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Abstract

Mass-angle distribution (MAD) measurement of heavy and superheavy element fragmen-
tation reactions is one of the powerful tools for investigating the mechanism of fission and 
fusion process. MAD shows a strong correlation between mass and angle when the quasi-
fission event is dominant. It has characteristic that appears diagonal correlation as long as 
the quasi-fission event is dominant. This diagonal correlation could not be reproduced in 
previous our model before the introduction of the parameters.

In this study, we systematically evaluate the unknown model parameters contained in 
our model and clarify those model parameters to reproduce the diagonal correlation that 
appears in MAD. Using a dynamical model based on the fluctuation dissipation theorem 
that employs Langevin equations, we calculate MADs of two reaction systems 48Ti+186W and 
34S+232Th, which are dominated by quasi-fission. We were able to clarify the effects of 
unknown model parameters on the MAD. In addition, we identified the values of model 
parameters that can reproduce the correlation between mass and angle. As a result, it found 
that the balance of tangential friction and moment of inertia values is important for the 
correlation between mass and angle.

1 Introduction

　 Currently, superheavy element synthesis is limited to the success of element Z = 118. The
production of new superheavy elements will foot in the 8th period of the periodic table, and will
provide insight into the existence of island of stability. In addition, neutron-rich nuclei far from
the valley of stability are important for understanding the r-process in astronomical nuclear
physics. The supernova explosion is one of the origins of the elements along with the evolution
of the stars, the Big Bang. During a supernova explosion, a large amount of new elements are
created and spread around. Based on that, a new star was born, and eventually died, leading to
an explosion again. The origin of the elements in the universe and the solar system is created
through such an evolution cycle of stars and elements. Elements are the key to unraveling
supernova explosions and star mysteries. The method using the nucleon transfer reaction for
the synthesis of new superheavy elements and neutron-rich nuclei has been proposed [1,2], but a
quantitative prediction model has not been established. The mechanism of the nucleon transfer
reaction has been studied for many years in many models, including semiclassical models such
as GRAZING [3] and Langevin [1], and microscopic models such as time-depent Hartree-Fock
(TDHF) [4]. In this study, we analyze the relationship between mass and angle obtained by the
nucleon transfer reaction. MAD is the emission angle on the vertical axis and the mass ratio MR

on the horizontal axis. MR is represented by MR =
Ai=1,2

A1+A2
. A1 and A2 represent the mass number
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of the projectile-like fragment and the target-like fragment, respectively. When the projectile 
nucleus collides with the target nucleus, the projectile nucleus receives nucleons from the target 
nucleus while rubbing around the target nucleus, increases the mass number, and finally emit 
from the target nucleus in a certain direction. There is a correlation between the number of 
nucleon transferred (mass) and the emission angle, and the characteristic is different depending 
on the projectile nucleus nucleus and the target nucleus. By analyzing this correlation, we are 
trying to elucidate the fusion process. MAD shows a strong correlation between mass and angle 
when the quasi-fission reaction is dominant [riez13]. This correlation could not be reproduced 
with the dynamical model developed in the previous research. In this study, we evaluated the 
calculation MADs of the two quasi-fission dominated reaction systems 48Ti + 186W and 34S + 
232Th using a dynamical model. This paper contain as follows Sec. 2 describes the details of 
the model framework. Sec. 3 discusses the parameter dependence of MAD. The last section
describes conclusion.

2 Framework

2.1 Potential energy surface

　We adopt the dynamical approach which similar to unified model [7]. First, The initial stage of 
the nucleon transfer reactions consists of two parts: (1) the system is placed in the ground state of 
the projectile and target because the reaction proceeds is too fast for nucleons to reconfigure a 
single particle state (2) The part where the system relaxes to the ground state of the entire 
composite system which changes the potential energy surface to an adiabatic one. Therefore, we 
consider the time evolution of potential energy from the diabatic one Vdiab (q) to adiabatic one 
Vadiab (q). Here, q denotes a set of collective coordinates representing nuclear deformation. The 
diabatic potential is calculated by a folding procedure using effective nucleon-nucleon interaction 
[6–8]. However, the adiabatic potential energy of the system is calculated using an extended two-
center shell model [8]. Then, we connect the diabatic and the adiabatic potentials with a time-
dependent weighting function as follows:

V = Vdiab (q) f (t) + Vadiab (q) [1− f (t)] ,

f (t) = exp

(
− t

τ

)
. (1)

Where t is the interaction time and f (t) is the weighting function included the relaxation
time τ . We use the relaxation time τ = 10−21s proposed in [9–11]. We use the two-center
parameterization [12,13] as coordinates to represent nuclear deformation. To solve the dynamical
equation numerically and avoid the huge computation time, we strictly limited the number of
degrees of freedom and employ three parameters as follows: z0 (distance between the centers
of two potentials), δ (deformation of fragment), and α (mass asymmetry of colliding nuclei);

α = (A1−A2)
(A1+A2)

, where A1 and A2 not only stand for the mass numbers of the target and projectile,

respectively [6,14] but also are then used to indicate mass numbers of the two fission fragments.

