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O. Introduction 
Energy in general relativity



Einstein equation

gravity matter

Tµ⌫(x) =
�Smatter

�gµ⌫(x)

(Conserved) energy in general relativity

covariant conservation

Bianchi identity 

However what we need for a conservation is

<latexit sha1_base64="7xgcJ5273OeVEFNC+885xh/5G24="></latexit>

rµT
µ
⌫ = 0

but in general

energy momentum tensor  
(EMT)

<latexit sha1_base64="O2JE8Q09ssqo94qv0ixiKqZNYpM="></latexit>

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 8⇡GdTµ⌫
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@µ(
p
�gTµ

⌫) = 0
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@µ(
p
�gTµ

⌫) 6= 0



(Historical) solutions
Pseudo-tensor

@µ
hp

|g| (Tµ⌫ + tµ⌫)
i
= 0

gravitational energy ?
tµ⌫ is not covariant under general coordinate transformation.

Quasi-local energy

Traditional: give up covariance Einstein

Modern: give up a local definition of energy

Komar, Bondi, Arnowitt-Deser-Misner, Gibbons-Hawking 

E =

Z
dV (local energy) E =

Z

r!1
dS (quasi-local energy)

cf. Gauss’s law in electromagnetism  Q =

Z

V
dV J0 =

Z

@V
dSµF

0µ

Noether’s 2nd theorem Aoki-Onogi (in preparation)

local energy can not be defined.



Plan of this talk

I. We propose a covariant and universal definition of (generalized) energy

by the volume integral of the EMT with some vector.

II. We evaluate the total energy of a compact star via our definition,

which is compared with the standard Misner-Sharp mass.

III. Implications.



I. Conserved (generalized) energy  

S. Aoki, T. Onogi and S. Yokoyama, “Conserved charge in general relativity”,   
Int. J. Mod. Phys. A36 (2021) 2150098 arXiv:2005.13233[gr-qc]. 
S. Aoki, T. Onogi and S. Yokoyama, “Charge conservation, Entropy, and Gravitation”, 
arXiv:2010.07660[gr-qc]



@M = @Ms � ⌃t2  ⌃t1

M @Ms

⌃t2

⌃t1

assume d⌃kJk = 0 on @Ms

Our proposal
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Q(⇣) =

Z

⌃(x0)
d⌃0

p
�gT 0

⌫⇣
⌫
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⌃(x0): a constant x0 hypersurface
<latexit sha1_base64="rzCZ5nmEVtyIthEGEZEuy2jmXr0="></latexit>

d⌃0: a hypersurface element

where we require

<latexit sha1_base64="z7UXU1yRauOh6EveY0mzPMKnWaY="></latexit>

Tµ
⌫rµ⇣

⌫ = 0

conserved current 

covariant conservation law
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rµJ
µ =

1p
�g

@µ(
p
�gJµ) = 0, Jµ := Tµ

⌫⇣
⌫
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0 =

Z

M
ddx

p
�grµJ

µ =

Z

M
ddx @µ(

p
�gJµ) =

Z

@M
d⌃µ

p
�gJµ

boundaries
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Q(⇣)
���
x0=t2

= Q(⇣)
���
x0=t1



1. Energy conservation by symmetry

Killing vector
<latexit sha1_base64="Cfj2IjyCLl4NJarzq5cDPohSaCE="></latexit>

rµ⇠⌫ +r⌫⇠µ = 0
<latexit sha1_base64="Wf//H/Dglglzb+XCkJttmW22Yaw="></latexit>

⇣µ = ⇠µ
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Tµ
⌫rµ⇣

⌫ = 0

ex. stationary space time a metric gµ⌫ does not contain x0 ⇠µ = ��µ0

conserved energy E = �
Z

⌃(x0)
d⌃0

p
�g T 0

0

Covariant and universal definition of total energy

Ex.1  Black hole mass Black hole in NOT a vacuum !

