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" Charge radius of the nucleon 

"              discrepancy between µH and H / e-p scattering

Size of the Proton

2

FIG. 1: Extractions of the proton charge radius from muonic hydrogen measurements [1, 2], hydrogen
spectroscopy [3], electron scattering measurements at Mainz [6, 7], and a global analysis of earlier world
data [4]. The direct average shown is compared to the CODATA-2010 evaluation [3]. Figure courtesy of
Randolf Pohl.

warranted. While none of these appear likely to resolve to the discrepancy with muonic hydrogen

measurements, some issues remain which deserve more detailed examination.

II. GENERAL ISSUES IN THE EXTRACTION OF THE RADII

One obtains the charge and magnetic form factors, GE(Q2) and GM(Q2), from unpolarized

cross section measurements by performing a Rosenbluth separation [9] which uses the angle-

dependence at fixed Q2 to separate the charge and magnetic contributions. The cross section at

fixed Q2 is proportional to the ’reduced’ cross section σR = τG2
M + εG2

E, where τ = Q2/(4M2
p )

and ε−1 = [1 + 2(1 + τ) tan2(θ/2)]. At low Q2, the magnetic contribution is strongly suppressed

except for very small ε values, corresponding to large scattering angle. Because of the difficul-

ties in making very large angle scattering measurements at low Q2, a significant extrapolation to

ε = 0 is required and even sub-percent uncertainties on the cross sections can yield significant

uncertainties on small contribution from GM(Q2).

Because one often combines data from many experiments, each of which has an uncertainty in

its normalization uncertainty, the normalizations factors of the limited number of large-angle data

sets have a great impact on the extraction of GM . If these normalization factors are allowed to

vary in the fit, which is the most common approach, then a small shift in normalization between

large and small angle data sets can yield a significant shift of strength between GE and GM over

a range in Q2 values. Polarization observables are sensitive to the ratio GE/GM [10, 11] and can

thus provide not only direct information on the form factors, but also improve the determination
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�
�µF1(q2) + i⇥µ� q�

2m
F2(q2)

⇥
u(p, s)

GE(Q
2) = F1(Q

2)� �F2(Q
2)

GM (Q2) = F1(Q
2) + F2(Q

2)

�p�|V µ(q)|p� = u(p�)
�
�µF1(q2) + i�µ� q�

2M
F2(q2)

�
u(p)

= u(p�)

�
(p� + p)µ

2M

GE(q2)� q2

4M2 GM (q2)
1� q2

4M2

+ i�µ� q�

2M
GM (q2)

�
u(p)

Proton charge radius：

[Arrington, arXiv:1506.00873]

q2 < 0

Proton-size puzzle

μ hydrogen 
Lamb shift ep scattering

Hydrongen Lamb shift

GE(q2) = 1 � q2

6
�r2�E +O(q4)

CODATA-2010



" Charge radius of the nucleon 

"              discrepancy between µH and H / e-p scattering

Size of the Proton

2

FIG. 1: Extractions of the proton charge radius from muonic hydrogen measurements [1, 2], hydrogen
spectroscopy [3], electron scattering measurements at Mainz [6, 7], and a global analysis of earlier world
data [4]. The direct average shown is compared to the CODATA-2010 evaluation [3]. Figure courtesy of
Randolf Pohl.

warranted. While none of these appear likely to resolve to the discrepancy with muonic hydrogen

measurements, some issues remain which deserve more detailed examination.

II. GENERAL ISSUES IN THE EXTRACTION OF THE RADII

One obtains the charge and magnetic form factors, GE(Q2) and GM(Q2), from unpolarized

cross section measurements by performing a Rosenbluth separation [9] which uses the angle-

dependence at fixed Q2 to separate the charge and magnetic contributions. The cross section at

fixed Q2 is proportional to the ’reduced’ cross section σR = τG2
M + εG2

E, where τ = Q2/(4M2
p )

and ε−1 = [1 + 2(1 + τ) tan2(θ/2)]. At low Q2, the magnetic contribution is strongly suppressed

except for very small ε values, corresponding to large scattering angle. Because of the difficul-

ties in making very large angle scattering measurements at low Q2, a significant extrapolation to

ε = 0 is required and even sub-percent uncertainties on the cross sections can yield significant

uncertainties on small contribution from GM(Q2).

Because one often combines data from many experiments, each of which has an uncertainty in

its normalization uncertainty, the normalizations factors of the limited number of large-angle data

sets have a great impact on the extraction of GM . If these normalization factors are allowed to

vary in the fit, which is the most common approach, then a small shift in normalization between

large and small angle data sets can yield a significant shift of strength between GE and GM over

a range in Q2 values. Polarization observables are sensitive to the ratio GE/GM [10, 11] and can

thus provide not only direct information on the form factors, but also improve the determination

⇠ 7�

[Arrington, arXiv:1506.00873]

Gp
E(Q

2) = 1� Q2

6
hr2iE + p+ . . .