As shown in Fig. 1 in Ref. [12], the parameter δ is defined as δ = 3(a−b)
(2a+b) , where a and b represent

the half length of the ellipse axes in the z0 and ρ directions, respectively. We assume that
each fragment has the same deformation as a first step. In addition, we use scaling to save
computation time and use the coordinate z defined as z = z0

(RCNB) , where RCN denotes the

radius of the spherical compound nucleus and the parameter B is defined as B = (3+δ)
(3−2δ) .
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2.2 Dynamical equations

　We perform trajectory calculations of the time-dependent unified potential energy [6,7,14] by
Langevin equation. We start trajectory calculations from a sufficiently long distance between
both nuclei [14]. So, we use the model which takes into account the nucleon transfer for slightly
separated nuclei [6]. Process for the separated nucleon transfer use the procedure described
in Refs. [6, 7]: When both nuclei has been changed the mononucleus state that window of the
contact nuclei is sufficiently opened, the evolution process of the mass asymmetry parameter α
switches from the master equation to Langevin equation according to the procedure described
in Ref. [14]. We use the multidimensional Langevin equation [6, 14,15] unified following:

dqi
dt =

(
m−1

)
ij pj ,

dpi
dt = −∂V

∂qi
− 1

2
∂
∂qi

(
m−1

)
jk pjpkγ −ij

(
m−1

)
jk pk + gijRj (t) ,

dθ
dt = ℓ

µRR2 ,

dφ1

dt = L1
ℑ1

,

dφ2

dt = L2
ℑ2

,

dℓ
dt = −∂V

∂θ − γtan
(

ℓ
µRR2 − L1

ℑ1
a1 − L2

ℑ2
a2

)
R+RgtanRtan (t) ,

dL1
dt = − ∂V

∂φ1
− γtan

(
ℓ

µRR2 − L1
ℑ1

a1 − L2
ℑ2

a2
)
a1 − a1gtanRtan (t) ,

dL2
dt = − ∂V

∂φ2
+ γtan

(
ℓ

µRR2 − L1
ℑ1

a1 − L2
ℑ2

a2
)
a2 − a2gtanRtan (t) . (2)

The collective coordinates qi represent z, δ, and α, the symbol pi denotes momentum conjugated
to qi, and V is the multidimensional potential energy. : The symbols θ and ℓ indicates the
relative orientation of nuclei and relative angular momentum respectively. φ1 and φ2 stand for
the rotation angles of the nuclei in the reaction plane (their moment of inertia and angular

momenta are ℑ1,2 and L1,2, respectively), a1,2 =
R
2 ± (R1−R2)

2 is the distance from the center of
the fragment to the middle point between the nuclear surfaces, and R1,2 is the nuclear radii. The
symbol R is distance between the nuclear centers. The total angular momentum L = ℓ+L1+L2

is preserved. The symbol µR is reduced mass, and γtan is the tangential friction force of the
colliding nuclei. Here, it is called sliding friction. The phenomenological nuclear friction forces
for separated nuclei are expressed in terms of γFtan for sliding friction using the Woods-Saxon
radial form factor described in Refs. [6, 7]. The sliding friction are described as γtan = γ0t F (ζ),

where the radial form factor F (ζ) =
(
1 + expζ

)−1
, ζ = (ξ−ρF )

aF
. γ0t denote the strength of the

tangential friction, respectively. ρF ∼ 2 fm and aF ∼ 0.6 fm are the model parameters, and ξ is
the distance between the nuclear surfaces ξ = R − Rcontact, where Rcontact = R1 + R2 [6]. The
symbols separated by mij and γij stand for the shape-dependent collective inertia and friction
tensors elements, respectively. We adoped the hydrodynamic inertia tensor mij in Werner-
Wheeler approximation for the velocity field [24]. The normalized random force Ri (t) is assumed
to be white noise: ⟨Ri(t)⟩=0 and ⟨Ri(t1)Rj(t2)⟩ = 2δijδ(t1− t2). According to Einstein relation,
the strength of the random force gij is given γijT =

∑
k gijgjk, where T is the temperature of the

compound nucleus calculated from the intrinstic energy of the composite system. The adiabatic
potential energy is defined as

Vadiab (q, L, T ) = VLD (q) + h̄2L(L+1)
2I(q) + VSH (q, T ) ,

VLD (q) = ES (q) + EC (q) ,

VSH (q, T ) = E0
shell (q)Φ (T ) ,

Φ(T ) = exp (−E∗Ed) . (3)



