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Chiral Effective Field Theory

Starting point: Chiral Lagrangian
LQCD → LEFT = Lππ + LπN + LNN + ...

Spontaneous chiral symmetry breaking of QCD
→ pions are Goldstone bosons

Separation of scales, Power counting

light dof (pions)� Λχ ≤ heavy dof (ρ, ω, ...)

Systematic expansion in powers of Q/Λχ & mπ/Λχ (Λχ ≈ 1 GeV)

at low momenta Q short-distance dynamics remains unresolved
→ heavy dof are represented by contact terms (low-energy constants)

pion-pion and pion-nucleon sectors are perturbative in Q
→ chiral perturbation theory

NN interaction requires non-perturbative resummation
(bound states, large scattering lengths)
→ chirally expand VNN

use in a regularized Lippmann-Schwinger equation
(Weinberg (1991), van Kolck, Epelbaum/Meißner, Entem/Machleidt, ...)
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NN forces in chiral effective field theory (E. Epelbaum)
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Figure 2: Chiral expansion of the nuclear forces. Solid and dashed lines refer to
nucleons and pions. Solid dots, filled circles, filled squares, crossed squares and open
squares denotes vertices from the effective chiral Lagrangian of dimension ∆ = 0, 1,
2, 3 and 4, respectively.

and nucleons as the only explicit degrees of freedom and utilizing the rules of naive
dimensional analysis for few-nucleon contact operators, see [31–33] for alternative pro-
posals. We remind the reader that all diagrams shown in this and following figures
correspond to irreducible parts of the scattering amplitude and to be understood as
series of all possible time-ordered-like graphs for a given topology. As already ex-
plained before, the precise meaning of these diagrams and the resulting contributions
to the nuclear forces are scheme dependent.

The nucleon-nucleon potential has been calculated to fifth order (N4LO) in the
chiral expansion using dimensional regularization [24,34–41]. The expressions for the
leading and subleading 3NF can be found in Refs. [42–46] and [26, 27], respectively.
Apart from the contributions involving NN contact interactions, which still have to
be worked out, the N4LO terms in the 3NF can be found in Refs. [29, 47, 48]. The
leading contribution to the four-nucleon force (4NF) appears at N3LO and has been
derived in Refs. [26,27]. It is important to emphasize that the long-range parts of the
nuclear forces are completely determined by the spontaneously broken approximate
chiral symmetry of QCD along with the experimental and/or empirical information
on the pion-nucleon system needed to determined the relevant LECs in the effective
Lagrangian. In this sense, the long-range contributions to the nuclear forces and cur-
rents can be regarded as parameter-free predictions. Given that the chiral expansion
of the NN contact operators in the isospin limit contains only contributions at orders
Q2n, n = 0, 1, 2, . . ., the N2LO and the isospin-invariant N4LO corrections to the NN
potential are parameter-free. This also holds true for the N3LO contributions to the
3NF and 4NF. For calculations utilizing a formulation of chiral EFT with explicit

salient features:

Power counting
systematic improvement by going to higher order
theoretical uncertainty can be estimated

two- and three-baryon forces, etc., can be derived in a consistent way
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NN forces in chiral EFT
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P. Reinert et al., EPJA 54 (2018) 86 [up to N4LO !!]

(see also Entem, Machleidt, Nosyk, Front.in Phys. 8 (2020) 57)
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Nd scattering and light nuclei
92 Page 6 of 14 Eur. Phys. J. A (2020) 56 :92

ary to express the LECs D and E in terms of the correspond-
ing dimensionless coefficients via

D = cD
F2

πΛχ

, E = cE
F4

πΛχ

, (11)

where, following [38,56], we use Λχ = 700 MeV. For the
LECs ci , we employ the central values from the Roy–Steiner-
equation analysis of Ref. [12] at the corresponding chiral
order, namely c1 = −0.74 GeV−1, c3 = −3.61 GeV−1 and
c4 = 2.44 GeV−1. The same values are used in the SMS NN
potentials of Ref. [7] at N2LO. Differently to Ref. [38], we
employ the same semilocal momentum-space regulator for
the 3NF as in the NN potentials of Ref. [7] by replacing the
pion propagators via

1

q2
i + M2

π

→ 1

q2
i + M2

π

e− q2
i +M2

π

Λ2 . (12)

For the D-term, the contact interaction between nucleons 1
and 2 is, in addition, regularized by multiplying the matrix
elements with a nonlocal Gaussian regulator exp(−(p2

12 +
p′

12
2
)/Λ2), where p12 = (p1 − p2)/2, p ′

12 = (p ′
1 − p ′

2)/2.
For the contact interaction proportional to the LEC E , we
apply a nonlocal Gaussian regulator in momentum space,

V 3N
cont → V 3N

cont e− 4p2
12+3k2

3
4Λ2 e− 4p′

12
2+3k′

3
2

4Λ2 , (13)

where k3 = 2(p3 − (p1 + p2)/2)/3 and k ′
3 = 2(p ′

3 − (p ′
1 +

p ′
2)/2)/3 are the corresponding Jacobi momenta.

It is important to emphasize that the SMS NN potentials
of Ref. [7] employ additional (local) short-range subtractions
to ensure that the coordinate-space expressions of the regu-
larized pion-exchange contributions and derivatives thereof
vanish at the origin. This convention ensures that regularized
pion-exchange contributions contain only long-range pieces.
On the other hand, using the regulator in Eq. (12), the result-
ing TPE contributions still contain admixtures of short-range
terms of the D- and E-types.

Following Ref. [38], we determine the LECs cD and
cE from the 3H binding energy and the nucleon–deuteron
differential cross section minimum at EN

lab = 70 MeV.
Specifically, we fit to the experimental data in the range
of θCM = 107◦ . . . 141◦. The resulting cD- and cE -values
are strongly dependent on the cutoff Λ and change from
cD = 8.9 (cE = 1.15) for Λ = 400 MeV to cD = −5.4
(cE = −0.25) for Λ = 550 MeV. Such a strong cutoff
dependence has to be expected given that these LECs refer
to bare quantities. The calculated observables, on the other
hand, show only a weak residual cutoff dependence, consis-
tent with the estimated truncation uncertainty.

In Figs. 4, 5, 6 and 7 we show the results for the differential
cross section and selected polarization observables in elastic
nucleon–deuteron scattering at NLO and N2LO at energies
of Elab = 10 MeV, Elab = 70 MeV and Elab = 135 MeV
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Fig. 4 Predictions for the differential cross section, nucleon and
deuteron analyzing powers An

y and Ad
y as well as deuteron tensor ana-

lyzing powers Ayy , Axz and Axx in elastic nucleon–deuteron scattering
at laboratory energy of EN

lab = 10 MeV at NLO (yellow bands) and
N2LO (green bands) based on the SMS NN potentials of Ref. [7] for
Λ = 500 MeV. The light- (dark-) shaded bands indicate 95% (68%)
DoB intervals using the Bayesian model C̄650

0.5−10. The dotted (dashed)
lines show the results based on the CD Bonn NN potential [15] (CD
Bonn NN potential in combination with the Tucson-Melbourne 3NF
[57]). Open circles are neutron–deuteron from Ref. [58] and proton–
deuteron data from Ref. [59–61], corrected for the Coulomb effects; see
Ref. [56] for details

for the cutoff Λ = 500 MeV, along with the truncation errors
corresponding to the DoB intervals of 68% and 95%.

Notice that the truncation errors are symmetric, and the
actual results of our calculation lie in the middle of the cor-
responding error bands.