CODATA-2010

Electromagnetic Form Factors

N

`

p
p0

k
k0

q

✓

�p�, s�|Jµ(⇤q)|p, s⇥ = ū(p�, s�)
�
�µF1(q2) + i⇥µ� q�

2m
F2(q2)

⇥
u(p, s)

GE(Q
2) = F1(Q

2)� �F2(Q
2)

GM (Q2) = F1(Q
2) + F2(Q

2)

�p�|V µ(q)|p� = u(p�)
�
�µF1(q2) + i�µ� q�

2M
F2(q2)

�
u(p)

= u(p�)

�
(p� + p)µ

2M

GE(q2)� q2

4M2 GM (q2)
1� q2

4M2

+ i�µ� q�

2M
GM (q2)

�
u(p)

Proton charge radius：

[Arrington, arXiv:1506.00873]

ep scattering

Hydrongen Lamb shift

μ hydrogen 
Lamb shift 

q2 < 0

Proton-size puzzle
GE(q2) = 1 � q2

6
�r2�E +O(q4)

An important opportunity to develop our understanding of 
nucleon structure using lattice QCD simulations



Our strategy
✓Use PACS10 gauge configurations (T. Yamazaki’s talk on the last day) 

‣ Physical point  →  No chiral extrapolation 

‣ Very large spatial volume → No finite size effect & Low q2 physics 

‣ 3 different lattice cut-offs  → Continuum limit (currently not available) 

✓All-mode averaging technique → High precision measurements 

✓Highly tuned smearing → Suppression of excited-state contributions



Status of PACS10 projects

Configuration PACS10 HPCI
Resource Oakforest-PACS 

→ Fugaku K-computer

Nf 2+1 2+1
mπ[MeV] 135 146
L [fm] 10 fm 8.1 fm
L3 x T 1284(644) 1604 2564 964
a [fm] 0.085 0.063 ~0.04 0.085
Status done done running done

Nucleon FF done continuing planning done
SF, NPR done planning N/A done

T. Yamazaki' talk (tomorrow)
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• Our old HPCI results (PRD98 (2018) 074510) 
• (8.1 fm)3 spatial volume with mπ＝146 MeV

iso-vector obs. HPCI(964) Expt.

0.92(10) fm 0.939(6) fm（e-p） 
0.907(1) fm（μH）

4.81(79) 4.70589

1.44(41) fm 0.862(14) fm

1.16(8) 1.2724(23)

0.46(11) fm 0.67(1) fm

Our published results on coarse lattice (a=0.085 fm)

Five basic quantities are barely consistent with experimental values, 

Vector

Axial
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~11%

~16%

~28%

~7%

~24%

Five basic quantities are barely consistent with experimental values, 
but their statistical uncertainties are very large. 

error



• Our old HPCI results (PRD98 (2018) 074510) 
• (8.1 fm)3 spatial volume with mπ＝146 MeV 

• Our previous PACS10 results (PRD99 (2019) 014510) 
• (10.8 fm)3 spatial volume with mπ＝135 MeV 
• All-mode-averaging technique 

➡ gain high statistical precision ( a few % level ) 

‣ Five basic (isovector) quantities (rE, rM, μ, gA, rA)

Our published results on coarse lattice (a=0.085 fm)

 (E. Shintani et al., PRD91 (2015) 114511)



• Our previous PACS 10 results (PRD99 (2019) 014510) 
• (10.8 fm)3 spatial volume with mπ＝135 MeV 
• All-mode-averaging technique

Our published results on coarse lattice (a=0.085 fm)

Statistical uncertainties are significantly reduced thanks to all-mode averaging

largely underestimated underestimatedhighly consistent

rE rM rAμ gA

iso-vector quantities

11% → 2% 28% →5% 16% →3% 7% →2% 24% →5% 
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FIG. 23. (Top) Comparison of recent LQCD results for the isovector nucleon electric and the magnetic RMS radii, and magnetic
moment obtained by CLS-Mainz [6], PNDME [7], ETMC [8], Hasan et al. [9] and PACS [1]. (Bottom) The same as the top panels for
the axial RMS radius and the axial-vector coupling obtained by CLS-Mainz [10], Green et al. [11], PNDME [12,13], ETMC [14],
CalLat [15], and PACS [1]. Those errors are total one combined with statistical and systematic errors in the quadrature. Vertical bands
denote experimental values. This figure replaces Fig. 26 in the paper, except for the figure of gA.
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FIG. 22. q2 dependence (left) and tsep dependence (right) of the quark mass defined by the generalized GT relation of Eq. (9) in the
paper. The data in the right panel is obtained at Q1 corresponding to jnj2 ¼ 1. Horizontal band denotes the quark mass obtained from the
PCAC relation in Ref. [5]. This figure replaces Fig. 25 in the paper.

ERRATUM: NUCLEON FORM FACTORS AND … PHYS. REV. D 102, 019902(E) (2020)

019902-14

0.5 0.6 0.7 0.8 0.9 1
<rE

2>v
1/2 [fm]

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
<rM

2>v
1/2 [fm]

2.8 3.2 3.6 4 4.4 4.8
v

CLS-Mainz

PNDME’13

ETMC

PACS’18

This work This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

Hasan et al. Hasan et al.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
<rA

2>1/2 [fm]

CLS-Mainz

Green et al.

ETMC

PACS’18

This work

Hasan et al.

PNDME’17

FIG. 23. (Top) Comparison of recent LQCD results for the isovector nucleon electric and the magnetic RMS radii, and magnetic
moment obtained by CLS-Mainz [6], PNDME [7], ETMC [8], Hasan et al. [9] and PACS [1]. (Bottom) The same as the top panels for
the axial RMS radius and the axial-vector coupling obtained by CLS-Mainz [10], Green et al. [11], PNDME [12,13], ETMC [14],
CalLat [15], and PACS [1]. Those errors are total one combined with statistical and systematic errors in the quadrature. Vertical bands
denote experimental values. This figure replaces Fig. 26 in the paper, except for the figure of gA.

