ! 10
2 2 2 2 2 2
MoK MoK U

Reference input: xqs(x, u3) = 0.6x~0-3(1-x)35(1+ 5.0x08)

xgs(x, u3) =1.6x703(1-x)*5(1- 0.6x%-3) with ars(u2) = 0.2,n = 4
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5-loop result: V" (N =2

d) (23968 77056 176320, 733504 6400 dy) ( 15344 19040 58400 704 12064 60‘\6
@+ =9y, I - o (- - 704 2|4
Yns (N=2)=Cr e (+ a8 to Ut g 0 a7 et (3) Ny ( T A Chr et TR {3+ ——{ ]+C [
)
9306376 557440 802784 12544 o). . 9 (82768 140800 , 1292960 . 10912, 555520 34352 .
" Toegs TN g 5Ty g & ] AN |~ e A A Groact
81862744 35200 142240 59840 1600592 . . .\ ., o 63340406 35200 61696 229472
- veag . ~199860 + o0t TR 0= R 0 20 3072(3]*%‘3; g 1568007 — oo+ o (5~ (s
1003192 30975 oo 220224724 331856 123200 3640624 170968 4115536 70400 s, 266532611
243 F g ¢ )*C CF|~oee3 77 T g of gz 5T T 4T g T “Ca 39366
@
178976 | 334400 , 3102208 221920 , 2588144 74912 ) 22096 25600 217280, 512, 43712
T Ot TE T O e g OF (3) N AN Tyt Ty 5 gy O
25088( o dﬁg 170752 35840, 650240 328832 8192( enycs[, 1624964 8960 6400 o480 21248 463520
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g1 9 Ut a7 T g 9T Tg 4t 8
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49
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458032 48256 , _ 420068 3968 ) o[ 15291499 11200 13600, 252544 114536 1561600 24896
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_ 48846580 39088 184000 1389080 274768 . _ 4314308 27808[ 2O (43744 12800 52480 1792 35648
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2043(] 2‘:3(+1082297 3200 55552 1072, 145792 1792 332254 1600 28544 20752 85016
3 F\" Tes61

w072, 1792 2 1600, -
g (ot g (st g 4T oam GF (3)”'0"0[ 7187 T 27 67 @1 5T o7 T om0

25510 512 128, V872 ) a0 o 168677
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13952 2|, 2c2c,[, 631400 | 22400 53344 214268, 25472 0o
l) 7CaCr|* o1 1 o gag ‘5 7BMat g3 et Ty (o) *mrCE(+

4096 2752 11872
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5-loop result: Yns) (N=3

33505
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s

7000
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