Ex.2  Compact star

This definition has been known, but rarely used.

See II.

1. V. Fock, TheTheory of Space, Time and Gravitation (Pergamon Press, New York 1959)

2. A. Tautman, Kings Collage lecture notes on general relativity, mimeographed note (unpublished), May-June 1958; Gen. 
Res. Grav. 34 (2002), 721-762, cited Fock.

3. A. Tautman’s lecture notes was cited by Komar in  PRD127(1962)1411.

These were forgotten in major textbooks (e.g. Landau-Lifshitz) except a few.
4. R. Wald, General Relativity (The University of Chicago Press, Chicago, 1984), p.286, footnote 3.

See also lecture notes by Blau; Shiromizu (Japanese); Sekiguchi (Japanese).



2. Energy conservation without symmetry
⇠µ = ��µ0 is not a Killing vector but the metric satisfies

<latexit sha1_base64="sPhH/ipui5Lnk4iMd3kxtMomrYI="></latexit>

Tµ
⌫rµ⇠

⌫ = �Tµ
⌫�

⌫
µ0 = 0

E = �
Z

⌃(x0)
d⌃0

p
�g T 0

0 is a conserved energy without symmetry.

Ex.1  Exact gravitational plane wave
Ex.2  Gravitational collapse

r

t
0

�

r

"(r)

a a

b b

c

c

d

d
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⌧ + r = �
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⌧ + r = ⌧0
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⌧ + r = 0



3. Conserved charge without energy conservation
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Tµ
⌫rµ⇠

⌫ = �Tµ
⌫�

⌫
µ0 6= 0
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Tµ
⌫rµ⇣

⌫ = 0but a solution to always exists.

For a spherically symmetric system, a solution is a Kodama vector

Ex.1  Homogeneous and Isotropic expanding (FLRW) Universe 

<latexit sha1_base64="yuFQy/UbTYtF0a/PALhkwjT4nQQ="></latexit>

⇣µ = ��(x0)��µ0

<latexit sha1_base64="y9Ck7cwzxdRkdDhFdBImV654YOc="></latexit>

Q(⇣) =

Z

⌃(x0)
d⌃0

p
�gT 0

⌫⇣
⌫ is conserved.

What is a physical meaning ?

Our interpretation
<latexit sha1_base64="PDJ+8/VSmMY3/oE3c+MUh1Zh/PU="></latexit>

S := Q(⇣) is an entropy with a (time-dependent) inverse temperature �.

An entropy is a source of gravitational interaction.

The entropy of the Universe is conserved during its expansion.



II. Compact star 

S. Aoki, T. Onogi and S. Yokoyama, “Conserved charge in general relativity”,   
Int. J. Mod. Phys. A36 (2021) 2150098 arXiv:2005.13233[gr-qc].



stationary spherically symmetric metric

ds2 = �f(r)(dx0)2 + h(r)dr2 + r2g̃ijdx
idxj

with perfect fluid

3

which leads to a form proportional to a delta function:

T 0
0 =

d− 2

16πGNrd−2
∂r
(
rd−3F

)
= −ρ

δ(r)

rd−2
. (15)

We here insert the step function θ for the singular term in
(6), so that F (r) = δf(r)θ(r) and δ(r) = dθ(r)

dr . Thus the
matter energy momentum tensor Tµ

ν for the black hole
can be understood as a distribution. We can calculate E
as the volume integral, which also leads to (12), justifying
the use of the step function to handle the singularity at
r = 0.

