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I dedicate this talk to a memory of Prof. Yoichi Iwasaki, who has just passed away 
on February 2nd, 2023.

Yoichi Iwasaki 
1941/9/12 ~ 2023/2/2 

Yoichi had been my collage at University of Tsukuba, and a founder of lattice QCD 
in Japan. While he is famous as QCD-PAX and CP-PACS project leader, I think he is 
also a great theoretical physicist. Peter Hasenfratz said to me once “When I 
though I found a great idea, later I have always realized that Prof. Iwasaki already 
had same idea, for example, RG improvement, NL sigma model, etc.”  

I will miss Yoichi with my deepest sympathy.



I. Introduction 



Hadron interactions in lattice QCD

Finite volume (FV) method

HAL QCD method

spectra of two hadrons 
in finite box

scattering phase shift

Luescher’s finite volume formula

NBS wave functions Potential 
(Interaction kernel)

scattering 
phase shift

Schrodinger equation

It is always better to have two “different” methods for crosschecks.

NN controversy

FV spectra:  both deuteron and dineutron are bound at heavier pion masses.

Potential :  Two nucleons are unbound at heavier pion masses.



Fortunately, lattice QCD community’s  efforts are resolving controversy.
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To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!
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q2/m2
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m⇡ ⇡ 715� 800 MeV

Latest FV spectra are consistent with potential results at low energy.

A. Nicolson, Lat2022

Two nucleons are unbound at heavy pion masses.

Community’s consensus

It is very unlikely to 
miss a bound state.
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II. HAL QCD method

N. Ishii, S. Aoki, T. Hatsuda, PRL99(2007) 022001. 
S. Aoki, T. Hatsuda, N. Ishii, PTP123(2010)89-128. 
HAL QCD Collaboration (S.Aoki et al.), PTEP2012(2012) 01A105.



1. Formulation



Nambu-Bethe-Salpeter (NBS) wave function

to the Shrödinger equation with static quark potentials, since only energies of states can be

measured for moving b quarks in the NRQCD method, the coupled channel analysis can not

be directly applied. Above B̄∗B̄∗ threshold, coupled channel treatments become possible

by the finite volume method[12], which however requires some assumptions on the coupled

channel S-matrix.

In this paper, to calculate the binding energy of Tbb by the coupled channel analysis with

the NRQCD action for b quarks, we alternatively employ the couple channel extension of the

HAL QCD method[13], by which we can extract the coupled channel potential directly. We

review the HAL QCD method in Sec. II and summarize our lattice QCD setup, including

the NRQCD action for b quarks in Sec. III. In Sec. IV, we present results of potentials and

the scattering analysis. Finally we give a summary of this study in Sec. V.

b quark\channels B(≡ B̄B̄∗) B and B∗(≡ B̄∗B̄∗)

Static approx " 80(30) MeV[7] " 50(30) MeV[8]

NRQCD approx " 120(20) MeV[10] ?

TABLE I. Binding energies extrapolated to the physical pion mass in previous lattice studies.

II. HAL QCD METHOD

A. Definition of the Potential

A basic quantity for a definition of potentials in the HAL QCD method is the Euclidean

time Nambu-Bethe-Salpeter(NBS) wave function, defined by[13]

ψH1+H2
W (r, t) ≡ ψH1+H2

W (r) e−Wt ≡ 1√
ZH1

1√
ZH2

∑

x

〈Ω|H1(x+ r, t)H2(x, t) |(H1 +H2);W 〉 ,

(1)

whereHi(x, t) is the hadron operator at (x, t), |Ω〉 is the QCD vacuum state, |(H1 +H2);W 〉

stands for an eigenstate of the QCD Hamiltonian having quantum numbers of the two-

hadrons H1 + H2 with a center-of-mass energy W , and ZHi = | 〈Ω|Hi(0) |Hi〉 |2. We focus

our attention on an energy region below inelastic threshold, where only elastic scattering

occurs. In this energy region, the asymptotic behavior of the "-th partial-wave of the NBS