To estimate the truncation uncertainty we have used the
Bayesian model C̄650

0.5−10 introduced in Sect. 2. For scattering
reactions involving three and more nucleons, we, however,
also need to specify the pertinent momentum p scale that sets
the expansion parameter Q in Eq. (2). Consider nucleon-
nucleus scattering and let EN

lab be nucleon beam energy in
the laboratory system. Neglecting the neutron–proton mass
difference and the binding energy of the target nucleus, which
is assumed to consist of A nucleons, the CM momentum is
related to EN

lab via

p2
CM = EN

labA
2m2(EN

lab + 2m)

m2(A + 1)2 + 2AmEN
lab

� 2A2

(A + 1)2 mEN
lab, (14)
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FIG. 8. Calculated ground-state energies in MeV using chiral
NLO, and N2LO interactions at � = 450 MeV (blue and green sym-
bols) in comparison with experimental values (red levels). For each
nucleus the NLO, and N2LO results are the left and right symbols and
bars, respectively. The open blue symbols correspond to incomplete
calculations at N2LO using NN-only interactions. Blue and green
error bars indicate the NCCI extrapolation uncertainty. All results
shown are for α = 0.08 fm4. The light (coral) and dark (gray) shaded
bars indicate the 95% and 68% DoB truncation errors, respectively,
estimated using the Bayesian model C̄650

0.5−10 (at NLO we only show
the 68% DoB truncation errors because the 95% errors would be off
one or even both ends of the scale).

In Table IV we also list our order-by-order results for
the excitation energies. Again, these excitation energies are
the difference of the extrapolated total energies. For 7Li our
results are, starting from NLO, in good qualitative agreement
with experiment, see Fig. 9. However, at LO the spectrum
looks very different: The ground state and first excited state
are nearly degenerate, and reversed in order, while the second
and third excited state are significantly too high and also
nearly degenerate. This can easily be qualitatively explained
in terms of the clustering: the lowest two states in 7Li can be
viewed as a bound states of 3H and 4He in an L = 1 state with
the spin and orbital motion (anti)aligned, whereas the second
and third excited state are bound states of 3H and 4He in an
L = 3 state with the spin and orbital motion (anti)aligned.
Without sufficient spin-orbit splitting in the NN-potential at
LO, the first two states become degenerate, as do the second
and third state. Note that the second excited 5

2
−

state has a
different structure, and is even higher in the spectrum at LO.
Starting from NLO, however, the spectrum is in qualitative
agreement with experiment, and the differences between the
excitation energies between NLO and N2LO (with or without
3NFs) are less than an MeV; and at N2LO (with 3NFs) there
is good agreement with the experimental values.
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FIG. 9. Order-by-order excitation spectra of 7Li (top) and 8Li
(bottom). All excitation energies are obtained with SRG parameter
α = 0.08 fm4; open symbols are with � = 450 MeV, closed symbols
are with � = 500 MeV, and horizontal lines indicate experimental
values [78,92]. Dashed (dotted) lines connect results for the lowest
(second) excited state of a given J at different orders.

Also for 8Li we see a qualitative difference between the
spectrum at LO and at higher orders: at LO the ground state is
actually a 0+ state, whereas the experimental ground state is a
2+ state. (Note that there is no narrow 0+ listed in Ref. [92].)
Starting from NLO, the excitation energies of the 1+, 3+,
and 4+ states are in reasonable agreement with the known
experimental values, with only small changes as one goes
from NLO to N2LO without and with 3NFs; the latter gives
best agreement for the low-lying spectrum. In addition to the
known narrow 1+, 3+, and 4+ states, and the 0+ state which
is the ground state at LO, we also see evidence for additional
1+ and 2+ states between 3 and 7 MeV at N2LO with 3NFs.
These states are also found with the SCS interactions [95];
however, they are not very well converged and probably cor-
respond to broad resonances.

The two lowest excited states of 10Be are both J = 2 states,
and at N2LO their excitation energies are in good agreement

054001-13

E. Epelbaum et al., EPJA 56 (2020) 92 P. Maris et al., PRC 103 (2021) 054001

nucleon-deuteron scattering, A ≤ 4 nuclei: Faddeev-Yakubovsky calculations
A > 4 nuclei: “ab initio” approaches like No-Core Shell Model,
No-Core Configuration Interaction
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BB interaction in chiral effective field theory

Follow the scheme of S. Weinberg
in complete analogy to the chiral EFT study of the NN interaction by
E. Epelbaum, W. Glöckle, U.-G. Meißner (NPA 671 (2000) 295)

Obstacle: YN and YY data base is rather poor

contact terms (LECs) need to be fixed from data!

only about 40 data points

constraints from hypernuclei (3
ΛH binding energy)

no polarization data⇒ no phase shift analysis

→ impose SU(3)f constraints: SU(3) χEFT

Dof: octet baryons (N, Λ, Σ, Ξ), pseudoscalar mesons (π, K , η)

LO: H. Polinder, J.H., U.-G. Meißner, NPA 779 (2006) 244

NLO: J.H., S. Petschauer, N. Kaiser, U.-G. Meißner, A. Nogga, W. Weise, NPA 915 (2013) 24
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YN integrated cross sections
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NLO13 ... all (10) S-wave LECs are fixed from a fit directly to available YN data
NLO19 ... 2 of those are fixed from the NN sector within (broken) SU(3) symmetry

... (10) P-wave LECs are fixed from the NN sector (4) + educated guess
(bands represent regulator dependence – cutoff Λ = 500− 650 MeV)

NLO13: J.H., S. Petschauer, N. Kaiser, U.-G. Meißner, A. Nogga, W. Weise, NPA 915 (2013) 24

NLO19: J.H., U.-G. Meißner, A. Nogga, EPJA 56 (2020) 91

Jülich ’04: J.H., U.-G. Meißner, PRC 72 (2005) 044005

Nijmegen NSC97f: T.A. Rijken et al., PRC 59 (1999) 21

(data points included in the fit are represented by filled symbols!)
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YN integrated cross sections
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quality of the fit – total χ2 (36 data points):

NLO13: 15.7 · · · 16.8 NLO19: 16.0 · · · 18.1 Jülich ’04: ≈ 22
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YN differential cross sections
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YN cross sections - higher energies
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TΣ−p→Λn !!

large uncertainties
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Differential cross sections for Σ−p from J-PARC
4

ing. In order to improve the S/N ratio in the ∆E(Σ−p)
spectrum, events around the peak regions of the ∆E(np),
∆p(π−p) and ∆p(Σ−p → Λn) spectra were removed. Fi-
nally, about 4,500 events have been observed for the Σ−p
elastic scattering from 1.62×107 Σ− particles.

