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QCD phase transition

~150MeV 
(10μs 
after Big-bang)

Temperature

Chiral symmetric,  
deconfined

Chiral SSB,   
confined

Chiral condensate (at m=0) 
probes SU(2)LxSU(2)R 
symmetry breaking/
restoration : 
For T>Tc, 

For T<Tc,    
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Chiral susceptibility
QCD partition function 

chiral condensate 

chiral susceptibility

Z(m) =

Z
[dA] det(D(A) +m)Nf e�SG(A)
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Nf = 2 (mu = md = m)
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In this talk,
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A : gluon fields

* strange quark is just a spectator.



Temperature(T) and mass(m) dependence
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When the transition is 1st order
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* But finite V effect makes the transition not sharp.



Chiral phase transition
Chiral condensate probes  
SU(2)LxSU(2)R symmetry breaking/restoration : 

For T<Tc,                                For T>Tc, 

But          also breaks U(1)A symmetry. 

<latexit sha1_base64="UHVFlsGm26nBqvepBrvfLTzFO6Y="></latexit>

hq̄qi 6= 0
<latexit sha1_base64="nm1sr5HLHnVPmQ203FPJeeDAoXo="></latexit>

hq̄qi = 0
<latexit sha1_base64="JkEpg4vYRNV2r2ZeRuxVYuUIhGE="></latexit>

hq̄qi

Question:  
How much does U(1)A (anomaly) contribute to the transition?  



Naive expectation: U(1) anomaly exists at 
any energy scale (does not change much)

m
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Symmetry  
breaking at m=0

Symmetry  
breaking at T>Tc

U(1) anomaly
U(1) anomaly

SU(2)xSU(2) SSB SU(2)xSU(2) SSB

You may think that T and m dependences of chiral condensate 
should reflect SU(2)LxSU(2)R  breaking rather than U(1) anomaly.



But in early days of QCD
QCD founders in 70’s and 80’s thought  

instanton → axial U(1) anomaly → SU(2)xSU(2) breaking. 

Callan, Dashen & Gross 1978: 

If this inverse is true, we should have 

instanton disappears → anomaly disappears → SU(2)xSU(2) restored.



It has been difficult issue.
Analytic method:  
Semi-classical QCD instantons are not enough to describe the low-energy 
dynamics of QCD. 

Lattice simulations :   
Staggered fermions explicitly breaks 
SU(2)LxSU(2)RxU(1)A  →  U(1)A’ 

Wilson fermion explicitly breaks 
SU(2)LxSU(2)RxU(1)A  →  SU(2)V 

  

Moreover, we found that  
lattice artifacts are enhanced at 
high temperature  
(even for domain-wall fermions) 
[JLQCD 2015, 2016]



Our work
In this work we study chiral condensate and its 
susceptibility in 2- and 2+1-flavor QCD  
with exactly chiral symmetric Dirac operator. 
We separate the axial U(1) breaking (in particular 
topological ) effect from others in a clean way. 

Our result shows that 
signal of chiral susceptibility is dominated by axial U(1) 
breaking effect (at T>=Tc),  
rather than SU(2)LxSU(2)R. 
 



Contents
✔ 1. Introduction 

We simulate the chiral phase transition of QCD with 
chiral fermions to investigate the role of axial U(1) 
anomaly. 
2. U(1)A contribution to chiral susceptibility  
     
3. Numerical results  
      
4. Summary



Dirac eigenmode decomposition 
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chiral susceptibility

O(100) eigenvalues can be computed on the lattice.



Chiral rotations (with angle π)
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Relation to scalar susceptibility

<latexit sha1_base64="4Vos7E9a6xOnQnChufrapnM2+7w="></latexit>

= �
X

x

hS0(x)S0(0)i � V hS0i2

<latexit sha1_base64="3ZcxDwZ2HIm2mlxZq4dkXlxTJfM="></latexit>

�(m) =
1

NfV

@2

@m2
lnZ(m, ✓ = 0)

<latexit sha1_base64="PtYlC4wiwDwWortEgM8j9bjA+CI="></latexit>

S0(x) = q̄q(x)

<latexit sha1_base64="y8zyNIUpM0dypZYoeD1bAiycXo8="></latexit>

LQCD =


1

4
TrFµ⌫F

µ⌫ + q̄ (�µ(@µ � igAµ) +m) q

�



Relation to pseudoscalar susceptibility
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P 0(x) = q̄i�5q(x)

U(1)A rotation

<latexit sha1_base64="TTQxX1dWxlLCjLGIsHVSfQ14AxI="></latexit>

�top.(m) = � 1

NfV

@2

@✓2
lnZ(m, ✓)|✓=0 = m


@

@✓
hq̄i�5ei�5✓/Nf qi

�
|✓=0

<latexit sha1_base64="8xwVCAIPavMwTeQD4NXLZltcVmA="></latexit>

Nf

m2
�top.(m) = �

X

x

hP 0(x)P 0(0)i � hq̄qi(m)

m
.