3

hadron ops. QCD eigenstate

vacuum

Center of mass energy

<latexit sha1_base64="VB08nDaqYR+vk1350M06MywtU9o="></latexit>

pW · r = pW r cos ✓

<latexit sha1_base64="PUfzjzaY1S0/GmeO8yVGjNY/b6A="></latexit>

�`(pW ) : phase shift of `-th partial wave

<latexit sha1_base64="+B8jAY5yrfl6y05ztXTMji2//uA="></latexit>

W =
q
p2
W

+m2
H1

+
q

p2
W

+m2
H2

NBS wave function encodes information of scattering phase shifts in its 

asymptotic behavior, as in the case of quantum mechanics.
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Large r behavior
<latexit sha1_base64="CjsutfxLp+tR9Bm+CuXZ3WZPoQg="></latexit>

 H1+H2
W

(r) / sin(pW r + �l(pW )� l⇡/2)

pW r
Pl(cos(✓))

FV method also uses property.



Non-local potential

wave function reads

ψH1+H2
W,! (r)

r→∞−−−→
[
j!(pW r)− πt!(W )h+

! (pW r)
]
P!(r̂ · p̂W ), (2)

where a magnitude of a relative momentum pW is determined from a relation W = EW1 +

EW2 =
√

p2W +m2
H1

+
√

p2W +m2
H2
, P!(z) is the Legendre polynomial, j!(z)/n!(z) is the

spherical Bessel/Neumann function, and h±
! (z) = n!(z) ± ij!(z) are spherical Hankel func-

tions. The scattering T -matrix t!(W ) in the above is related to the unitary S-matrix as

s!(W ) = 1− 2πit!(W ), and to the scattering amplitude as f!(W ) = − π
pW

t!(W ).

A hadronic 4-point correlation function in lattice QCD can be expressed in terms of NBS

wave functions as

FH1+H2
J (r, t) ≡

∑

x

〈Ω|H1(x+ r, t)H2(x, t)J †
H1+H2

(t = 0) |Ω〉

=
∑

x

∑

n

〈Ω|H1(x+ r, t)H2(x, t) |(H1 +H2);Wn〉 〈(H1 +H2);Wn| J †
H1+H2

(0) |Ω〉

+ (inela)

&
∑

n

AJ ,nψ
H1+H2
Wn

(r, t ≥ t(inela))
t→∞−−−→ AJ ,0ψ

H1+H2
W0

(r) e−W0t, (3)

where J †
H1+H2

(0) is a source operator which creates two-hadron states at t = 0 with a target

quantum number I(JP ) of H1+H2, (inela) represents inelastic contributions, which become

negligible at t ≥ t(inela), W0 is the lowest eigen-energy of two hadrons, and

AJ ,n ≡
√

ZH1

√
ZH2 〈(H1 +H2);Wn| J †

H1+H2
(0) |Ω〉 . (4)

In the HAL QCD method, a non-local but energy-independent potential U(r, r′) is for-

mally defined from the NBS wave function so as to satisfy the Schrödinger equation below

inelastic threshold as

(
∇2

2µ
+

p2W
2µ

)
ψW (r) =

∫
d3r′ U(r, r′)ψW (r′), (5)

where µ is the reduced mass of two hadrons. Since QCD interactions are short-ranged,

U(r, r′) vanishes sufficiently fast as |r| increases. The potential U(r, r′) may depend on how

sink hadron operators H1 and H2 are constructed from quarks. Even though a choice of

hadron operators is fixed, however, the above equation can not determine U(r, r′) uniquely

due to a restriction of the energy below the inelastic threshold[14, 15]. Thus the above

4

non-local potential

<latexit sha1_base64="OMjtxXtU9cpI8JRxofcXJmqti+0="></latexit>

µ: reduced mass

derivative expansion

definition of the potential is rather formal. For concreteness, we define U(r, r′) in the

derivative expansion, which is symbolically written as

U(r, r′) = V (r,∇)δ(r− r′) =
∞∑

k=0

V (k)(r)∇kδ(r− r′), (6)

and determine coefficient functions V (k)(r) order by order. For example, the leading order

term can be approximately obtained as

V (0)(r;W ) =
1

ψW (r)

(
∇2

2µ
+

p2W
2µ

)
ψW (r), (7)

where V (0)(r;W ), obtained from the NBS wave function ψW (r), is the leading order approx-

imation of V (0)(r). Given the relationship between the hadron 4-point correlation function

and the NBS wave function, the LO potential from the ground state is extracted as

V (0)(r;W0) = lim
t→∞

1

FH1+H2
J (r, t)

(
∇2

2µ
+

p2W0

2µ

)
FH1+H2
J (r, t). (8)

In practice, we take sufficiently large t, where the lowest energy state dominates in the

4-point correlation function.