The differential cross section was defined by this equa-
tion

dσ

dΩ
=

∑
ivtz

Nscat(ivtz ,cos θ)
ǫ(ivtz ,cos θ)

ρ · NAvo · L · dΩ
, (1)

where ρ, NAvo and L represent the target density, Avo-
gadoro’s number and the total flight length of the Σ−

hyperons in the LH2 target, respectively. The values of
the numerator depends on the vertex position of the Σ−p
scattering. ivtz represents the index of the z vertex posi-
tion from −150 mm to 150 mm with an interval of 30 mm.
Nscat(ivtz, cos θ) and ǫ(ivtz, cos θ) represent the number
of the Σ−p elastic scattering events and the detection
efficiency of CATCH for scattering angle θ in the c.m.
frame for the z vertex position of ivtz , respectively. The
total flight length (L) could be obtained from a Monte
Carlo simulation considering the Σ− lifetime by using the
obtained momentum and vertex information of Σ− from
the spectrometer analysis as inputs of this simulation. As
shown in FIG. 2 (a), there were the contamination events
in the selected Σ− mass region due to the misidentifica-
tion of K+. This contribution was subtracted by esti-
mating the flight length of the contamination from the
K+ side-band events in the mass spectrum. The detec-
tion efficiency for a proton in CATCH depends on the
momentum because the energy loss in the materials in
the LH2 target system and the fibers in CFT becomes
large for lower momenta. In order to obtain the realistic
efficiency, we took pp scattering data by employing the
proton beam from 450 MeV/c to 850 MeV/c in the K1.8
beam line. By identifying the pp scattering event by de-
tecting one proton, the other proton’s angle and momen-
tum can be predicted as the missing momentum of the
pp → pX reaction. The CATCH efficiency was obtained
by checking whether the predicted track was detected or
not. The detector acceptance and the analysis efficiency
were obtained from a Monte Carlo simulation using the
Geant4 package [34] taking into account the realistic de-
tector resolutions. The detection efficiency for the Σ−p
scattering events (ǫ(ivtz, cos θ)) was obtained based on
the CATCH efficiency, the detector acceptance and the
analysis efficiency. Differential cross sections of the np
scattering were also derived from the peak counts in the
∆E(np) spectra to check the validity of derived efficiency
and these values were consistent with past data within
3σ.

Figure 4 shows the measured differential cross sections
with a past measurement (KEK-PS E289 data for 400
< p (MeV/c) < 700 [21]) and theoretical calculations.
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p scattering-ΣDifferential cross sections of 

This work

E289

Chiral EFT

fss2

ESC08c

=470-550 (MeV/c)
Σ

p =550-650 (MeV/c)
Σ

p

=650-750 (MeV/c)
Σ

p =750-850 (MeV/c)
Σ

p

FIG. 4. Differential cross sections obtained in the present
experiment (black points). The error bars and boxes show sta-
tistical and systematic uncertainties, respectively. Red points
are averaged differential cross section of 400 < p (MeV/c) <
700 taken in KEK-PS E289 (the same points are plotted in
all of the four momentum regions). The dotted (magenta),
dot-dashed (blue) and solid (yellow) lines represent the calcu-
lated cross sections by the Nijmegen ESC08c model based on
boson-exchange picture, the fss2 model including QCM and
the extended χEFT model, respectively.

Here, the error bars and the black boxes show the statis-
tical and systematic uncertainties, respectively. The sys-
tematic uncertainty was estimated as a quadratic sum of
systematic error sources whose main components were
the uncertainties of the background estimation in the
∆E(Σ−p) spectra and the CATCH efficiency. Although
the total error becomes large at the edge of the angu-
lar acceptance, the data quality has been drastically im-
proved compared with the past experiments. The data
show a clear forward-peaking angular dependence for ev-
ery momentum region, although the statistical fluctua-
tion becomes larger in the momentum higher than 650
MeV/c. Theoretical calculations for each momentum re-
gion are also overlaid. The dotted (magenta), dot-dashed
(blue) and solid (yellow) lines represent calculations by
the Nijmegen ESC08c model based on boson-exchange
picture, by the fss2 model which includes QCM and by
the extended χEFT, respectively. For every momentum
region, the theoretical prediction by fss2 shows a rather
good agreement with our data in the angular dependence
and its absolute values, although there is a sizable dif-
ference at the lower momentum region. The Nijmegen
ESC08c model underestimates the differential cross sec-
tions at the forward angle. For the χEFT including the
error band due to the cut-off value, the calculation with
the most reasonable cut-off value also underestimates the
differential cross section especially in the lower momen-
tum regions. In the present model, the low-energy con-

J-PARC E40 Collaboration (K. Miwa et al.), arXiv:2104.13608

Results for Σ−p → Λn and Σ+p are on the way (APFB 2020, March 2021)

predictions of chiral EFT: agreement for Σ−p → Λn
some discrepancies for Σ+p

⇒ determination of P-wave LECs from YN data should be feasible

Johann Haidenbauer Baryon-baryon interaction



YN scattering lengths, Hypernuclei binding energies

NLO13 NLO19 Jülich ’04 NSC97f experiment

Λ [MeV] 500 · · · 650 500 · · · 650

aΛp
s −2.91 · · · −2.90 −2.91 · · · −2.90 −2.56 −2.51 −1.8+2.3

−4.2

aΛp
t −1.61 · · · −1.51 −1.52 · · · −1.40 −1.66 −1.75 −1.6+1.1

−0.8

aΣ+p
s −3.60 · · · −3.46 −3.90 · · · −3.43 −4.71 −4.35

aΣ+p
t 0.49 · · · 0.48 0.48 · · · 0.42 0.29 −0.25

χ2 15.7 · · · 16.8 16.0 · · · 18.1 ≈ 22 16.7

E(3
ΛH) 0.135 · · · 0.087 0.100 · · · 0.091 0.046 0.099 0.13(5)

E(4
ΛHe)

(0+) 1.705 · · · 1.477 1.643 · · · 1.462 1.704 1.832 2.39(3)

(1+) 0.790 · · · 0.580 1.226 · · · 0.916 2.312 0.575 0.98(3)

Binding (separation) energies from solving coupled-channel (ΛN-ΣN) Faddeev-Yakubovsky equations
(a, r in fm; E ... separation energy in MeV, e.g. E(3

ΛH) = B(3
ΛH)− Bd)

• E(3
ΛH) is used as additional constraint in EFT and Jülich ’04

Λp data alone do not allow to disentangle 1S0 (s) and 3S1 (t) contributions

• 4
ΛHe(0+) ... underpredicted by chiral YN potentials as well as by meson-exchange models!

⇒ clear evidence for missing three-body forces

Johann Haidenbauer Baryon-baryon interaction



Next step: go up to N2LO
4 E. EpelbaumNuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

(short-range loop contribu-
tions still to be worked out)

have not been worked 
out yet

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Two-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 2: Chiral expansion of the nuclear forces. Solid and dashed lines refer to
nucleons and pions. Solid dots, filled circles, filled squares, crossed squares and open
squares denotes vertices from the effective chiral Lagrangian of dimension ∆ = 0, 1,
2, 3 and 4, respectively.

and nucleons as the only explicit degrees of freedom and utilizing the rules of naive
dimensional analysis for few-nucleon contact operators, see [31–33] for alternative pro-
posals. We remind the reader that all diagrams shown in this and following figures
correspond to irreducible parts of the scattering amplitude and to be understood as
series of all possible time-ordered-like graphs for a given topology. As already ex-
plained before, the precise meaning of these diagrams and the resulting contributions
to the nuclear forces are scheme dependent.