3-2. Reissner-Nordström black hole

Below we present a more illuminative computation
of a mass of a charged black hole in general d dimen-
sions, whose metric is given in (5) by replacing f(r) with
fq(r) = f(r) + d−3

d−28πGNq2r−2(d−3), together with the

gauge potential Aµ = (− q
rd−3 + q

rd−3
+

)δ0µ, where q, r+ are

constants[17]. This configuration of gravitational and
gauge fields satisfies the equations of motion given by

Gµν + Λgµν = 8πGN (TG
µν + TA

µν), ∇µF
µ
ν = Jν , (16)

where Fµν := ∇µAν − ∇νAµ and TA
µν := Fµ

αFνα −
1
4gµνFαβFαβ . Here TG

µν and Jν explicitly represent
the singular contributions of the metric and the gauge
potential at r = 0, respectively. Explicitly (TG +
TA)00 is given in (15) by replacing F with Fq = F +
d−3
d−28πGNq2r−2(d−3).
Since this metric is also static, the energy defined by

(7) is conserved. However this charge diverges, due to
the contribution of the electromagnetic field. Physically,
this divergence can be interpreted as the self-energy for
the charged point particle. Indeed it remains even for the
flat space-time with M = 0 and Λ = 0. Classically, the
charged black hole has the infinite energy due to the infi-
nite electromagnetic energy. Thus the renormalization as
well as the quantization of the gauge field on the curved
space are needed to fix this problem, as was so on the
flat space.
Fortunately, since ∇µ(TG)µ0 = 0 (thus ∇µ(TA)µ0 =

0), we can define an energy from the covariantly con-
served TG alone without electromagnetic energy as

(TG)00 = − (d− 2)

16πGdrd−2
∂r
(
rd−3F (r)

)
, (17)

where F is given before. We thus obtain

EG =

∫
dd−2&x

∫
dr
√
|g|(TG)00ξ

0 = Vd−2ρ, (18)

which reproduces the result in the special case of [17].
This system allows another conserved quantity, thanks

to the invariance under the U(1) gauge transformation by
δAµ = ∂µθ, which leads to

∂µj
µ = 0, jµ = ∇ν

(√
|g|Fµν

)
(19)

without using the Maxwell equation. According to
our prescription, Qc =

∫
dd−2x

∫
dr
√
|g|J0 with J0 =

j0/
√
|g| gives the conserved electric charge, which is eval-

uated asQc = Vd−2(d−3)q. At d = 4 for k > 0, Qc = 4πq.

3-3. BTZ black hole

As a final example, we compute a charge different from
a mass. To this end we consider a BTZ black hole and
compute its angular momentum [18]. The metric

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2(dφ− ω(r)dt)2, (20)

where

f(r) =
r2

L2
− 2GNMθ(r) +

G2
NJ2

4r2
, ω(r) =

GNJ

2r2
, (21)

with M,J are constants, satisfies the Einstein equation
in three dimensions. We insert the step function to the
constant part to emphasize that this solution is valid ex-
cept the origin.

This BTZ black hole has not only a Killing vector with
respect to the time translation but also the one which
rotates the system, ξµ = δµφ . As in the previous cases
the first one defines the mass, which can be similarly
computed as E = M

4 . On the other hand, the second
Killing vector define an angular momentum:

Pφ =

∫
d2x
√
|g|T 0

φ. (22)

T 0
φ is computed from the Einstein tensor as T 0

φ =
− 1

16πGNr∂r
(
r3ω′(r)

)
. Thus we find Pφ = J

8 , which re-
produces the known result [18].

4. MASS OF A COMPACT STAR

Our formula for the conserved charge leads to non-
trivial corrections to a mass of a compact star.

4-1. Oppenheimer-Volkoff equation

Let us consider the energy momentum tensor for the
fluid, given by

T 0
0 = −ρ(r), T r

r = P (r), T i
j = δijP (r), (23)

where ρ(r) is the energy density and P (r) is the pres-
sure. The Oppenheimer-Volkoff equation[19, 20] for the
metric eq. (5) with 1/f(r) in the second term replaced
by another function h(r) becomes

−dP (r)

dr
=

GNρ(r)M(r)

rd−2

(
1 +

P (r)

ρ(r)

)
h(r)

×
{
d− 3 +

rd−1

(d− 2)M(r)

(
8πP (r)− 2Λ

(d− 1)GN

)}
,(24)

Einstein equation Oppenheimer-Volkoff equation 

with

Oppenheimer-Volkoff, PR55(1939)374.