B. Time-Dependent Method

Since large statistical fluctuations make it difficult to obtain the NBS wave function

for the ground state from the corresponding 4-point function at large t, the extraction of

the potential given in eq. (8) becomes unreliable, in particular for two baryon systems.

An improved method of extracting the potential that does not require the ground state

saturation has been proposed in Ref. [16], and is employed in this study.

In the improved method, we define a normalized 4-point correlation function, called a

R-correlator, as

RH1+H2
J (r, t) ≡

FH1+H2
J (r, t)

e−mH1 te−mH2 t
$

∑

n

AJ ,nψ
H1+H2
Wn

(r) e−∆Wnt, (9)

which is assumed to be dominated by elastic states at t > t(inela)threshold as indicated in the

right-hand side, where ∆Wn ≡ Wn −mH1 −mH2 satisfies

p2n
2µ

= ∆Wn +
1 + 3δ2

8µ
(∆Wn)

2 +O((∆Wn)
3), δ ≡ |mH1 −mH2 |

mH1 +mH2

. (10)

5
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leading order (LO) potential

This introduces some systematics.
<latexit sha1_base64="NS4zzNiUEBU5zKKMMt0sy46Ggpw="></latexit>

�`(q = pW )

<latexit sha1_base64="GWzEZP69AraSBbyfBYnROnNZOrg="></latexit>

�`(q 6= pW )

Exact

Approximate

“anchor”



LO at k2 = 0

LO ERE ar k2 = 0

LO ERE ar k2 = µ2

LO at k2 = µ2

exact

NLO

NLO ERE

ERE =Effective Range 
Expansion

NLO potential is equally 
good to or even better 
than NLO ERE.

k cot(�0(k))

S. Aoki, K. Yazaki, PTEP2021(2021)168, 033B04.



4-pt correlation function

wave function reads

ψH1+H2
W,! (r)

r→∞−−−→
[
j!(pW r)− πt!(W )h+

! (pW r)
]
P!(r̂ · p̂W ), (2)

where a magnitude of a relative momentum pW is determined from a relation W = EW1 +

EW2 =
√

p2W +m2
H1

+
√

p2W +m2
H2
, P!(z) is the Legendre polynomial, j!(z)/n!(z) is the

spherical Bessel/Neumann function, and h±
! (z) = n!(z) ± ij!(z) are spherical Hankel func-

tions. The scattering T -matrix t!(W ) in the above is related to the unitary S-matrix as

s!(W ) = 1− 2πit!(W ), and to the scattering amplitude as f!(W ) = − π
pW

t!(W ).

A hadronic 4-point correlation function in lattice QCD can be expressed in terms of NBS

wave functions as

FH1+H2
J (r, t) ≡

∑

x

〈Ω|H1(x+ r, t)H2(x, t)J †
H1+H2

(t = 0) |Ω〉

=
∑

x

∑

n

〈Ω|H1(x+ r, t)H2(x, t) |(H1 +H2);Wn〉 〈(H1 +H2);Wn| J †
H1+H2

(0) |Ω〉

+ (inela)

&
∑

n

AJ ,nψ
H1+H2
Wn

(r, t ≥ t(inela))
t→∞−−−→ AJ ,0ψ

H1+H2
W0

(r) e−W0t, (3)

where J †
H1+H2

(0) is a source operator which creates two-hadron states at t = 0 with a target

quantum number I(JP ) of H1+H2, (inela) represents inelastic contributions, which become

negligible at t ≥ t(inela), W0 is the lowest eigen-energy of two hadrons, and

AJ ,n ≡
√
ZH1

√
ZH2 〈(H1 +H2);Wn| J †

H1+H2
(0) |Ω〉 . (4)

In the HAL QCD method, a non-local but energy-independent potential U(r, r′) is for-

mally defined from the NBS wave function so as to satisfy the Schrödinger equation below

inelastic threshold as

(
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+

p2W
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)
ψW (r) =
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where µ is the reduced mass of two hadrons. Since QCD interactions are short-ranged,