The nucleon-nucleon potential has been calculated to fifth order (N4LO) in the
chiral expansion using dimensional regularization [24,34–41]. The expressions for the
leading and subleading 3NF can be found in Refs. [42–46] and [26, 27], respectively.
Apart from the contributions involving NN contact interactions, which still have to
be worked out, the N4LO terms in the 3NF can be found in Refs. [29, 47, 48]. The
leading contribution to the four-nucleon force (4NF) appears at N3LO and has been
derived in Refs. [26,27]. It is important to emphasize that the long-range parts of the
nuclear forces are completely determined by the spontaneously broken approximate
chiral symmetry of QCD along with the experimental and/or empirical information
on the pion-nucleon system needed to determined the relevant LECs in the effective
Lagrangian. In this sense, the long-range contributions to the nuclear forces and cur-
rents can be regarded as parameter-free predictions. Given that the chiral expansion
of the NN contact operators in the isospin limit contains only contributions at orders
Q2n, n = 0, 1, 2, . . ., the N2LO and the isospin-invariant N4LO corrections to the NN
potential are parameter-free. This also holds true for the N3LO contributions to the
3NF and 4NF. For calculations utilizing a formulation of chiral EFT with explicit

N2LO: no new (additional) BB LECs in the two-body sector

leading-order three-body forces

Johann Haidenbauer Baryon-baryon interaction



Three-body forces

• SU(3) χEFT 3BFs at N2LO (S. Petschauer et al., PRC 93 (2016) 014001)

• however, 5 LECs for ΛNN 3BF alone! (only 2 LECs for NNN)

SU(3) χEFT : (at LO!) :

Three-body forces

N Λ N

N Λ N

u y u

N Λ N

N Λ N

u y

N Λ N

N Λ N

y

(a) (b) (c)

N Λ N

N Λ N

Σ∗u u
u u

N Λ N

N Λ N

Σu u
u u

(d) (e)

(a) - (c) appear at N2LO
(d) appears at NLO – in EFT that includes decuplet baryons

(e) is already included by solving coupled-channel Faddeev equations

Johann Haidenbauer Baryon-baryon interactions

solve coupled channel (ΛN-ΣN) Faddeev-Yakubovsky equations:
⇒ ΛNN “3BF” from Σ coupling is automatically included

• 3BFs with inclusion of decuplet baryons (S. Petschauer et al., NPA 957 (2017) 347)

estimate ΛNN 3BF based on the Σ∗(1385) excitation (appear at NLO!)

• only 1 LEC for ΛNN (2 LECs for YNN in general)

Johann Haidenbauer Baryon-baryon interaction



Estimation of 3BFs based on NLO results

3
Λ H
(a) cutoff variation: ∆EΛ (3BF) ≤ 50 keV
(b) “3BF” from ΛN-ΣN coupling:

switch off ΛN-ΣN coupling
in Faddeev-Yakubovsky equations:
∆EΛ (3BF) ≈ 10 keV
expect similar/smaller ∆EΛ from Σ∗(1385) excitation

N Λ N

N Λ N

Λ✉ ✉
✉ ✉

N Λ N

N Λ N

Σ✉ ✉
✉ ✉

(a) (b)

N Λ N

N Λ N

Σ✉ ✉
✉✉

N Λ N

N Λ N

Σ∗✉ ✉
✉ ✉

(c) (d)

(c) 3H: 3NF ∼ Q3 |〈VNN〉|3H ∼ 650 keV
( |〈VNN〉|3H ∼ 50 MeV; Q ∼ mπ/Λb ; Λb ' 600 MeV )

3
Λ H: |〈VΛN〉|3

Λ
H ∼ 3 MeV→ ∆EΛ (3BF) ≈ Q3 |〈VΛN〉|3

Λ
H ' 40 keV

4
Λ H, 4

Λ He
(a) cutoff variation: ∆EΛ (3BF) ≈ 200 keV (0+) and ≈ 300 keV (1+)
(b) “3BF” from ΛN-ΣN coupling:
∆EΛ (3BF) ≈ 230− 340 keV (0+), ≈ 150− 180 keV (1+)

3
Λ H and 4

Λ H(He) calculations with explicit inclusion of 3BFs utilizing the decuplet

saturation are planned for the future

Johann Haidenbauer Baryon-baryon interaction



Hypernuclei with A > 4
ab initio no-core shell model (NCSM)

Basic idea: use harmonic oscillator states and soft interactions
m-scheme uses single particle states (center-of-mass motion not separated)

antisymmetrization for nucleons easily performed (Slater determinant)

larger dimensions (applications to p-shell hypernuclei by Wirth & Roth)

Jacobi-NCSM
uses relative (Jacobi) coordinates (Hoai Le et al., EPJA 56 (2020) 301)

explicit separation of center-of-mass motion possible

antisymmetrization for nucleons difficult but feasible for A ≤ 9

small dimensions

Soft interactions: Similarity renormalization group (SRG) (unitary transformation)

dH(s)

ds
= [[T ,H(s)],H(s)] H(s) = T + V (s) V (s) : V NN (s), V YN (s)

Flow equations are solved in momentum space

parameter (cutoff) λ =
(

4µ2
BN/s

)1/4
is a measure of the width of the interaction in momentum space

V (s) is phase equivalent to original interaction

transformation leads to induced 3BFs, 4BFs, ...

(induced 3BFs included in the calculations by Wirth & Roth)

(so far omitted in our studies)

Johann Haidenbauer Baryon-baryon interaction



NCSM results for light hypernuclei (by Hoai Le)
• Dependence of binding energies on SRG cutoff λYN (YN: NLO19 (600))
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   NCSM results for light hypernuclei

SRG-induced 3BFs are uncomfortably large      (R. Wirth et al. 2016, 2019)

Can we still obtain useful information without including SRG 3BFs? 

  Dependence of        on SRG-YN is significant     

   

  SRG-induced 3BFs  > chiral 3BFs   

   

SRG-induced 3BFs are rather large (Wirth & Roth)
→ have to be included before including chiral 3BFs

Are SRG-induced 3BFs > chiral (explicit) 3BFs?
Are 3BFs generally more important for hypernuclei than for nuclei?

Johann Haidenbauer Baryon-baryon interaction



NCSM results for light hypernuclei (by Hoai Le)
• Dependence of binding energies on SRG cutoff λYN (YN: NLO19 (600))
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   NCSM results for light hypernuclei

        for different flow parameters are strongly correlated
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Fig. 12 Correlations of Λ-separation energies between 5
ΛHe and (a) 3

ΛH, (b) the 0+ state of 4
ΛHe (red) and 4

ΛH (blue), (c)
the 1+ state of 4

ΛHe (red) and 4
ΛH (blue), (d) 6

ΛHe (red) and 6
ΛLi (blue), (e) 7

ΛLi(1/2+, 0) and (f) 7
ΛLi(3/2+, 0), for a wide

range of flow parameters λY N . The error bars represent numerical uncertainties which are small in most of the cases. The
experimental Λ-separation energy for 5

ΛHe is from [52]. The results for other systems are taken from (a) [52], (b)-(c) [64] for
4
ΛHe (black asterisk) and 4

ΛH (grey square), (d) [65] for 6
ΛHe (black asterisk) and 6

ΛLi (grey square), (e) [52] and (f) [66]. The
Idaho-N3LO(500) evolved to 1.6 fm−1 and NLO19(600) was used for the NN and YN interaction, respectively.
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   NCSM results for light hypernuclei

        for different flow parameters are strongly correlated
 

 YN-NLO19
   

BΛ for different λΛN are strongly (linearly) correlated!
omitted SRG-induced 3BF may depend on a single parameter⇒
minimize effect of SRG-induced 3BF by tuning λYN to a particular hypernucleus (5

ΛHe)
(in practice encodes SRG-induced + explicit 3BFs)
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NCSM results by Wirth & Roth (LO)

R. Wirth, R. Roth, PRL 117 (2016) 182501

17

Application:  Λ13C

NCSM 
chiral NN+3N 

standard  
N3LO+N2LO 
Λ3N=500 MeV 
α=0.08 fm4

chiral YN 
LO 

ΛYN=700 MeV 
α=0.08 fm4

ħΩ=20 MeV 

0+

2+

E
@Me
V
D
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1ê2+
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E x
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V
D
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0
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4

6

1ê2+

3ê2+

Nmax
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1ê2+

3ê2+

Nmax
4 6 8 10 12

NN+3Nfull YN+YNNind

Exp. Exp. Exp.