0 0.02 0.04 0.06 0.08 0.10
0.005

0.01
0.015
0.02

m AW
TI

 [G
eV

]

0 0.02 0.04 0.06 0.08 0.10
0.005

0.01
0.015
0.02

m AW
TI

 [G
eV

]

0 0.02 0.04 0.06 0.08 0.10
0.005

0.01
0.015
0.02

m AW
TI

 [G
eV

]

0 0.02 0.04 0.06 0.08 0.1
q 2 [GeV2]

0
0.005

0.01
0.015
0.02

m AW
TI

 [G
eV

]

ts/a=10

tsep /a=12

tsep /a=14

tsep /a=16

8 10 12 14 16 18
tsep /a

0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009

0.01
0.011
0.012
0.013
0.014
0.015

m AW
TI

 [G
eV

]

Q1

FIG. 22. q2 dependence (left) and tsep dependence (right) of the quark mass defined by the generalized GT relation of Eq. (9) in the
paper. The data in the right panel is obtained at Q1 corresponding to jnj2 ¼ 1. Horizontal band denotes the quark mass obtained from the
PCAC relation in Ref. [5]. This figure replaces Fig. 25 in the paper.

ERRATUM: NUCLEON FORM FACTORS AND … PHYS. REV. D 102, 019902(E) (2020)

019902-14

0 0.02 0.04 0.06 0.08 0.1
0

0.005

0.01

0.015

0.02

m
A

W
T

I [
G

eV
]

0 0.02 0.04 0.06 0.08 0.1
0

0.005

0.01

0.015

0.02

m
A

W
T

I [
G

eV
]

0 0.02 0.04 0.06 0.08 0.1
0

0.005

0.01

0.015

0.02

m
A

W
T

I [
G

eV
]

0 0.02 0.04 0.06 0.08 0.1
q 2 [GeV2]

0

0.005

0.01

0.015

0.02

m
A

W
T

I [
G

eV
]

ts/a=10

tsep /a=12

tsep /a=14

tsep /a=16

8 10 12 14 16 18
tsep /a

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

0.011

0.012

0.013

0.014

0.015

m
A

W
T

I [
G

eV
]

Q1

FIG. 25. q2 dependence (left) and tsep dependence (right) of the quarkmass definedby thegeneralizedGTrelation ofEq. (9). The data in the
right panel is obtained atQ1corresponding to jnj2 ¼ 1.Horizontal banddenotes the quarkmassobtained from thePCACrelation inRef. [20].

0.5 0.6 0.7 0.8 0.9 1
<rE

2>v
1/2 [fm]

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
<rM

2>v
1/2 [fm]

2.8 3.2 3.6 4 4.4 4.8
µv

CLS-Mainz

PNDME’13

ETMC

PACS’18

This work This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

Hasan et al. Hasan et al.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
<rA

2>1/2 [fm]
1 1.05 1.1 1.15 1.2 1.25 1.3 1.35

g A

CLS-Mainz

Green et al.

ETMC

PACS’18

This work

Hasan et al.

This work

PACS’18

Green et al.

PNDME’17

CalLat

CLS-Mainz

PNDME’17

ETMC

FIG. 26. (Top) Comparison of recent LQCD results for the isovector nucleon electric and the magnetic RMS radii, and magnetic
moment obtained by CLS-Mainz [52], PNDME [50], ETMC [10], Hasan et al. [12] and PACS [15]. (Bottom) Same as top panels for the
axial RMS radius and the axial-vector coupling obtained by CLS-Mainz [53], Green et al. [54], PNDME [9,14], ETMC [11], CalLat
[13], and PACS [15]. Those errors are total one combined with statistical and systematic errors in the quadrature, except that gA for
PACS’18 has only statistical error. Vertical bands denote experimental values.

EIGO SHINTANI et al. PHYS. REV. D 99, 014510 (2019)

014510-18

PACS10PACS10 PACS10 PACS10 PACS10

error



0 0.05 0.1
q2 [GeV2]

0.7

0.75

0.8

0.85

0.9

0.95

1

G
E(

q)

Kelly
PACS10, 1284

HPCI, 964

0 0.05 0.1
q2 [GeV2]

2.5

3

3.5

4

4.5

5

5.5

6

G
M

(q
)

Kelly
PACS10, 1284

HPCI, 964

• Our previous PACS 10 results (PRD99 (2019) 014510) 
• (10.8 fm)3 spatial volume with mπ＝135 MeV 
• All-mode-averaging technique

Our published results on coarse lattice (a=0.085 fm)

GE form factor GM form factor

much better agreementaway from Kelly’s curve

Kelly’s form factor parameterization,  
PRC70 (04) 068202



• Our new PACS10 results at a=0.063 fm 
• (10.1 fm)3 spatial volume with mπ＝135 MeV 
• lattice discretization uncertainties on rE and gA 
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FIG. 23. (Top) Comparison of recent LQCD results for the isovector nucleon electric and the magnetic RMS radii, and magnetic
moment obtained by CLS-Mainz [6], PNDME [7], ETMC [8], Hasan et al. [9] and PACS [1]. (Bottom) The same as the top panels for
the axial RMS radius and the axial-vector coupling obtained by CLS-Mainz [10], Green et al. [11], PNDME [12,13], ETMC [14],
CalLat [15], and PACS [1]. Those errors are total one combined with statistical and systematic errors in the quadrature. Vertical bands
denote experimental values. This figure replaces Fig. 26 in the paper, except for the figure of gA.
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Current status of our nucleon project
Previous results 
PRD99 (2019) 

014510

Small Vol results 
PRD99 (2021) 

074514

Preliminary results 
(Lattice 2022)

Volume 1284 (10.9 fm)4 644 (5.5 fm)4 1604 (10.1 fm)4

lattice spacing 0.085 fm 0.085 fm 0.063 fm

mπ 135 MeV (physical) 138 MeV 135 MeV (physical)

tsep=|tsink-tsrc| 
dependence tsep/a=10, 12, 14, 16 tsep/a=12, 14, 16 tsep/a=13, 16, 19

observables
flavor diagonal 

(w/o disconnected 
contrib.)

iso-vector 
flavor diagonal 

(w/o disconnected 
contrib.)
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Nucleon correlation functions