EoS P = P (⇢) solution to OV equation

Oppenheimer-Volkoff equation

Misner-Sharp mass

<latexit sha1_base64="8xAIjPCQMahUHhh35WwsSE/hLpM="></latexit>

�dP (r)

dr
=

G4M(r)

r2
(P (r) + ⇢(r))h(r)

✓
1 + 4⇡r3

P (r)

M(r)

◆

<latexit sha1_base64="WLKWCFDVQ9GIumNCLNA5wlQW2g0="></latexit>

1

h(r)
= 1� 2G4M(r)

r

<latexit sha1_base64="l+V4ckqGbid1GGV0UJvtNYLaZ28="></latexit>

M(r) = 4⇡

Z r

0
ds s2⇢(s), M(0) = 0



R

radius of compact star R from P (r = R) = 0

⇢(r)

r1

Schwarzschild metric with m = M(R)

r > R, ⇢(r) = P (r) = 0

Schwarzschild metric

outside star

Misner-Sharp mass
<latexit sha1_base64="LbXVDEX4EGa3CMRByxzFEUi14ow="></latexit>

f(r) =
1

h(r)
= 1� 2G4M(R)

r



Energy of a compact star

Killing vector ⇠µ = ��µ0conserved energy

Misner Sharp mass

observed mass corrections due to a structure inside star <latexit sha1_base64="HILrV+OtZxaDUUolH73W15XamS8="></latexit>

:= �E
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E = M(R)� 4⇡G4

Z R

0
dr

p
f(r)h3(r) rM(r) (⇢(r) + P (r))

Mass observed far from the star is NOT a total energy of the star.

<latexit sha1_base64="9U2fbu3DRvPdy4oApT1//+6Javs="></latexit>

M(R) = 4⇡

Z R

0
dr r2⇢(r)

<latexit sha1_base64="6G/qCBoW+O+AwtUlTF5QskJ8UnA="></latexit>

E = �
Z

d2x

Z 1

0
dr

p
�g T 0

0 = 4⇡

Z R

0
dr

p
f(r)h(r)r2⇢(r)



Physical meaning of
Newtonian limit

gravitational potential energy

correction term represents the gravitational interaction (potential) energy ! 

<latexit sha1_base64="hJnwBW3yawSh6DX9PwVdSh5NvzA="></latexit>

�E
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P (r) ⌧ ⇢(r)

<latexit sha1_base64="pelG6sa9bdrUZwzrijIxW8LSatM="></latexit>

�E ' �4⇡G4

Z 1

0
dr rM(r)⇢(r) + · · ·

<latexit sha1_base64="WfJwdldoKDhZNqixrjOljrT323M="></latexit>

U4 := �G4

2

Z
d3x d3y

⇢(x)⇢(y)

|x� y| = �4⇡G4

Z R

0
dr rM(r)⇢(r)

Misner Sharp masstotal energy

<latexit sha1_base64="NeRciD1VRw0g92bANw5AbsiXkCI="></latexit>

�E  0
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E = M(R) +�E  M(R)



Interpretations in standard textbooks
Total energy = Misner Sharp mass

<latexit sha1_base64="q4/6h1PBzEx5w7HZmB+XB/Dtei4="></latexit>

M(R) = ✏(R) +M(R)� ✏(R)| {z }
:=�M(R)
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�M(R) : gravitational potential energy

<latexit sha1_base64="p5v+SaWfxBXBfjAXwUjfTSrBtSY="></latexit>

✏(R) : static mass + internal energy

Def. 1

Def. 2 Misner-Thorne-Wheeler, Hawking-Ellis, Wald

Weinberg,  Schutz

Newtonian limit

<latexit sha1_base64="3uTCXGA81yQ3I7tTZR7WPHnfeYM="></latexit>

�M(R) = ��E � 0
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�M(R) ' �4⇡G4

Z R

0
dr rM(r)⇢(r) ' �E  0 negative, OK

positive, thus incorrect !

even in Newtonian limit
<latexit sha1_base64="oEW8uPLfpBSzozCbhQHvKWnXon0="></latexit>

M(R) = 4⇡

Z R

0
dr r2⇢(r)

Interpretations in standard  textbooks  are physically inadequate.