12C

Λ
13C Λ

13C

Wirth et al.; PRL 113, 192502 (2014); PRL 117, 182501 (2016)

YNonly

SRG-evolved YN forces only: strong overbinding
SRG-induced YNN forces lead to sizable corrections (are repulsive!)
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Equation of state / neutron stars / hyperon puzzle

Johann Haidenbauer Baryon-baryon interaction



density dependent effective YN interaction

three-body force:

density dependent effective YN interaction:

...

close two baryon lines by sum over occupied states within the Fermi sea
arising 3BF LECs can be constrained by resonance saturation (via decuplet baryons)
(→ 1 for ΛNN; 2 for YNN, Y = Λ,Σ,Ξ)

J.W. Holt, N. Kaiser, W. Weise, PRC 81 (2010) 064009 (for NNN)
S. Petschauer et al., NPA 957 (2017) 347 (for ΛNN)
D. Gerstung et al., EPJA 56 (2020) 175 (ΛNN, ΣNN)
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Results for Λ single-particle potential (NLO13)

symmetric nuclear matter neutron matter

0.5 1.0 1.5 2.0
 ρ / ρ

0
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U
Λ
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M
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(a)

0.5 1.0 1.5 2.0
 ρ / ρ

0

-40

-20

0

20

U
Λ
 (

M
e
V

)

(b)

——— χEFT at NLO
− · − χEFT at NLO + density-dependent ΛN interaction derived from chiral ΛNN 3BF
−− Jülich ’04; · · · Nijmegen NSC97f

⇒ NLO13: less attractive or even repulsive for ρ > ρ0
neutron stars: hyperons appear at higher density

3BF LECs are treated as free parameters
can ΛNN 3BF be constrained by binding energies of (light) hypernuclei?
has not been explored so far!!
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Implications for neutron stars (incl. chiral 3BF)

D. Gerstung et al.,
EPJA 56 (2020) 175
(NLO13 & NLO19; ΛNN, ΣNN)

UΛ ... Λ single-particle potential
(UΛ(ρ0 = 0.17 fm−3) ≈ −28 · · · − 30 MeV)
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Fig. 7 Single-particle potentials UΛ(p = 0; ρ) of a Λ hyperon in
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on self-consistent solutions of Eqs. (15) and (17) computed up to
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higher densities as described in the text. The uncertainty bands reflect
cutoff dependence and choices of (H1, H2) from the lower solid seg-
ments of the NLO13 lines of Fig. 6
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Fig. 8 Comparison of Λ and neutron chemical potentials, μΛ and μn ,
in neutron star matter up to baryon densities typically encountered in
the center of neutron stars. The neutron chemical potential is derived
from the equation-of-state calculated in ref. [10] using chiral SU(2)
nucleon-meson field theory combined with functional renormalization
group methods. The uncertainty band reflects primarily the errors in

the nuclear symmetry energy Esym = 32 ± 3 MeV. The Λ chemical
potential is based on UΛ as in Fig. 7, calculated using the chiral SU(3)
interactions NLO13 (left panel) and NLO19 (right panel) with full two-
and three-body forces (ΛN +ΛNN ) and sets of three-body parameters
as explained in the text. The dashed line shows μΛ using two-body Y N
interactions only

The comparison of μΛ and μn is shown in Fig. 8. The
uncertainty band of the neutron chemical potential is related
primarily to the range of possible values of the nuclear sym-
metry energy, Esym = (32 ± 3) MeV. We note that this
uncertainty band also includes μn as given in Ref. [8] for
their maximally repulsive interaction (AV18+δv + UIX*) up
to ρ � 4 ρ0.

Figure 8 points out that the combined repulsion from
two- and three-body hyperon–nuclear interactions for both
NLO13 and NLO19 cases can indeed be potentially strong
enough to avoid the appearance of Λ hyperons in neutron
stars. One finds μΛ > μn throughout the neutron star density
range when a set of three-body parameters is selected from
the solid segments of the lines in Fig. 6 that are constrained
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Chemical potentials of the Λ hyperon (µΛ) and the neutron (µn)
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in neutron star matter up to baryon densities typically encountered in
the center of neutron stars. The neutron chemical potential is derived
from the equation-of-state calculated in ref. [10] using chiral SU(2)
nucleon-meson field theory combined with functional renormalization
group methods. The uncertainty band reflects primarily the errors in

the nuclear symmetry energy Esym = 32 ± 3 MeV. The Λ chemical
potential is based on UΛ as in Fig. 7, calculated using the chiral SU(3)
interactions NLO13 (left panel) and NLO19 (right panel) with full two-
and three-body forces (ΛN +ΛNN ) and sets of three-body parameters
as explained in the text. The dashed line shows μΛ using two-body Y N
interactions only

The comparison of μΛ and μn is shown in Fig. 8. The
uncertainty band of the neutron chemical potential is related
primarily to the range of possible values of the nuclear sym-
metry energy, Esym = (32 ± 3) MeV. We note that this
uncertainty band also includes μn as given in Ref. [8] for
their maximally repulsive interaction (AV18+δv + UIX*) up
to ρ � 4 ρ0.

Figure 8 points out that the combined repulsion from
two- and three-body hyperon–nuclear interactions for both
NLO13 and NLO19 cases can indeed be potentially strong
enough to avoid the appearance of Λ hyperons in neutron
stars. One finds μΛ > μn throughout the neutron star density
range when a set of three-body parameters is selected from
the solid segments of the lines in Fig. 6 that are constrained

123

µΛ(ρ) ≤ µn(ρ)⇒ energetically favorable to replace n by Λ (µΛ(ρ) = MΛ + UΛ(ρ))

Equation-of-state becomes too soft to support 2 M� neutron stars (“hyperon puzzle”)
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Implications for neutron stars (incl. chiral 3BF)

Logoteta, Vidaña, Bombaci,
EPJA 55 (2019) 207
(Nijmegen NSC97 potentials)

Composition and EoS
of neutron star matter
(nB ≡ ρ)
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Fig. 1. (Color on-line) Single particle potentials for the Λ
hyperon in symmetric nuclear matter at saturation density
(n0 = 0.16 fm−3) with and without the NNΛ force.
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Fig. 2. (Color on-line) UΛ(0) as a function of the baryonic
density nB in symmetric nuclear matter with and without the
NNΛ force.

density. Results for the NSC97a (NSC97e) NΛ interac-
tion are presented in the left (right) panel together with
those including the effect of the NNΛ force. Note that
both the NSC97a and NSC97e models (with no NNΛ in-
teraction) predict a value of the Λ single-particle poten-
tial at zero momentum of about −40MeV, much lower
than the empirical value extrapolated from hypernuclear
data [56]. Note also that the NSC97a model predicts more
attraction than the NSC97e one over the whole range of
momenta. This does not change adding the NNΛ force.
The repulsive effect of the NNΛ interaction is even more
clear looking at fig. 2 where UΛ(0) in symmetric nuclear
matter is shown as a function of the baryonic density nB .
Note that UΛ(0) is very deep when only two body inter-
actions are considered and it shows a minimum located
at nB ∼ 0.4 fm−3 and nB ∼ 0.3 fm−3 for the NSC97a and
NSC97e models, respectively. The inclusion of the NNΛ in-
teraction induces repulsion for densities larger than about
0.1 fm−3 and it shifts this minimum to a value of the den-
sity around 0.16 fm−3 for all the models considered. As
expected, the effect of YTBF is almost negligible in the
low density region.
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Fig. 3. (Color on-line) Composition (left panel) and EoS (right
panel) of β-stable neutron star matter for models NSC97a (con-
tinuous lines) and NSC97a+NNΛ1 (dashed lines). The EoS of
the pure nucleonic EoS is also shown for comparison.