• Compute 2-pt and 3-pt functions, using nucleon 
interpolator     and operator insertion    

tsnk=t tsrc=0

P
i |iihi| = 1

<latexit sha1_base64="0rOFJj2YEI9gTHDl6hvqHxAak04="></latexit><latexit sha1_base64="0rOFJj2YEI9gTHDl6hvqHxAak04="></latexit><latexit sha1_base64="0rOFJj2YEI9gTHDl6hvqHxAak04="></latexit><latexit sha1_base64="0rOFJj2YEI9gTHDl6hvqHxAak04="></latexit><latexit sha1_base64="WlFDQZL4cRo4cHgOBOxMSFeQ1Kc="></latexit>

hH(t)O(t0)H†(0)i =
P

i,je
�Mi(t�t0)h0|H|iihi|O|jihj|H†|0ie�Mjt

0
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! |h0|H|Ni|2hN |O|Nie�MN t
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! |h0|H|Ni|
2e�MN t
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a sum of exponentials

top=t’

tsnk=t tsrc=0
no t’-dependence



Ratio of 2-pt and 3-pt functions

top=t’

tsnk=ttsrc=0

✓matrix elements (form factors) can be determined from 
ratios of the 3-pt and 2-pt functions

is fixed

H(t)

no t’ dependence
H†(0)

�H(t)O(t�)H†(0)�
�H(t)H†(0)�



                          has two types of quark contraction 
diagrams (Wick contractions)

t ０

t’
t’

t ０

connected contribution disconnected contribution
✓flavor diagonal quantities 
✓electro-magnetic matrix elements

✓iso-vector quantities 
✓β-decay (weak matrix elements)

hig
her
 co
mp
uta
tion
al c
ost

Connected/disconnected diagrams

�H(t)O(t�)H†(0)⇥



Nucleon mass  
MN



0 5 10 15 20 25 30
t/a

0.8

0.9

1

1.1

1.2

M
ef

f [G
eV

]

Smear-Local (160c)
Smear-Smear (160c)

0 5 10 15 20 25 30
t/a

0.8

0.9

1

1.1

1.2

M
ef

f [G
eV

]

Smear-Local (128c)
Smear-Smear (128c)

2% deviation
1% deviation

Effective mass plot for MN

L4=1284, a=0.085 fm L4=1604, a=0.063 fm

Smearing parameters are highly tuned to maximize  
the ground-state dominance.

Achieving a percent level precision on the nucleon mass 

0.945(4) GeV0.935(13) GeV 

2% deviation
1% deviation



Axial charge  
gA
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⇥
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⇤
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Electric form factor  
GE



Ratio for iso-vector GE(q2)

Good plateau for tsep=13, 16, 19
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Iso-vector electric form factor GE

Kelly’s form factor parameterization, PRC70 (04) 068202



Magnetic form factor  
GM
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Ratio for iso-vector GM(q2)

Good plateau for tsep=13, 16, 19
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The results obtained with the fine lattice spacing  
(a≈0.06 fm) remain barely consistent with the Kelly’s curve.

Small discretization  
uncertainties in GM

Iso-vector magnetic form factor GM

Kelly’s form factor parameterization, PRC70 (04) 068202

GM (Q2) = F1(Q2) + F2(Q2)



Summary
• We have studied nucleon form factors (vector/axial-vector) 
calculated in 2+1 flavor QCD at the physical point on (10 fm)4 
lattice at two lattice spacings (a=0.085 and 0.063 fm) 

✓Large spatial volume allows investigation in the small 
momentum transfer region, q2 < (２mπ)2  

✓High statistical precision is achieved by all-mode 
averaging technique 

✓tsep dependence is systematically investigated  

➡ gA and GE, GM show no tsep dependence 

➡ excited-state contributions are negligible for tsep ≥ 1.2 fm
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Summary (Cont.)
‣ Lattice discretization uncertainties on rE and gA 

Significantly large( ~10% ) Negligibly small ( < 1% )

rE gAaxial chargerms charge radius
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Needs the third simulation (2564)  
at the finer lattice spacing (a≈0.04 fm)



Back up slides



There are three reasons to pay special attention to our large 
spatial volume of (10 fm)3 at the physical point.  

• To avoid relatively large finite size effect on nucleon 
observables 

✓ L - 2R >> 1/mπ (R ~ 0.85 fm)  → L > 3 fm  
• The spatial charge distribution falls exponentially 
✓L > 2rcut = 6.4 R  (rcut = 3.2 R)  → L > 6 fm 
• To access the small momentum transfer region 
✓|q|min = 2π/ L , qmin < 2mπ  → L > 4.5 fm

Why is the spatial size so large?



How Large Spatial Size is Necessary?

2.3 fm

Nucleon’s size（2R~1.7 fm）
R=RMS radius

Lattice size（4 fm）> 2R + rπ

Periodic boundary condition

Compton wavelength of the pion（rπ~1.4 fm）
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V. PECULIARITIES AND DIFFICULTIES

A. Importance of ρ(r) at large r

From Equation (4) it follows that charge at radius
r0 generates a Fourier component in Ge(q) of type
sin(qr0)/(qr0); for large r0 it produces a curvature of
Ge(q) at low q0 ∼ π/(2ro). The curvature of G(q2) —
the deviation from linearity in q2 — affects R when the
radius is determined via extrapolation from q > qmin,
where data are available and sensitive to R, to q=0.