U(r, r′) vanishes sufficiently fast as |r| increases. The potential U(r, r′) may depend on how

sink hadron operators H1 and H2 are constructed from quarks. Even though a choice of

hadron operators is fixed, however, the above equation can not determine U(r, r′) uniquely

due to a restriction of the energy below the inelastic threshold[14, 15]. Thus the above
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√
ZH2 〈(H1 +H2);Wn| J †

H1+H2
(0) |Ω〉 . (4)

In the HAL QCD method, a non-local but energy-independent potential U(r, r′) is for-

mally defined from the NBS wave function so as to satisfy the Schrödinger equation below

inelastic threshold as

(
∇2

2µ
+

p2W
2µ

)
ψW (r) =

∫
d3r′ U(r, r′)ψW (r′), (5)

where µ is the reduced mass of two hadrons. Since QCD interactions are short-ranged,

U(r, r′) vanishes sufficiently fast as |r| increases. The potential U(r, r′) may depend on how

sink hadron operators H1 and H2 are constructed from quarks. Even though a choice of

hadron operators is fixed, however, the above equation can not determine U(r, r′) uniquely

due to a restriction of the energy below the inelastic threshold[14, 15]. Thus the above

4

NBS wave function for a ground state
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In practice, however, it is di�cult to take large t with small errors.

source op.

FV method also suffers from this problem.



Time-dependent method Ishii et al. (HAL QCD), PLB712(2012)437

normalized 4-pt function (R-correlator)

definition of the potential is rather formal. For concreteness, we define U(r, r′) in the

derivative expansion, which is symbolically written as

U(r, r′) = V (r,∇)δ(r− r′) =
∞∑

k=0

V (k)(r)∇kδ(r− r′), (6)

and determine coefficient functions V (k)(r) order by order. For example, the leading order

term can be approximately obtained as

V (0)(r;W ) =
1

ψW (r)

(
∇2

2µ
+

p2W
2µ

)
ψW (r), (7)

where V (0)(r;W ), obtained from the NBS wave function ψW (r), is the leading order approx-

imation of V (0)(r). Given the relationship between the hadron 4-point correlation function

and the NBS wave function, the LO potential from the ground state is extracted as

V (0)(r;W0) = lim
t→∞

1

FH1+H2
J (r, t)

(
∇2

2µ
+

p2W0

2µ

)
FH1+H2
J (r, t). (8)

In practice, we take sufficiently large t, where the lowest energy state dominates in the

4-point correlation function.

B. Time-Dependent Method

Since large statistical fluctuations make it difficult to obtain the NBS wave function

for the ground state from the corresponding 4-point function at large t, the extraction of

the potential given in eq. (8) becomes unreliable, in particular for two baryon systems.

An improved method of extracting the potential that does not require the ground state

saturation has been proposed in Ref. [16], and is employed in this study.

In the improved method, we define a normalized 4-point correlation function, called a

R-correlator, as

RH1+H2
J (r, t) ≡

FH1+H2
J (r, t)

e−mH1 te−mH2 t
$

∑

n

AJ ,nψ
H1+H2
Wn

(r) e−∆Wnt, (9)

which is assumed to be dominated by elastic states at t > t(inela)threshold as indicated in the

right-hand side, where ∆Wn ≡ Wn −mH1 −mH2 satisfies

p2n
2µ

= ∆Wn +
1 + 3δ2

8µ
(∆Wn)

2 +O((∆Wn)
3), δ ≡ |mH1 −mH2 |

mH1 +mH2

. (10)

5
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large t to surpress inelastic contributions
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�Wn ⌘ Wn �mH1 �mH2 satisfies

NBS wave function

definition of the potential is rather formal. For concreteness, we define U(r, r′) in the

derivative expansion, which is symbolically written as

U(r, r′) = V (r,∇)δ(r− r′) =
∞∑

k=0

V (k)(r)∇kδ(r− r′), (6)

and determine coefficient functions V (k)(r) order by order. For example, the leading order

term can be approximately obtained as

V (0)(r;W ) =
1

ψW (r)

(
∇2

2µ
+

p2W
2µ

)
ψW (r), (7)

where V (0)(r;W ), obtained from the NBS wave function ψW (r), is the leading order approx-

imation of V (0)(r). Given the relationship between the hadron 4-point correlation function

and the NBS wave function, the LO potential from the ground state is extracted as

V (0)(r;W0) = lim
t→∞

1

FH1+H2
J (r, t)

(
∇2

2µ
+

p2W0

2µ

)
FH1+H2
J (r, t). (8)

In practice, we take sufficiently large t, where the lowest energy state dominates in the

4-point correlation function.