In order to perform the calculation of the β-stable neu-
tron star matter EoS one has to find for each value of the
total baryonic density nB = nn +np +nΛ the values of the
particle concentration Yi = ni/nB that fulfill the chemical
equilibrium equations:

μn − μp = μe, μn = μΛ, μe = μμ. (1)

Note that, besides nucleons and leptons, we have consid-
ered here only the Λ and have ignored the possible appear-
ance of other hyperons. The reason is that this is a first
exploratory work where we are just interested on the role
of the NNΛ force. A more complete study of the effect of
YTBF in neutron stars requieres, of course, the inclusion
of the other hyperon species and their interactions. This,
however, is left for a future work. In addition, the charge
neutrality condition, np = ne + nμ, should hold. In these
equations μi and ni are, respectively, the chemical poten-
tial and number density of the i-th species. The chemical
potential is calculated according to the usual thermody-
namical relation: μi = ∂ε

∂ni
where ε is the energy density.

The composition of β-stable neutron star matter is
shown in the left panel of fig. 3 for the models NSC97a
and NSC97a+ NNΛ1. Qualitatively similar results are ob-
tained for the other models which are not shown for sim-
plicity. The continuous lines show the results when only
NΛ, in addition to NN and NNN forces, are taken into
account whereas the dashed ones include also the contri-
bution of the NNΛ force. The effect of the latter is twofold.
First it shifts the onset of the Λ-hyperon to slightly larger
baryonic densities. The second effect, maybe the most
important one, is that the NNΛ force strongly reduces
the abundance of Λ particles at large baryonic densities
with the consequent stiffening of the EoS compared to
the case in which the NNΛ force is not included, as it
can be seen in the right panel of the figure, where the to-
tal pressure P is show as a function of the total energy
density ε. Consequently, the mass of the neutron star,
and in particular its maximum value, increases. This is
shown in fig. 4 where it is plotted the mass-radius relation

Mass-radius relation without and with chiral ΛNN force
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Fig. 4. (Color on-line) Mass-radius relation sequences for all
the models considered. Results for pure nucleonic stars are
shown for comparison. The observed masses of the pulsars PSR
J0348+0432 [31] and PSR J0740+6620 [32] are also shown. The
bands indicate the error of the observation.

for the models NSC97a and NSC97e with and without
the inclusion of the NNΛ force obtained by solving the
well known Tolman-Oppenheimer-Volkoff equations. The
black line corresponds to the case of pure nucleonic matter
shown as a reference. It is remarkable that the maximum
masses obtained including the NNΛ force are compati-
ble with the largest measured masses of ∼ 2M� [29–32].
This is in agreement with the calculation performed in
ref. [11]. Notice that the result of our present calculations
are based on a more realistic description of neutron star
matter compared to the one given in ref. [11] (pure neu-
tron matter plus a finite concentration of Λ hyperons). In
addition, we use more realistic interactions both in the
nucleonic and the hyperonic sectors than the ones used in
ref. [11]. Note also that, although the concentration of the
Λs is strongly reduced due to the effect of the NNΛ force,
they are still present in the interior of a 2M� neutron
star. This differs from what is concluded in ref. [11] where
it was found that the only NNΛ force able to produce a
EoS stiff enough to support maximum masses compatible
with the recent observation of 2M� neutron stars leads to
the total disappearance of Λ hyperons in the core of these
objects.

The neutron star properties, mass, radius and cen-
tral baryonic density, for the maximum mass configura-
tion are summarized in table 3. Note that models which
do not account for the NNΛ interaction provide very low
neutron star maximum masses between 1.3–1.5M�. This
is in agreement with several calculations performed by
various research groups using different many-body meth-
ods [23–27].

4 Conclusions

We have studied the effects of a hyperonic NNΛ force
derived by the Jülich-Bonn-Munich group in χEFT at

Table 3. Neutron star properties, mass (Mmax), radius (R)
and central baryonic density (nc), for the maximum mass con-
figuration for the different models considered. Results for a
pure nucleonic star are shown for comparison.

Mmax(M�) R (km) nc (fm−3)

Nucleonic 2.08 10.26 1.15

NSC97a 1.31 10.60 1.40

NSC97a+NNΛ1 1.96 9.80 1.30

NSC97a+NNΛ2 1.97 9.87 1.28

NSC97e 1.54 10.81 1.18

NSC97e+NNΛ1 2.01 10.10 1.20

NSC97e+NNΛ2 2.02 10.15 1.19

N2LO [50] in neutron stars and some single-Λ hypernu-
clei. We have calculated the EoS and structure of neutron
stars within the many-body BHF approach using in addi-
tion to the NNΛ force realistic NN, NNN and NΛ interac-
tions. In particular, we have used the chiral NN and NNN
interactions derived by Piarulli et al., and Epelbaum et
al. in refs. [39] and [40], respectively. For the NΛ, instead,
we have employed the NSC97a and NSC97e models de-
veloped by the Nijmegen group within the framework of
meson-exchange theory in refs. [48,49]. The reason for the
use of this NΛ interaction is simply the fact that we do not
have presently at our disposal the chiral NΛ interaction
derived by the Jülich-Bonn-Munich group in refs. [45–47].
This represents a weak point of the present work that,
however, we will try to solve in the future. After adjust-
ing the NNΛ force to reproduce the binding energy of the
Λ-hyperon in symmetric nuclear matter at saturation den-
sity, we have calculated the Λ separation energy in 41

Λ Ca,
91
Λ Zr and 209

Λ Pb. We have found that whereas the agree-
ment between the calculated separated energy and the ex-
perimental data improves in the case of the heavier nuclei
when the effect of the NNΛ is included, this force results to
be too much repulsive in the case of 41

Λ Ca and the lighter
hypernuclei. We note, however, that all the finite hypenu-
clei results were obtained without refitting the NNΛ force
and that a better agreement with experimental data for
the lighter hypernuclei could be found if the force is ad-
justed individually to each hypernucleus. Finally, we have
calculated the neutron star composition and EoS and have
determined the maximum mass predicted by the different
models considered. Our results have shown that when the
NNΛ force is included, the EoS becomes stiff enough such
that the resulting maximum mass is compatible with the
largest measured neutron star maximum mass of ∼ 2M�.
However, we have ignored the possible presence of other
hyperon species in the neutron star interior that could
change this conclusion, although we should point out that
hypothetical repulsive NNY, NYY and YYY forces could
lead to a similar one. Unfortunately, the lack of experimen-
tal information prevents currently any realistic attempt to
estimate the effect of such forces. More experimental ef-
forts are, therefore, needed. In particular, new information
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for the models NSC97a and NSC97e with and without
the inclusion of the NNΛ force obtained by solving the
well known Tolman-Oppenheimer-Volkoff equations. The
black line corresponds to the case of pure nucleonic matter
shown as a reference. It is remarkable that the maximum
masses obtained including the NNΛ force are compati-
ble with the largest measured masses of ∼ 2M� [29–32].
This is in agreement with the calculation performed in
ref. [11]. Notice that the result of our present calculations
are based on a more realistic description of neutron star
matter compared to the one given in ref. [11] (pure neu-
tron matter plus a finite concentration of Λ hyperons). In
addition, we use more realistic interactions both in the
nucleonic and the hyperonic sectors than the ones used in
ref. [11]. Note also that, although the concentration of the
Λs is strongly reduced due to the effect of the NNΛ force,
they are still present in the interior of a 2M� neutron
star. This differs from what is concluded in ref. [11] where
it was found that the only NNΛ force able to produce a
EoS stiff enough to support maximum masses compatible
with the recent observation of 2M� neutron stars leads to
the total disappearance of Λ hyperons in the core of these
objects.