FIG. 2: (a) Density (dotted = exponential, solid = realistic)
as function of r. (b) R(rcut)/R as a function of rcut/R. The
result for a heavy nucleus is shown for comparison.
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The charge density of the proton has a shape that is
very different from the typical Woods-Saxon type shapes
encountered for heavier nuclei. The proton form factor
is roughly described by the dipole shape

GD(q) = 1/(1 + q2R2
D/12)2. (7)

The density corresponding to this form factor has the
shape of an exponential

ρD(r) ∝ e−
√
12 r/RD . (8)

Such a density exhibits a long tail towards large radii
which contributes appreciably to the rms-radius. In Fig-
ure 2a we show the density corresponding to a dipole
form factor (dotted) and a more realistic one (solid) re-
sulting from the fit to the electron scattering data. In
Figure 2b we show the partial integral

R(rcut) =

[

∫ rcut

0

ρ(r) r4 dr

/
∫ ∞

0

ρ(r) r4 dr

]1/2

(9)

with the rms-radius given by R=R(rcut=∞). To get 98%
ofR, one has to integrate out to 2.7fm, where the density
has dropped to ∼ 10−4 of the central value!
The effect of ρ(r > 2.7fm) upon Ge(q) at low q is

explored in Figure 3 where we show the form factor Ge(q)
for 3 cases:

1. Dipole form factor (exponential density).

2. Form factor corresponding to exponential density
truncated at rcut = 2.7fm.

3. Form factor corresponding to truncated density,
renormalized to agree best with the Dipole form
factor for momentum transfers above the minimum
momentum transfer of the data; this renormaliza-
tion corresponds to the standard renormalizations
of data applied in most analyses.

FIG. 3: Form factor corresponding to (1) full density (green),
(2) truncated density (black), and (3) truncated density,
renormalized to best agree with (1) (red).

The difference between case 1 and 3 is less than 0.12% of
G(q), which is much smaller than the uncertainties most
experimentalists would claim to be able to achieve. Due
to the renormalization one would miss the curvature of
Ge(q) and the contribution to R from the larger-r density
which, for the example chosen, amounts to 2%. The same
argument could be extended to a cut at 2.4fm, yielding
a 4% deviation of R. We will come back to this point
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available over a large range of θ. This separation is diffi-
cult at low q where Ge dominates, and at large q where
Gm dominates. This produces large uncertainties for the
sub-dominant form factor. During the last decade, it
also became feasible to measure the polarization trans-
fer in scattering of longitudinally polarized electrons; the
ratio of transverse and longitudinal polarization of the
recoil proton yields the ratio Ge/Gm, which particularly
at large q helps to more accurately determine Ge.
Equation (1) is valid in the one-photon exchange limit

(PWIA). Two-photon exchange comes from two sources:
Coulomb distortion (exchange of an additional soft pho-
ton) is important mainly at low electron energies and
changes the cross section by a few percent. Inclusion of
the correction leads to an increase of R by ∼ 0.01fm,
as calculated in [8, 9]. The exchange of a second hard
photon is mainly important at very large q, and was cal-
culated by e.g. Blunden et al.[10]. The main effect of
the latter is to remove the discrepancy between values
of Ge(q) at very large q resulting from determinations
via Rosenbluth separation and polarization transfer, re-
spectively. For a recent review see [11], for experiments
checking upon the two photon exchange see [12–14].
As the two-photon corrections to the cross section are

reasonably small, the standard procedure is to remove
the calculated 2-photon contribution from the cross sec-
tion and then analyze the data in terms of the PWIA-
expression, Equation (1).
Traditionally, the form factors Ge and Gm were deter-

mined by analyzing cross sections and analyzing powers
at given q and variable θ from individual experiments.
A better approach, used most often today, does not de-
pend on cross sections measured at exactly the same q’s
and yields more accurate form factors. The entire set
of world cross section and polarization transfer data is
fit with parameterized expressions for the two form fac-
tors [15]. The fit then yields values for Ge and Gm, by
error propagation one can obtain realistic values for the
uncertainties δGe and δGm.

III. CHARGE RADIUS AND DENSITY

The topic of this review is the charge-rms radius R
defined in terms of the charge density ρ(r) via

R2 ≡
∫ ∞

0

ρ(r) r4 4π dr, (3)

with ρ(r) normalized to 1.
In the non-relativistic limit, with velocity of the recoil

proton v≪c, the charge density is related to the electric
form factor via

Ge(q) =
4π

q

∫ ∞

0

ρ(r) sin(qr) r dr, (4)

an equation that can be inverted to read

ρ(r) =
1

2π2r

∫ ∞

0

Ge(q) sin(qr) q dq. (5)

This equation normally is not exploited directly, for two
reasons.
First, extension of the integral to q=∞ is not feasible,

as the data stop at typically qmax ∼ 12fm−1. As a
consequence, one postulates a model for ρ(r) or Ge(q),
the parameters of which are fit to the data on Ge(q).
Or, better, the parameters are fit directly to the cross
section+polarization transfer data. This is the standard
approach used for nuclear mass numbers A≥2.
Secondly, Equations (5,4) require relativistic correc-

tions to account for the fact that the velocity of the re-
coiling proton in not ≪ c. These corrections are of two
types:
a. The dominant correction to the non-relativistic

Equation (5) results from the fact that the coordinate
system relevant in the scattering process is the Breit
frame, not the nucleon rest-frame. Licht and Pagna-
menta [16] showed that this Lorentz contraction can be
corrected for by changing q2 in Ge(q2) to q̃2 = q2 (1 +
q2/4m2).
b. For composite systems the boost operator in some

theories depends in addition on the interaction among the
constituents. Different models [16–19] yield an additional
correction multiplying G(q). These factors are all of the
type (1+q2/4m2)λ with, for the charge form factor, λ=0
or 1.

FIG. 1: Densities obtained from Ge(q) of [20] before (red) and
after (blue, green) application of the relativistic corrections.