<latexit sha1_base64="ZtNSKe8LEJDiqiZYjL/pV6nBtKI=">AAAB73icZVBNS8NAEJ3Ur1q/qh69LJaCeChJKepFKHrxJBVMW2hD2Ww37dLNJu5uhBL6IzwJCuLV3+PJf+O2DWLbBwOP92aYmefHnClt2z9Wbm19Y3Mrv13Y2d3bPygeHjVVlEhCXRLxSLZ9rChngrqaaU7bsaQ49Dlt+aPbqd96plKxSDzqcUy9EA8ECxjB2kitc3TfC66rvWLJrtgzoFXiZKQEGRq94ne3H5EkpEITjpXqOHasvRRLzQink0I3UTTGZIQHtGOowCFVXjo7d4LKRumjIJKmhEYz9f9EikOlxqFvOkOsh2rZm4p/XnlhlQ6uvJSJONFUkPmmIOFIR2j6POozSYnmY0Mwkcwci8gQS0y0iahgUnCWf14lzWrFuajUHmql+k2WRx5O4BTOwIFLqMMdNMAFAiN4gTd4t56sV+vD+py35qxs5hgWYH39Ak8QjsA=</latexit>

⇤Nf = 2



Connected/disconnected 
pseudoscalar susceptibilities
From a Ward-Takahashi identity 
we have  

Therefore, 
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Symmetry structure of scalar/pseudoscalar 
susceptibilities
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See also LLNL/RBC Collaboration 2014, Nicola 
& Elvira 2018, Nicola 2020. 

iso-singlet iso-triplet
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Connected/disconnected scalar 
susceptibilities

<latexit sha1_base64="7Ur8s04/2Xt0OZ2Zuw0vLRfdoKw="></latexit>

�(m) = �con.(m) + �dis.(m)
<latexit sha1_base64="oWkZ8UH/BeYNWovC/7QupwSxT+Q="></latexit>

�con.(m) =
X

x

hSa(x)Sa(0)i =
X

x

hSa(x)Sa(0)� P a(x)P a(0)i+
X

x

hP a(x)P a(0)i
<latexit sha1_base64="Cc194J7C/p5hkRLXuwtlqAMJbFE="></latexit>

= ��U(1)(m) +
�hq̄qi(m)

m
<latexit sha1_base64="Co0KBpTF7REUMBK1M2+1Hd07lKk="></latexit>

�dis.(m) =
X

x

hS0(x)S0(0)� Sa(x)Sa(0)i � V hS0(0)i2

<latexit sha1_base64="NbEvljkXesBVDJ9YyUuH62xeGig="></latexit>

=
X

x

h
⇥
S0(x)S0(0)� hS0(0)i2 � P a(x)P a(0)

⇤
+ [P a(x)P a(0)� Sa(x)Sa(0)]i

<latexit sha1_base64="Hy/4ZXzRnxaeFkbw8uwwU+Xtq5s="></latexit>

= �(1)
SU(2)(m) +

⇥
P a(x)P a(0)� P 0(x)P 0(0)

⇤
+
⇥
P 0(x)P 0(0)� Sa(x)Sa(0)

⇤
i

<latexit sha1_base64="2iNd4qYErxIZzq4hkOqIAcM+fc8="></latexit>

= �(1)
SU(2)(m) +

Nf�top.(m)

m2
��(2)

SU(2)(m)



Separating U(1)A breaking part
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* quadratic divergence 
is subtracted using the 
data at reference quark  
mass mref=0.005. 



Lattice formulas
Using  �m = eigenvalues of Hm = �5[(1�m)Dov +m]
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Remark.1 eigen functions do not matter.  
Remark.2 chiral symmetry is essential for this decomposition. 
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2. U(1)A contribution to chiral susceptibility    
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4. Summary

✔



Simulation setup (Nf=2)
Nf=2 flavor QCD 
1/a = 2.6 GeV (0.075fm) 
Symanzik gauge action 
L=24,32,40,48 [1.8-3.6fm] (at T=220MeV) 
Mobius domain-wall fermions with mres<1MeV 
(and reweighted overlap fermion) 
Quark mass from 3MeV (< phys. pt. ~4MeV) to 30MeV. 
T=165 (~Tc), 195, 220, 260, 330 MeV (Lt=8,10,12,14,16) 
Tc is estimated to be around 175MeV (from Polyakov loop)

t

z

Simulation codes : IroIro++ (https://github.com/coppolachan/IroIro)
Grid (https://github.com/paboyle/Grid)
Bridge++(https://bridge.kek.jp/Lattice-code/)

https://github.com/coppolachan/IroIro
https://github.com/paboyle/Grid
https://bridge.kek.jp/Lattice-code/


Simulation setup (Nf=2+1) 
[preliminary]

Nf=2+1 flavor QCD 
1/a = 2.453GeV 
L=32 (2.58,fm) 
Mobius domain-wall fermion with mres<1MeV 
(and reweighted overlap fermion) 
up-down quark mass from phys. pt. ~4MeV to 30MeV. 
strange quark mass at phys.pt. 
T=153(~Tc), 175, 220 MeV 



Overlap vs. Mobius domain-wall

with L5=16. 