B. Time-Dependent Method

Since large statistical fluctuations make it difficult to obtain the NBS wave function

for the ground state from the corresponding 4-point function at large t, the extraction of

the potential given in eq. (8) becomes unreliable, in particular for two baryon systems.

An improved method of extracting the potential that does not require the ground state

saturation has been proposed in Ref. [16], and is employed in this study.

In the improved method, we define a normalized 4-point correlation function, called a

R-correlator, as

RH1+H2
J (r, t) ≡

FH1+H2
J (r, t)

e−mH1 te−mH2 t
$

∑

n

AJ ,nψ
H1+H2
Wn

(r) e−∆Wnt, (9)

which is assumed to be dominated by elastic states at t > t(inela)threshold as indicated in the

right-hand side, where ∆Wn ≡ Wn −mH1 −mH2 satisfies

p2n
2µ

= ∆Wn +
1 + 3δ2

8µ
(∆Wn)

2 +O((∆Wn)
3), δ ≡ |mH1 −mH2 |

mH1 +mH2

. (10)

5

Using this relation and taking t > t(inela)threshold, we obtain

∫
d3r′ U(r, r′)RH1+H2

J (r′, t) !
∑

n

(
∇2

2µ
+

p2n
2µ

)
AJ

n ψ
H1+H2
Wn

(r) e−∆Wnt

!
∑

n

(
∇2

2µ
+∆Wn +

1 + 3δ2

8µ
(∆Wn)

2

)
AJ

n ψ
H1+H2
Wn

(r) e−∆Wnt

=

(
∇2

2µ
− ∂

∂t
+

1 + 3δ2

8µ

∂2

∂t2

)
RH1+H2

J (r, t), (11)

which looks like a time-dependent Schrödinger equation for a non-local potential with rela-

tivistic corrections. At the leading order in the derivative expansion, eq. (11) gives

V (0)(r) =
1

RH1+H2
J (r, t)

(
∇2

2µ
− ∂

∂t
+

1 + 3δ2

8µ

∂2

∂t2

)
RH1+H2

J (r, t), (12)

where a t-dependence in the right-hand side is canceled between numerator and denomi-

nator if inelastic contributions become negligible at t > t(inela)threshold. In practice, we use the

t-independence of V (0)(r) as an indicator for t > t(inela)threshold to satisfy.

C. Coupled-Channel HAL QCD Method

Since thresholds of B(B̄+B̄∗) and B∗(B̄∗+B̄∗) are so close, we can not ignore an influence

of the B∗ channel to a potential in the B channel. We thus decided to employ the coupled

channel extension of the HAL QCD method in our study.

To explain this extension, we consider an energy region where an inelastic scattering

A+B → C+D in addition to an elastic-scattering A+B → A+B occurs with mA+mB <

mC +mD. The NBS wave function of the scattering channel α = 0, 1 is denoted by

ψαW ;β(r, t) ≡ ψαW ;β(r) e
−Wt ≡ 1√

Zα
1

√
Zα

2

∑

x

〈Ω|Hα
1 (x+ r, t)Hα

2 (x, t)|W ; β〉 , (13)

where (H0
1 , H

0
2 ) = (A,B) or (H1

1 , H
1
2 ) = (C,D), and W is the center of mass energy. At a

given energy W , there exists 2 independent states with the same quantum number to A+B,

labeled by β, which are expanded in terms of asymptotic states as |W ; β〉 = c0β |A+B;W 〉+

c1β |C +D;W 〉+ · · · . Thus, as in the case of the elastic scattering, an asymptotic behavior

of an &-th partial-wave of the NBS wave function reads[14]