These corrections can be incorporated if a quantitative
density is desired. In Figure 1 we show the charge density
derived from a parameterized Ge(q) fit to the world data
[20], before and after the replacement of q by q̃ and use
of the multiplicative factor. The main change occurs for
small r, where the density is appreciably reduced. This
reduction has a desirable effect: while densities calcu-
lated non-relativistically from typical form factors often
lead to a kink at r=0 — the dipole form factor with the
corresponding exponential density is the prime example
— the density determined after relativistic corrections is
close to flat, as it must be. At r > 1fm the shape of the

Integration up to rcut=2.7 fm ⇒ Only 98% of charge RMS radius 
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How Large Spatial Size is Necessary?

Nucleon’s size（2R~1.7 fm）
R=RMS radius

Lattice size（4 fm） 
< 2rcut=6.4R=5.4 fm

Periodic boundary condition

4 fm is not large enough for nucleon physics



3.2 fm

Nucleon’s size（2R~1.8 fm）

Lattice size（10 fm） 
> 2rcut + rπ = 6.8 fm

How Large Spatial Size is Necessary?

Compton wavelength of the pion（rπ~1.4 fm）
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1284 vs 644
APPENDIX B: RESULT OF FORM
FACTORS ON A 644 LATTICE

In this Appendix, the results for the form factors
calculated near the physical point on the L ¼ 64 lattice
volume are summarized. The momentum transfer squared
q2 is calculated by q2 ¼ 2MNðENðpÞ −MNÞ with
ENðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

N þ p2
p

. The energy ENðpÞ is determined
using the measured MN and lattice momentum p ¼
2π=64 × n with integer vectors n. The values of q2 in
each momentum used in this study are listed in Table V. The
form factors are evaluated from the ratios of Eqs. (14)–(16)
in the asymptotic region, whose values are determined from
a constant fit with the fitting range of t ¼ 4–8 for tsep ¼ 12,
t ¼ 5–9 for tsep ¼ 14, and t ¼ 5–11 for tsep ¼ 16.
The results for the renormalized isovector GEðq2Þ,

GMðq2Þ, FAðq2Þ, and FPðq2Þ with tsep ¼ 12, 14, and 16
are shown in Figs. 18–21 together with those obtained in
the previous calculation on a 1284 lattice [6] for compari-
son. For FAðq2Þ and FPðq2Þ, the error of ZA ¼ 0.9650ð68Þ
[44] is included in their errors. The values of each form
factor obtained with tsep ¼ 12, 14, and 16 are tabulated in

Table VI–VIII, respectively. Our results with tsep ¼ 12, 14,
and 16 on the L ¼ 64 lattice volume are consistent with
each other, and also statistically agree with the data on the
L ¼ 128 lattice volume [6] in all the form factors, except
for FPðq2Þ. There is a clear discrepancy between the data of
FPðq2Þ obtained with tsep ¼ 12 and 14 on the L ¼ 64

TABLE V. List of integer vectors ni for the momentum pi ¼ 2πni=L (with L ¼ 64) projected on the nucleon 2-
point and 3-point functions. The degeneracy in each ni (Ndeg), and the corresponding values of the momentum
transfer squared q2i ¼ 2MNðENðpiÞ −MNÞ are also tabulated.

i 0 1 2 3 4 5 6 7 8 9

ni (0,0,0) (1,0,0) (1,1,0) (1,1,1) (2,0,0) (2,1,0) (2,1,1) (2,2,0) (2,2,1) (3,0,0)
Ndeg 1 6 12 8 6 24 24 12 24 6
q2i ½GeV2& 0 0.051 0.101 0.149 0.196 0.242 0.288 0.375 0.418 0.418
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FIG. 18. Result of GEðq2Þ with tsep ¼ 12, 14, and 16 on the
L ¼ 64 lattice volume as a function of q2. The data of tsep ¼ 16

are slightly shifted to the positive x direction for clarity. Our
previous result on the L ¼ 128 volume [6] given after taking
average of three datasets calculated with tsep ¼ 12, 14, and 16 is
also plotted by the asterisk symbol. The red curve represents
Kelly’s parametrization of the experiment data [54].
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FIG. 19. Same as Fig. 18 for GMðq2Þ. The red curve represents
Kelly’s parametrization of the experiment data [54].
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FIG. 20. Same as Fig. 18 for FAðq2Þ. The red curve is given by
a dipole form with the dipole mass [48,49] and gA [47].
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FIG. 19. Same as Fig. 18 for GMðq2Þ. The red curve represents
Kelly’s parametrization of the experiment data [54].
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FIG. 20. Same as Fig. 18 for FAðq2Þ. The red curve is given by
a dipole form with the dipole mass [48,49] and gA [47].
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APPENDIX B: RESULT OF FORM
FACTORS ON A 644 LATTICE

In this Appendix, the results for the form factors
calculated near the physical point on the L ¼ 64 lattice
volume are summarized. The momentum transfer squared
q2 is calculated by q2 ¼ 2MNðENðpÞ −MNÞ with
ENðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

N þ p2
p

. The energy ENðpÞ is determined
using the measured MN and lattice momentum p ¼
2π=64 × n with integer vectors n. The values of q2 in
each momentum used in this study are listed in Table V. The
form factors are evaluated from the ratios of Eqs. (14)–(16)
in the asymptotic region, whose values are determined from
a constant fit with the fitting range of t ¼ 4–8 for tsep ¼ 12,
t ¼ 5–9 for tsep ¼ 14, and t ¼ 5–11 for tsep ¼ 16.
The results for the renormalized isovector GEðq2Þ,

GMðq2Þ, FAðq2Þ, and FPðq2Þ with tsep ¼ 12, 14, and 16
are shown in Figs. 18–21 together with those obtained in
the previous calculation on a 1284 lattice [6] for compari-
son. For FAðq2Þ and FPðq2Þ, the error of ZA ¼ 0.9650ð68Þ
[44] is included in their errors. The values of each form
factor obtained with tsep ¼ 12, 14, and 16 are tabulated in