OV is obtained by exactly computing  
the sgn function for low-modes of HM.

perfect chiral sym.

good chiral sym.numerically mres ~ 1keV

numerically mres ~ 1MeV



Violation of chiral symmetry 
enhanced at finite T
Checking chiral sym. for EACH eigenmode 

Bad modes appear above Tc for a~0.1fm. 
    [JLQCD (Cossu et al.) 2015, JLQCD(Tomiya et al.) 2016]

Note: residual mass  
is (weighted) average 
of them. 

For T=0, gi are 
consistent with 
residual mass.



Overlap/domain-wall reweighting

* Use of overlap fermion in valence sector only is 
VERY DANGEROUS (anomaly is overestimated 
by1000% [JLQCD 2015]) ! 



Low-mode approximation
In the eigenvalue summations, 

where  
we truncate at 30-40th lowest mode ( ). 

�m = eigenvalues of Hm = �5[(1�m)Dov +m]
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Low mode approximation

For T<= 260MeV, we find a good saturation and consistency with direct 
inversion of Mobius domain-wall Dirac operator (direct MDW) but T=330 MeV,  
it is not good; we use direct MDW. 
 

 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

 0.035

 0.04

0.05 0.1 0.15 0.2 ... 2

T=260 MeV

|ch
ira

l s
us

ce
pt

ib
ili

ty
|

λcut

χdis. m=0.015
 m=0.01

 m=0.008
 m=0.005

-χcon.
sub. m=0.015

 m=0.01
 m=0.008
 m=0.005

direct MDW

 0

 0.001

 0.002

 0.003

 0.004

 0.005

 0.006

0.05 0.1 0.15 0.2 ... 2

T=330 MeV

|ch
ira

l s
us

ce
pt

ib
ili

ty
|

λcut

χdis. m=0.04
 m=0.02
 m=0.01

 m=0.005
-χcon.

sub. m=0.04
 m=0.02
 m=0.01

 m=0.005
direct MDW



Nf=2 Result at T=220MeV             

Open squares : data for chiral susceptibility 
filled squares : axial U(1) anomaly part 
crosses and stars : data on different Vs
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Axial U(1) anomaly dominates the signal: 
connected part ~ U(1) susceptibility 
disconnected ~ topological susceptibilityx2/m2. 
Finite V effects look under control. 
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Nf=2 at different temperatures              

The dominance by axial U(1) anomaly is seen at  5 different Ts. 
In fact, ~90% of the signal is from axial U(1) anomaly. 
Also note that the chiral limit of anomaly part looks consistent with zero. 
T=165 results are new.
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Nf=2 at different temperatures              

The dominance by axial U(1) anomaly is seen at  5 different Ts. 
In fact, ~90% of the signal is from axial U(1) anomaly. 
Also note that the chiral limit of anomaly part looks consistent with zero. 
T=165MeV results are new.
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Nf=2+1 preliminary results             

The dominance by axial U(1) anomaly is seen at  3 different Ts. 
But the signals are still noisy to identify the peaks.
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The same in WHOT-QCD collaboration (?) 
We thank A. Baba, S. Ejiri and  
K.Kanaya for providing us the data.

A. Baba et al. (WHOT-QCD Collaboration), talk at 76th JPS annual meeting 2021 
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Subtlety in the total contribution
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�(m) = �con.(m) + �dis.(m)

U(1)A breaking contribution
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It is difficult to see what survives in the total contribution.



Contents
✔ 1. Introduction 

We simulate the chiral phase transition of Nf=2 QCD 
with chiral fermions to investigate the role of axial U(1) 
anomaly. 
2. U(1)A contribution to chiral susceptibility    
   can be separated using Ward-Takahashi identities. 
3. Numerical results  
    The signal is dominated by axial U(1) anomaly. 
4. Summary

✔

✔



Summary
1. We simulate Nf=2 and 2+1 lattice QCD. 
2. Chiral condensate and susceptibility are related                                      

to both SU(2)xSU(2) and U(1)A. 
3. In the spectral decomposition of the Dirac operator with exact chiral 

symmetry, we can separate the purely U(1) anomaly effect. 
4. Connected/disconnected  susceptibilities are dominated by U(1) breaking 

at T>=Tc. 
     Connected part ~ axial U(1) susceptibility. 
     Disconnected part ~ top. susceptibility x 2/m2 

Axial U(1) anomaly may play more important role in the QCD phase diagram 
than expected.



Take-home message

is probing not only SU(2)LxSU(2)R but also 
U(1)A   breaking/restoration. 
At T>=165MeV in Nf=2 QCD (>=153MeV in Nf=2+1),  
U(1)A anomaly dominates the signal of 
connected/disconnected susceptibilities.
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