The neutron star properties, mass, radius and cen-
tral baryonic density, for the maximum mass configura-
tion are summarized in table 3. Note that models which
do not account for the NNΛ interaction provide very low
neutron star maximum masses between 1.3–1.5M�. This
is in agreement with several calculations performed by
various research groups using different many-body meth-
ods [23–27].

4 Conclusions

We have studied the effects of a hyperonic NNΛ force
derived by the Jülich-Bonn-Munich group in χEFT at

Table 3. Neutron star properties, mass (Mmax), radius (R)
and central baryonic density (nc), for the maximum mass con-
figuration for the different models considered. Results for a
pure nucleonic star are shown for comparison.

Mmax(M�) R (km) nc (fm−3)

Nucleonic 2.08 10.26 1.15

NSC97a 1.31 10.60 1.40

NSC97a+NNΛ1 1.96 9.80 1.30

NSC97a+NNΛ2 1.97 9.87 1.28

NSC97e 1.54 10.81 1.18

NSC97e+NNΛ1 2.01 10.10 1.20

NSC97e+NNΛ2 2.02 10.15 1.19

N2LO [50] in neutron stars and some single-Λ hypernu-
clei. We have calculated the EoS and structure of neutron
stars within the many-body BHF approach using in addi-
tion to the NNΛ force realistic NN, NNN and NΛ interac-
tions. In particular, we have used the chiral NN and NNN
interactions derived by Piarulli et al., and Epelbaum et
al. in refs. [39] and [40], respectively. For the NΛ, instead,
we have employed the NSC97a and NSC97e models de-
veloped by the Nijmegen group within the framework of
meson-exchange theory in refs. [48,49]. The reason for the
use of this NΛ interaction is simply the fact that we do not
have presently at our disposal the chiral NΛ interaction
derived by the Jülich-Bonn-Munich group in refs. [45–47].
This represents a weak point of the present work that,
however, we will try to solve in the future. After adjust-
ing the NNΛ force to reproduce the binding energy of the
Λ-hyperon in symmetric nuclear matter at saturation den-
sity, we have calculated the Λ separation energy in 41

Λ Ca,
91
Λ Zr and 209

Λ Pb. We have found that whereas the agree-
ment between the calculated separated energy and the ex-
perimental data improves in the case of the heavier nuclei
when the effect of the NNΛ is included, this force results to
be too much repulsive in the case of 41

Λ Ca and the lighter
hypernuclei. We note, however, that all the finite hypenu-
clei results were obtained without refitting the NNΛ force
and that a better agreement with experimental data for
the lighter hypernuclei could be found if the force is ad-
justed individually to each hypernucleus. Finally, we have
calculated the neutron star composition and EoS and have
determined the maximum mass predicted by the different
models considered. Our results have shown that when the
NNΛ force is included, the EoS becomes stiff enough such
that the resulting maximum mass is compatible with the
largest measured neutron star maximum mass of ∼ 2M�.
However, we have ignored the possible presence of other
hyperon species in the neutron star interior that could
change this conclusion, although we should point out that
hypothetical repulsive NNY, NYY and YYY forces could
lead to a similar one. Unfortunately, the lack of experimen-
tal information prevents currently any realistic attempt to
estimate the effect of such forces. More experimental ef-
forts are, therefore, needed. In particular, new information
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Selected results for S = −2

constraints: ΛΛ, ΞN data + ΛN, ΣN interaction / (broken) SU(3) flavor symmetry
J.H., U.-G. Meißner, S. Petschauer, NPA 954 (2016) 273
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ΛΛ effective range parameters

NLO LO

Λ 500 550 600 650 550 600 650 700

a1S0 −0.62 −0.61 −0.66 −0.70 −1.52 −1.52 −1.54 −1.67

r1S0 7.00 6.06 5.05 4.56 0.82 0.59 0.31 0.34

empirical: aΛΛ = -1.2± 0.6 fm (Gasparyan et al.) −1.92 < aΛΛ < −0.50 fm (A. Ohnishi et al.)
12C(K−, K +ΛΛX) (C.-J. Yoon et al.) ΛΛ correlations in heavy-ion collisions (STAR)
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Selected results for S = −2
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filled band: J.H., U.-G. Meißner, EPJA 55 (2019) 23 hatched band: NLO interaction from NPA 954 (2016)

single-particle potential of Ξ in nucleonic matter, UΞ(0):

EFT NLO (2019) EFT NLO (2016) ESC08c HAL QCD
Λ [MeV] 500 · · · 650 500 · · · 650

UΞ(0) S; I = 0 −7.5 · · · −5.9 −7.5 · · · −5.9 −6.6 −8.9
S; I = 1 0.9 · · · 5.0 20.5 · · · 27.0 0.4 5.3

total −5.5 · · · −3.8 22.4 · · · 27.7 −7.0 −3.6

S ... 1S0, 3S1-3D1 I = 1: NLO (2016) - both repulsive; NLO (2019) - 3S1-3D1 attractive

ESC08c: M.M Nagels et al., arXiv:1504:02634; HAL QCD: T. Inoue, AIP Conf.Proc. 2130 (2019) 020002

“Canonical” value: UΞ(0) ≈ −15 MeV
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Results for ΛΛ hypernuclei from NCSM

Hoai Le et al., arXiv:2103.08395; EPJA, in print
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Nagara event:
∆BΛΛ = BΛΛ( 6

ΛΛHe)− 2BΛ(5
ΛHe) = 0.67± 0.17 MeV

(K. Nakazawa, Nucl. Phys. A 835 (2010) 207)

(H. Takahashi et al., Phys. Rev. Lett. 87 (2001) 212502: ∆BΛΛ = 1.01± 0.20+0.18
−0.11 MeV)

5
ΛΛHe ... most likely bound 4

ΛΛH ... presumably unbound

• a study of Ξ hypernuclei is under way
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Summary

Baryon-baryon interaction constructed within chiral EFT

Approach is based on a modified Weinberg power counting, analogous to the
NN case

The potential (contact terms, pseudoscalar-meson exchanges) is derived
imposing SU(3)f constraints

YN: Excellent results at next-to-leading order (NLO)
low-energy data are reproduced with a quality comparable to phenomenological
models

S = −2: ΛΛ, ΞN results are in agreement with empirical constraints
SU(3) symmetry breaking when going from NN to YN to YY !

SU(3) symmetry provides a useful guiding line (fulfilled within 10 to 30 %)
however, one should not follow SU(3) symmetry too strictly

Johann Haidenbauer Baryon-baryon interaction



Outlook and prospects

YN: Extension to next-to-next-to-leading order (N2LO)

YN: detailed study of differential scattering observables
→ determination of P-wave amplitudes

3
ΛH, 4

ΛH, 4
ΛHe ... inclusion of three-body forces, quantification of

their effects
(can be done on the basis of assuming decuplet saturation)

study of A > 4 hypernuclei using “ab initio” approaches like the
NCSM (including SRG-induced 3BF + chiral 3BF)
(feasible up to A ≈ 12− 14)

main (eternal) challenge: How to connect few- and many-body
calculations in a reliable and controlled way!
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BB interaction in chiral effective field theory

Baryon-baryon interaction in SU(3) χEFT à la Weinberg (1990) [up to NLO]

• degrees of freedom: octet baryons (N, Λ, Σ, Ξ), pseudoscalar mesons (π, K , η)

• pseudoscalar-meson exchanges – similar to meson-exchange potentials

• short-distance dynamics remains unresolved – represented by contact terms
(involve low-energy constants (LECs) that need to be fixed from data)
(in meson-exchange: ρ, ω, K∗, f0(500), f0(980), a0(980), κ, Pomeron, Odderon, ...)