ψαW ;β,#(r)
r→∞−−−→

∑

γ

[
δαγj#(p

α
W r) + pαWh+

# (p
α
W r)fαγ# (W )

]
cγβP#(r̂ · p̂αW ), (14)

6

Using this relation and taking t > t(inela)threshold, we obtain

∫
d3r′ U(r, r′)RH1+H2

J (r′, t) !
∑

n

(
∇2

2µ
+

p2n
2µ

)
AJ

n ψ
H1+H2
Wn

(r) e−∆Wnt

!
∑

n

(
∇2

2µ
+∆Wn +

1 + 3δ2

8µ
(∆Wn)

2

)
AJ

n ψ
H1+H2
Wn

(r) e−∆Wnt

=

(
∇2

2µ
− ∂

∂t
+

1 + 3δ2

8µ

∂2

∂t2

)
RH1+H2

J (r, t), (11)

which looks like a time-dependent Schrödinger equation for a non-local potential with rela-

tivistic corrections. At the leading order in the derivative expansion, eq. (11) gives

V (0)(r) =
1

RH1+H2
J (r, t)

(
∇2

2µ
− ∂

∂t
+

1 + 3δ2

8µ

∂2

∂t2

)
RH1+H2

J (r, t), (12)

where a t-dependence in the right-hand side is canceled between numerator and denomi-

nator if inelastic contributions become negligible at t > t(inela)threshold. In practice, we use the

t-independence of V (0)(r) as an indicator for t > t(inela)threshold to satisfy.

C. Coupled-Channel HAL QCD Method

Since thresholds of B(B̄+B̄∗) and B∗(B̄∗+B̄∗) are so close, we can not ignore an influence

of the B∗ channel to a potential in the B channel. We thus decided to employ the coupled

channel extension of the HAL QCD method in our study.

To explain this extension, we consider an energy region where an inelastic scattering

A+B → C+D in addition to an elastic-scattering A+B → A+B occurs with mA+mB <

mC +mD. The NBS wave function of the scattering channel α = 0, 1 is denoted by

ψαW ;β(r, t) ≡ ψαW ;β(r) e
−Wt ≡ 1√

Zα
1

√
Zα

2

∑

x

〈Ω|Hα
1 (x+ r, t)Hα

2 (x, t)|W ; β〉 , (13)

where (H0
1 , H

0
2 ) = (A,B) or (H1

1 , H
1
2 ) = (C,D), and W is the center of mass energy. At a

given energy W , there exists 2 independent states with the same quantum number to A+B,

labeled by β, which are expanded in terms of asymptotic states as |W ; β〉 = c0β |A+B;W 〉+

c1β |C +D;W 〉+ · · · . Thus, as in the case of the elastic scattering, an asymptotic behavior

of an &-th partial-wave of the NBS wave function reads[14]

ψαW ;β,#(r)
r→∞−−−→

∑

γ

[
δαγj#(p

α
W r) + pαWh+

# (p
α
W r)fαγ# (W )

]
cγβP#(r̂ · p̂αW ), (14)

6

LO potential

We don’t need a ground-state saturation, but
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We don’t have an anchor �`(q = pW ) anymore.
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We have an exact formula for the time-dependent method if we use @3

@t3 .



Extensions to coupled channels are straightforward without assumptions.

Extensions to more than 3 particles are possible only for non-relativistic kinematics.

HAL QCD potential method extension

Enough for 3 nucleon forces. 
Relativistic extensions are desirable.

Extensions to moving frames are possible and indeed work for simple systems.

T. Doi et al. (HAL QCD), PTP127(2012)723

Y. Akahosi and S. Aoki, arXiv:2301.06038



2. Comparison: FV and HAL QCD methods
Finite volume method HAL QCD method

Improvable by the derivative expansion.
<latexit sha1_base64="dnozqNPQIE/f7APxAkT+xAF5NGc="></latexit>

More data, more exact �`(q).

Correct spectra are essential 
in practice.

Time-dependent method helps, while 
anchors are lost.

Center of Mass (CM) frame 
as well as moving ones.

Mainly CM. Moving frame available.

Models/assumptions are required 
for couple channel extensions.

Coupled channel extension is easy.

Many multi-particle formalisms.

We may combine both methods to improve accuracy and precision. 
Let us demonstrate it. 