Table VI–VIII, respectively. Our results with tsep ¼ 12, 14,
and 16 on the L ¼ 64 lattice volume are consistent with
each other, and also statistically agree with the data on the
L ¼ 128 lattice volume [6] in all the form factors, except
for FPðq2Þ. There is a clear discrepancy between the data of
FPðq2Þ obtained with tsep ¼ 12 and 14 on the L ¼ 64

TABLE V. List of integer vectors ni for the momentum pi ¼ 2πni=L (with L ¼ 64) projected on the nucleon 2-
point and 3-point functions. The degeneracy in each ni (Ndeg), and the corresponding values of the momentum
transfer squared q2i ¼ 2MNðENðpiÞ −MNÞ are also tabulated.

i 0 1 2 3 4 5 6 7 8 9

ni (0,0,0) (1,0,0) (1,1,0) (1,1,1) (2,0,0) (2,1,0) (2,1,1) (2,2,0) (2,2,1) (3,0,0)
Ndeg 1 6 12 8 6 24 24 12 24 6
q2i ½GeV2& 0 0.051 0.101 0.149 0.196 0.242 0.288 0.375 0.418 0.418
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FIG. 18. Result of GEðq2Þ with tsep ¼ 12, 14, and 16 on the
L ¼ 64 lattice volume as a function of q2. The data of tsep ¼ 16

are slightly shifted to the positive x direction for clarity. Our
previous result on the L ¼ 128 volume [6] given after taking
average of three datasets calculated with tsep ¼ 12, 14, and 16 is
also plotted by the asterisk symbol. The red curve represents
Kelly’s parametrization of the experiment data [54].
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FIG. 19. Same as Fig. 18 for GMðq2Þ. The red curve represents
Kelly’s parametrization of the experiment data [54].
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FIG. 20. Same as Fig. 18 for FAðq2Þ. The red curve is given by
a dipole form with the dipole mass [48,49] and gA [47].
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Electoric FF: GE Magnetic FF: GM

Axial FF: FA

Kelly’s form factor parameterization, PRC70 (04) 068202

dipole form with rA=0.67(1) fm
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Note added.—After the completion of this work, we
became aware of a paper [7] where the nucleon axial-
vector form factor FAðq2Þ and induced pseudoscalar form
factor FPðq2Þ are calculated in quenched and unquenched
lattice QCD using Wilson fermions.

APPENDIX A: VARIOUS RMS RADII IN THE
VECTOR CHANNEL

In Table I, the electric charge and magnetization radii for
the proton and neutron are summarized. Using these ex-
perimental values, the isovector electric charge and iso-
vector magnetization radii can be evaluated by the
following relations [4,8]:

h ðrvEÞ2 i # $6
1

Gv
Eðq2Þ

dGv
Eðq2Þ
dq2

!!!!!!!!q2¼0
¼ h ðrpEÞ2 i $ h ðrnEÞ2 i ;

(A1)

h ðrvMÞ2 i # $6
1

Gv
Mðq2Þ

dGv
Mðq2Þ
dq2

!!!!!!!!q2¼0

¼ !p

!v
h ðrpMÞ2 i $

!n

!v
h ðrnMÞ2 i ; (A2)

where Gv
EðMÞðq2Þ ¼ Gp

EðMÞðq2Þ $Gn
EðMÞðq2Þ and !v ¼

!p $!n. Then, one obtains
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h ðrvEÞ2 i

q
¼ 0:939ð5Þ fm and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h ðrvMÞ2 i

q
¼ 0:862ð14Þ fm. Similarly, the rms radii for the

isovector Dirac form factor Fv
1 ðq2Þ ¼ Fp

1 ðq2Þ $ Fn
1 ðq2Þ

and the isovector Pauli form factor Fv
2 ðq2Þ ¼ Fp

2 ðq2Þ $
Fn
2 ðq2Þ can be given through the following relations [4,8]:

h ðrv1 Þ2 i ¼ h ðrvEÞ2 i $
3

2

Fv
2 ð0Þ
M2

N

; (A3)

h ðrv2 Þ2 i ¼
1

!v $ 1
ð!v h ðrvMÞ2 i $ h ðrv1 Þ2 i Þ; (A4)

which yield
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h ðrv1 Þ2 i

q
¼ 0:797ð4Þ fm and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h ðrv2 Þ2 i

q
¼

0:879ð18Þ fm.

APPENDIX B: GENERALIZED GOLDBERGER-
TREIMAN RELATION AND PION-POLE

DOMINANCE

The generalized Goldberger-Treiman relation is derived
from the nucleon matrix elements of the currents on both
sides of the axial Ward-Takahashi identity [24];
@"A

a
"ðxÞ ¼ 2m̂PaðxÞ where the exact isospin symmetry is

considered as m̂ ¼ mu ¼ md. The nucleon matrix element
of the divergence of the axial-vector current is represented
in the following form:

h Nðp0Þj@"Aa
"ð0ÞjNðpÞi

¼ !u Nðp0Þ½iðp6 $ p6 0ÞFAðq2Þ $ q2FPðq2Þ'#5t
au NðpÞ

¼ ½2MNFAðq2Þ $ q2FPðq2Þ'!u Nðp0Þ#5t
au NðpÞ: (B1)

Here, it is worth mentioning that we have used the Dirac
equation for the nucleon !u NðpÞðip6 þMNÞ ¼ ðip6 þ
MNÞu NðpÞ ¼ 0 to get from the first line to the second
line. Then, one easily finds that the q2 dependences of
three form factors are constrained by the following rela-
tion:

2MNFAðq2Þ ¼ q2FPðq2Þ þ 2m̂GPðq2Þ; (B2)

which is a consequence of the axial Ward-Takahashi iden-
tity. This expression may be referred to as the generalized
Goldberger-Treiman relation [24].
Here, we discuss the case where the limits m̂ ! 0 and

q2 ! 0 are taken on Eq. (B2). Of course, the left-hand side
(l.h.s.) of Eq. (B2) yields a nonzero value in the double
limit. First, we consider the case where the chiral limit is
first taken before the limit of q2 ! 0.

lim
q2!0

ð lim
m̂!0

2MNFAðq2ÞÞ ¼ lim
q2!0

ðq2 lim
m̂!0

FPðq2ÞÞ; (B3)

which requires the massless pion pole in FPðq2Þ in the
chiral limit [36] as limm̂!0FPðq2Þ / 1

q2
for nonvanishing of

the l.h.s. of Eq. (B3). Secondly, the chiral limit is taken
after the limit of q2 ! 0:

lim
m̂!0

ð lim
q2!0

2MNFAðq2ÞÞ ¼ lim
m̂!0

ð2m̂ lim
q2!0

GPðq2ÞÞ; (B4)

which requires the 1=m̂ singularity in GPðq2Þ at q2 ¼ 0 as
limq2!0GPðq2Þ / 1

m̂ ) 1
m2

$
for nonvanishing of the l.h.s. of

Eq. (B4). As a result, FPðq2Þ and GPðq2Þ must have the
pion-pole structure, which should become dominant at low
q2 [36]. Therefore, one can deduce that FPðq2Þ and GPðq2Þ
are described by the following forms, at least, in the
vicinity of the pole position q2 ¼ $m2

$ [36,53]:
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parameter, the approximation is obtained by 5 GCR
iteration using 84 SAP domain size with 50 deflation
fields. OðorgÞ is given in the stopping criteria of residual
norm less than 10−8.

D. Nucleon effective mass

In Fig. 1, we show the nucleon effective mass plot
with the smeared-smeared and smeared-local operators.

The single exponential function is used in the correlated fit
with the range of t=a ¼ 15–20 for the smeared-local and
13–20 for the smeared-smeared cases, and those are
consistent with each other. The he nucleon mass from
the smeared-local case is obtained as

aMN ¼ 0.4041ð47Þ; MN ¼ 0.9416ð110Þ GeV; ð25Þ

where the error is statistical. This is consistent with the
experimental value Mexp

N ¼ 0.93891874 GeV obtained by
averaging the proton and neutron masses. For the extraction
of the form factors in Eqs. (20)–(23), we use the central
values of the nucleon mass and the energy with finite
momenta determined from the smeared-local case. In fact,
even if we input the statistically fluctuating mass and
energy onto those equations, the variation of extracted form
factors is negligibly small compared to statistical fluc-
tuation of three-point function. We have summarized the
measured nucleon mass and energy in Table I together with
values of q2.

IV. RESULTS FOR NUCLEON
ELECTROMAGNETIC FORM FACTORS

AND AXIAL FORM FACTOR

A. Electric form factor and electric charge radius

Figure 2 shows t dependence of the ratio Rt;N
jem;4ðt; qÞ of

Eq. (20) for the isovector electric form factor Gv
Eðq2Þ at

tsep=a ¼ 10, 12, 14, 16 in the smallest four nonzero
momenta corresponding to Q1, Q2, Q3, and Q4 (see
Table I). We observe clear plateau for all the cases of
tsep and jnj2 thanks to our elaborate tuning of the smearing
parameter. The Gv

Eðq2Þ is extracted by the constant fit with
the fit range listed in Table II.
In Fig. 3, we plot the tsep dependence of Gv

Eðq2Þ for the
smallest five values of jnj2. One can see the data at
tsep=a ¼ 12, 14, 16 is statistically consistent within the
error, which means there is negligibly small tsep depend-
ence, while the data at tsep=a ¼ 10 differs from others at
smaller nonzero q2. This observation allows us to use two
possible combined values with tsep=a ¼ f12; 14; 16g and
tsep=a ¼ f14; 16g to obtain Gv

Eðq2Þ without considerable
excited state contamination.

TABLE I. Choices for the nonzero spatial momenta: q¼ π=ð64aÞ × n, and corresponding nucleon energy EN measured by global
fitting of two-point function with the same range as in Q0 (also see in a text). The degeneracy of jnj2 due to the permutation symmetry
between $x, $y, $z directions is listed in the bottom raw.

Label Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7

n (0, 0, 0) (1, 0, 0) (1, 1, 0) (1, 1, 1) (2, 0, 0) (2, 1, 0) (2, 1, 1) (2, 2, 0)
jnj2 0 1 2 3 4 5 6 8
aEN 0.4041(47) 0.4073(47) 0.4105(48) 0.4137(49) 0.4159(49) 0.4192(49) 0.4222(50) 0.4278(51)
q2½GeV2& 0 0.013 0.026 0.039 0.052 0.064 0.077 0.102
Degeneracy 1 6 12 8 6 24 24 12

TABLE II. We present Norg, NG and total number of measure-
ments (NG × Nconf ) at each tsep. Fit range for the ratio of Eq. (19)
to extract GE, GM, FA, FP, and GP is also listed.

tsep=a Norg NG # meas fit range

10 1 128 2, 560 [3, 7]
12 1 256 5, 120 [4, 8]
14 2 320 6, 400 [5, 9]
16 4 512 10, 218 [6, 10]
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FIG. 1. Nucleon effective mass plot for the smeared-smeared
(square symbol) and smeared-local (circle symbol) operators in
the nucleon two-point functions. Horizontal band with green
(cyan) color denotes the fitting range and its statistical error for
the smeared-local (smeared-smeared) function.

EIGO SHINTANI et al. PHYS. REV. D 99, 014510 (2019)

014510-6

1284 lattice