V CT
B1B2→B′1B′2

= C̃α + Cα(p′2 + p2) (Cβp′2, Cγp′p)

α = 1S0,
3S1; β = 3S1 − 3D1; γ = 3P0,

1P1,
3P1,

3P2

No. of LECs is limited by SU(3) flavor symmetry:
6 at LO + 22 at NLO (in total) [for NN, ΛN, ΣN, ΛΛ, ΞN, ..., ΞΞ]
5 at LO + 5 at NLO (for S-waves; dominant for ΛN and ΣN scattering at low energies)
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SU(3) structure of contact terms for BB
SU(3) structure for scattering of two octet baryons→
8 ⊗ 8 = 1 ⊕ 8a ⊕ 8s ⊕ 10∗ ⊕ 10 ⊕ 27

BB interaction can be given in terms of LECs corresponding to the SU(3)f irreducible
representations: C1, C8a , C8s , C10∗ , C10, C27

Channel I Vα Vβ Vβ→α
S = 0 NN → NN 0 – C10∗

β –

NN → NN 1 C27
α – –

S = −1 ΛN → ΛN 1
2

1
10

(
9C27

α + C8s
α

)
1
2

(
C8a
β + C10∗

β

)
−C8sa

ΛN → ΣN 1
2

3
10

(
−C27

α + C8s
α

)
1
2

(
−C8a

β + C10∗
β

)
−3C8sa

C8sa

ΣN → ΣN 1
2

1
10

(
C27
α + 9C8s

α

)
1
2

(
C8a
β + C10∗

β

)
3C8sa

ΣN → ΣN 3
2 C27

α C10
β –

α = 1S0,
3 P0,

3 P1,
3 P2, β = 3S1,

3 S1 −3 D1,
1 P1

No. of contact terms: LO: 2 (NN) + 3 (YN) + 1 (YY )
NLO: 7 (NN) + 11 (YN) + 4 (YY )

(No. of spin-isospin channels in NN+YN: 10 S = −2,−3,−4: 27)
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Contact terms for YN – partial-wave projected

spin-momentum structure up to NLO

V (1S0) = C̃1S0
+ C1S0

(p2 + p′2)

V (3S1) = C̃3S1
+ C3S1

(p2 + p′2)

V (α) = Cα p p′ α =̂ 1P1,
3P0,

3P1,
3P2

V (3D1 − 3S1) = C3S1− 3D1
p′2

V (1P1 − 3P1) = C1P1− 3P1
p p′

V (3P1 − 1P1) = C3P1− 1P1
p p′

(antisymmetric spin-orbit force: (~σ1 − ~σ2) · (~q × ~k))

• C̃α, Cα ... low-energy constants (LECs)
• need to be fixed by a fit to (NN, YN, ...) data
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Coupled channels Lippmann-Schwinger Equation

Tν
′ν,J

ρ′ρ (p′, p) = Vν
′ν,J

ρ′ρ (p′, p)

+
∑
ρ′′,ν′′

∫ ∞
0

dp′′p′′2

(2π)3
Vν
′ν′′,J

ρ′ρ′′ (p′, p′′)
2µρ′′

p2 − p′′2 + iη
Tν
′′ν,J

ρ′′ρ (p′′, p)

ρ′, ρ = ΛN, ΣN (ΛΛ, ΞN, ΛΣ, ΣΣ)

LS equation is solved for particle channels (in momentum space)

Coulomb interaction is included via the Vincent-Phatak method

The potential in the LS equation is cut off with the regulator function:

Vν
′ν,J

ρ′ρ (p′, p)→ f Λ(p′)Vν
′ν,J

ρ′ρ (p′, p)f Λ(p); f Λ(p) = e−(p/Λ)4

consider values Λ = 500 - 650 MeV [guided by NN, achieved χ2]

ideally the regulator (Λ) dependence should be absorbed completely by the LECs
in practice there is a residual regulator dependence (shown by bands below)
• tells us something about the convergence
• tells us something about the size of higher-order contributions
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Charge symmetry breaking - in chiral EFT

π0

δM

Λ

Σ0

Λ N

N

✉
✉

✉
π0

δM

Λ

Σ0

Λ N

N

✉
✉ ✉

η π0

δm2

Λ

Λ N

N

✉ ✉ ✉
✉
✉

✉
✉Λ p

Λ p

Σ+ n

π−

π− ✉ ✉
✉ ✉

Λ n

Λ n

Σ− p

π+

π+ ✉
✉ ✉

✉Λ p

Λ p

Σ− n

π+

π+ ✉ ✉
✉ ✉

Λ n

Λ n

Σ+ p

π−

π−

✉ ✉✉
Λ N

Λ N

ω ρ0

δm2
· · · − − − > ✉

Λ p

Λ p

✉
Λ n

Λ n

Σ0-Λ mixing + π0-η mixing + CSB contact terms

Electromagnetic mass matrix:

〈Σ0|δM|Λ〉 = [M
Σ0 − MΣ+ + Mp − Mn ]/

√
3,

〈π0|δm2|η〉 = [m2
π0 − m2

π+ + m2
K + − m2

K 0 ]/
√

3, etc.

(R.H. Dalitz & F. von Hippel, PL 10 (1964) 153)

⇒ J.H., U.-G. Meißner, A. Nogga, arXiv:2107.01134

(different approach to Gal & Gazda (2016) !!)
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Hypertriton (Faddeev calculation by A. Nogga)
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Hypertriton separation energies

7

• singlet scattering length for one cutoff chosen so that hypertriton binding energy is OK

• cutoff variation 
• is lower bound for magnitude of higher order contributions
• correlation with χ2 of YN interaction ?

• long range 3BFs need to be explicitly estimated

E⇤ = E(core) � E(hypernucleus)

separation energies:

• Λp 1S0 / 3S1 scattering lengths are chosen so that 3
ΛH is bound

• however, effect of three-body forces needs to be explicitly estimated

• cutoff variation:

* NNN → is lower bound for magnitude of higher order contributions

* ΛNN - correlation with χ2 of YN interaction?
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4
ΛH results (Faddeev-Yakubovsky – by A. Nogga)

 [MeV]Λ
450 500 550 600 650 700

 [M
eV

]
ΛE

0.0

0.5

1.0

1.5

2.0

2.5

 separation  energyΛ)   +H (J=0Λ
4X

LO
NLO-Idaho 500
Exp.

 separation  energyΛ)   +H (J=0Λ
4X

 [MeV]Λ
450 500 550 600 650 700

 [M
eV

]
ΛE

0.0

0.5

1.0

1.5

2.0

2.5

 separation  energyΛ)   +H (J=1Λ
4X

LO
NLO-Idaho 500
Exp.

 separation  energyΛ)   +H (J=1Λ
4X

September 10, 2013 8

Separation energies for 

• LO/NLO results: LO uncertainty in 0+ is underestimated by cutoff variation
• NLO results in line with model results, implies underbinding
• long range 3BFs need to be explicitly estimated

• but: for this version of NLO, results are inconsistent with experiment
• note: this NLO does not allow for SU(3) breaking in contact part of YN
• ad-hoc p-waves 

4
ΛH

• LO: unexpected small cutoff dependence in 0+ result

• NLO: underbinding → comparable to what is observed in calculations with

phenomenological potentials (Jülich ’04, NSC97f)

• possible effects of long range three-body forces?

• open problem: charge symmetry breaking 4
ΛH↔ 4

ΛHe
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