Multi-particles only for NR particles.
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Exact �`(pW ) at each pW .

More results on baryons.More results on mesons.
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Exact �`(pW ) and approximated �`(q) at once
with some physical pictures.



III. Potentials and finite volume spectra 



1. Recent results for heavy dibaryons



Introduction

!3

Baryon (B=1) Dibaryon (B=2)

Proton, Neutron,

Lambda, Omega,…

Deuteron

observed in 1930s

Dibaryon = two baryon bound state or resonance

+ d*(2380) resonance

Dibaryon = two baryon bound state or resonance

Dibaryons



HAL QCD results on dibaryons

H dibaryon
T. Inoue et al. (HAL QCD Coll.), PRL106(2011)162002 flavor SU(3) limit
K. Sasaki et al. (HAL QCD Coll.), NPA106(2020)121737 physical point,  

 coupled channelΛΛ − NΞ dibaryonΔΔ

S. Gongyo et al. (HAL QCD Coll.), PLB811(2020)135935 flavor SU(3) limit, d*(2380)

 dibaryonNΩ

F. Etminan et al. (HAL QCD Coll.), NPA928(2014)89 mπ ≃ 875 MeV

T. Iritani et al. (HAL QCD Coll.), PLB792(2019)284 physical point
 dibaryonΩΩ

M. Yamada et al. (HAL QCD Coll.), PTEP 7(2015)187 

S. Gongyo et al. (HAL QCD Coll.), PRL 120(2018)212001 physical point

mπ ≃ 700 MeV

 dibaryonΩcccΩccc

Y. Lyu et al. (HAL QCD Coll.), PRL 127 (2021) 072003 physical point



Physical point configurations

2+1 flavor gauge configuration on  lattice  
with Iwasaki gauge + NP  improved clover quark 

 (near physical point) 

964

O(a)

a ≃ 0.0846 fm, mπ ≃ 146 MeV, mK ≃ 525 MeV

La ≃ 8.1 fm

(quenched) charm quark mass for Ωccc

2

where �Wn = 2
q

m2
⌦ccc

+ k2
n
� 2m⌦ccc with the baryon

mass m⌦ccc and the relative momentum kn. O(e�(�E
⇤)t)

denotes the contributions from the inelastic scattering
states with �E⇤ being the inelastic threshold, which are
exponentially suppressed when t � (�E⇤)�1

⇠ ⇤�1
QCD

with ⇤QCD ⇠ 300 MeV. J (0) is a source operator which
creates two-baryon states with the charm number C = 6
at Euclidean time t = 0 and An = hn|J (0)|0i with |ni
representing the QCD eigenstates in a finite volume with
�Wn < �E⇤. In this study, we take a local interpolating
operator, ⌦ccc(x) ⌘ ✏lmn[cT

l
(x)C�kcm(x)]cn,↵(x), where

l, m, and n stand for color indices, �k being the Dirac
matrix, ↵ being the spinor index, and C ⌘ �4�2 being the
charge conjugation matrix.

When contributions from the inelastic scattering states
are negligible (t � (�E⇤)�1), the R-correlator satis-
fies [23]

✓
1

4m⌦ccc

@2

@t2
�

@

@t
�H0

◆
R(r, t) =

Z
dr0U(r, r0)R(r0, t),

(2)
where H0 = �r

2/m⌦ccc . By using the derivative ex-
pansion at low energies, U(r, r0) = V (r)�(r � r0) +P
n=1

V2n(r)r2n�(r�r0), the central potential V (r) in the

leading order (LO) is given as

V (r) = R�1(r, t)

✓
1

4m⌦ccc

@2

@t2
�

@

@t
�H0

◆
R(r, t). (3)

The spatial and temporal derivatives of R(r, t) on the
lattice are calculated in central di↵erence scheme by
using the nearest neighbor points. To extract the
total spin s = 0, the following interpolating opera-
tors for the ⌦ccc⌦ccc system is adopted, [⌦ccc⌦ccc]0 =
1
2 (⌦

3/2
ccc⌦

�3/2
ccc � ⌦1/2

ccc⌦
�1/2
ccc + ⌦�1/2

ccc ⌦1/2
ccc � ⌦�3/2

ccc ⌦3/2
ccc ).