<latexit sha1_base64="i35DdsVnzknfSf7UJr7z2JBJf2U="></latexit>

✏1(R) =

Z
d3x

p
�g4(x)⇢(x) = 4⇡

Z R

0
dr r2

p
f(r)h(r)⇢(r) = M(R) +�E

<latexit sha1_base64="3IjSFLXp7MuLGBDHCX8ibxTA5H0="></latexit>

✏2(R) =

Z
d3x

p
g3(x)⇢(x) = 4⇡

Z R

0
dr r2

p
h(r)⇢(r)

but



constant density

interaction energy

R � Rmin =
9GMBH

4

' �68% of MBH at R = Rmin

⇢(r) = ⇢0

Size of gravitational interaction energy

Gravitational interaction energy  could be large !

A neutron star may have a much smaller total energy than the observed mass.

MBH =
4⇡R3⇢0

3

fixed

E = MBH � ⇡⇢0


R(3r2

0
�R2)� 3r2

0

q
r2
0
�R2 sin�1

✓
R

r0

◆�

r20 :=
3

8⇡G4⇢0

<latexit sha1_base64="bMwovetuPp3bv+0n06N90dpwchI="></latexit>

MNS ' 2Msun
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ENS ' 2

3
Msun
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Please calculate E(R) and M(R) with your EOS.



III. Implications 



Compact star <latexit sha1_base64="BG+1R+nDvZAccAi6S0TxSTV8RXU="></latexit>

E ⌧ M Misner Sharp massTotal energy

Dark matters

<latexit sha1_base64="CUYsmXqoRLPbHK0TqED+uvpJIOM="></latexit>

Etotal = Mtotal = Nm Misner Sharp mass
<latexit sha1_base64="BQ821zXEhSYZs52cTOdQR+qfHoc="></latexit>

M̃total = Nm��E � Nm

may change the current estimate for an amount of dark matter.

<latexit sha1_base64="pw76fWFhRWkKNuVUqP7trkD3vR8="></latexit>

Etotal = Nm = M̃total +�E

co
ns
erv

ati
on

Quantitative analysis will be called for.



correct understanding of general relativity
after 106 years from Einstein

Energy/entropy(?) is a source of the gravitational field.

Matters carry it but gravitational fields do not.

cf. Photon/gluon fields have no electric/color charges.
Aoki-Onogi (in preparation)

A total energy/entropy in the whole system is always conserved, as nothing 
can escape from a censorship of gravity. 天網恢恢疎にして漏らさず。

Gravity may provide a new tool to define entropy and temperature in an arbitrary 
system.

Future

binary stars How do they loose “energy” ? Aoki-Onogi (work in progress)

<latexit sha1_base64="O2JE8Q09ssqo94qv0ixiKqZNYpM="></latexit>

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 8⇡GdTµ⌫



Quantum gravity

Gravitational fields classically have no energy/entropy.  

If necessary, how can we quantize gravitons with no observed energy/entropy ? 

Is it necessary to quantize gravity ? 

No exchange of energy/entropy between matters and gravitational fields.

若い学生や研究者の方へ

今、一般相対性理論に関して歴史的な仕事をするチャンスが目の前にあります。

興味のある方は連絡をください。一緒に仕事をしましょう。

過去のしがらみに囚われず、どんどん挑戦してください。