Here, I (q) represents the moment of inertia of the rigid body with deformation q. The centrifugal
energy generated from the angular momentum L of the rigid body is also taken into account.
VLD and VSH are the potential energy of the finite range liquid drop model and the shell
correction energy that takes into account temperature dependence, respectively. The symbol
E0

shell indicates the shell correction energy at T=0. The temperature dependence factor Φ (T )
is explained in Ref. [14], where E∗ indicates the excitation energy of the compound nucleus.
E∗ is given E∗ = aT 2, where a is the level density parameter. The shell damping energy Ed is
selected as 20 MeV. This value is given by Ignatyuk et al. [25]. The symbols ES and EC stand
for generalized surface energy [26] and Coulomb energy, respectively.

In this study, the calculation MADs was performed by changing two parameters (γ0t and
fina). γ0t is the tangential friction correction factor, fina is shown the correction factor in the

form of h̄2L(L+1)
2I(q)fina

. I (q) represents the moment of inertia of a rigid body. Table 1 shows the

parameter values adopted by γ0t and fina.

Table 1: The model parameter values of calculation results adoped in this work.
value (a) (b) (c) (d) (e) (f) (g) (h) (i) (j) (k) (l)

γ0t 0.5 0.5 0.5 1.0 1.0 1.0 5.0 5.0 5.0 10.0 10.0 10.0

fina 1.5 1.5 1.5 1.5 3.0 3.0 3.0 3.0 5.0 5.0 5.0 5.0

3 Results

　 Figure 1 shows the calculation MADs for 48Ti+186W at Ec.m.=187.87MeV and their depen-
dence on fina and γ0t parameters in the range of fina =1.5-5.0 and γ0t=0.5-10.
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Figure 1: The calculation MADs for 48Ti+186W at Ec.m.=187.87MeV and their dependence on
fina and γ0t parameters in the range of fina =1.5-5.0 and γ0t=0.5-10.
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nuclei are emitted in all directions of 360 degrees, which is characteristic of the dominant fusion-
fission process. Moreover, it is considered that the situation of quasi-fission process is reproduce
because Fig. 1(a) has a correlation between angle and mass. Fig. 1(a) and 1(d) can reproduce
the characteristics of the experimental values [5] well. When fina was large, the two bodies
after contact tended to be difficult to move. It was found that when γ0t is large, the correlation
between mass and angle is lost. It is considered that this is because the emission angle overs 2
π and is fragments are emitted in all directions due to the dominant fusion-fission reaction.

Next, Figure 2 shows the calculation results of 34S+232Th MAD at Ec.m.=168.75MeV when
γ0t and fina are changed. For instance, in Fig. 2(j), there is no correlation between mass and
angle to dominate fusion-fission. On the other hand, since Fig. 2(l) has a correlation between
angle and mass, it is considered that we reproduce the situation of quasi-fission process. Fig.
2(i) and 2(l) can reproduce the characteristics of the experimental values [5] well. The influence
for MAD does not change even if the moment of inertia for rigid body and the tangential friction
change respectively. But, the correlation originated from quasi-fission between mass and angle
show when both γ0t and fina are large. This is unlike 48Ti+186W case.
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Figure 2: The calculation MADs for 34S+232Th at Ec.m.=168.75MeV and their dependence on
fina and γ0t parameters in the range of fina =1.5-5.0 and γ0t=0.5-10.

In this study, it was found that the value of the tangential friction and moment of inertia for
rigid body that can reproduce the correlation between mass and angle differ depending on the
reaction system. In the reaction system with a small mass asymmetry of the incident system such
as 48Ti+186W, the calculation result could reproduce the correlation originated quasi-fission like
the experimental values by the small value of the tangential friction and the moment of inertia
for the rigid body. On the other hand, the calculation result could reproduce the characteristic
originate from quasi-fission when the value of the tangential friction and the moment of inertia
for the rigid body large in the reaction system that the initial mass asymmetry is large such as
34S+232Th. From these results, it is considered that the value of the tangential friction and the
moment of inertia for reproducing the experimental value depend on the initial mass asymmetry.



4 Conclusion

　 It was found that the tangential friction and the moment of inertia for the rigid body are
strongly relate to the correlation which originates from quasi-fission in the heavy element region.
It was also found that the balance of these physical quantities shows the characteristic whether
quasi-fission is dominant or fusion-fission reaction is dominant. It was possible to reproduce
the characteristics of the experimental results which quasi-fission is dominant by changing the
unknown model parameters. We need to calculate systematically to specify what unkown model
parameters depend on. Furthermore, it is necessary to find the correlation between the values of
these unknown model parameters and other physical quantities to reduce unknown parameters.
In the future, we will investigate the dependence of tangential friction and the moment of inertia
for the rigid body on mass asymmetry.
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