Here the spin and its z component of the interpolat-
ing operator ⌦sz

ccc
are 3/2 and sz = ±3/2,±1/2, re-

spectively, and ⌦sz
ccc

is constructed by spin projection
as shown in Ref. [28]. To obtain the orbital angular
momentum L = 0 on the lattice, the projection to A1

representation of the cubic group SO(3,Z) is employed;
PA1R(r, t) = 1

24

P
Ri2SO(3,Z)

R(Ri[r], t). Note that V (r)

in Eq. (3) contains the channel coupling e↵ect such as
1S0-5D0 mixing and should be considered as an “e↵ec-
tive” potential projected onto the S-wave state [29].

Lattice setup.� (2+1)-flavor gauge configurations are
generated on the L4 = 964 lattice with the Iwasaki gauge
action at � = 1.82 and nonperturbatively O(a)-improved
Wilson quark action combined with stout smearing at
nearly physical quark masses (m⇡ ' 146 MeV and mK '

525 MeV) [30]. The lattice cuto↵ is a�1
' 2.333 GeV

(a ' 0.0846 fm), corresponding to La ' 8.1 fm, which
is su�ciently large to accommodate two heavy baryons.
For the charm quark, we employ the relativistic heavy

quark (RHQ) action in order to remove the leading or-
der and the next-to-leading order cuto↵ errors associated
with the charm quark mass [31]. We use two sets (set 1
and set 2) of RHQ parameters determined in Ref. [32] so
as to interpolate the physical charm quark mass and re-
produce the dispersion relation for the spin-averaged 1S
charmonium, i.e. a weighted average of the spin-singlet
state ⌘c and the spin-triplet state J/ .
For the source operator J (0), we use the wall type

with the Coulomb gauge fixing. We employ the peri-
odic (Drichlet) boundary condition for spatial (tempo-
ral) direction. We use 112 gauge configurations which
are picked up one per ten trajectories. In order to re-
duce statistical fluctuations, forward and backward prop-
agations are averaged, and four times measurements are
performed by shifting source position along the temporal
direction for each configuration. Then, the total mea-
surements amount to 896 for each set. The statistical
errors are estimated by the jackknife method with a bin
size of 14 configurations. A comparison with a bin size
of 7 configurations shows that the bin size dependence
is small. The quark propagators are calculated by the
Bridge++ code [33], and the unified contraction algo-
rithm is utilized to obtain the correlation functions [34].

TABLE I. Spin-averaged 1S charmonium mass ((m⌘c +
3mJ/ )/4) and the ⌦ccc mass (m⌦ccc) calculated in set 1 and
set 2 with the statistical errors. The third row shows the in-
terpolated values obtained from set 1 and set 2. Experimental
value of (m⌘c + 3mJ/ )/4 is shown in the last row.

(m⌘c + 3mJ/ )/4 [MeV] m⌦ccc [MeV]
set 1 3096.6(0.3) 4837.3(0.7)
set 2 3051.4(0.3) 4770.2(0.7)

Interpolation 3068.5(0.3) 4795.6(0.7)
Exp. 3068.5(0.1) -

Masses for spin-averaged 1S charmonium ((m⌘c +
3mJ/ )/4) and ⌦ccc baryon (m⌦ccc) calculated in set
1 and set 2 by utilizing the single exponential fitting
from the interval t/a = 25 � 35 are listed in Ta-
ble. I, together with the values from linear interpolation
(0.3786 ⇥ set 1 + 0.6214 ⇥ set 2) as well as the exper-
imental value. Our result for m⌦ccc is consistent with
4789(6)(21) MeV obtained by the (2+1)-flavor PACS-CS
configurations [35]. We have checked that our results for
hadron masses are unchanged within errors by the fitting
interval t/a = 30� 35.
Numerical results.� The ⌦ccc⌦ccc potential V (r) in the

1S0 channel from the interpolation between set 1 and
set 2 is shown in Fig. 1 for t/a = 25, 26 and 27 (see
Supplemental Material [36] for the t-dependence of V (r)
in a wide range of t). Since the potentials from set 1
and set 2 are found to be consistent within statistical
errors, the uncertainty in the interpolation is negligible.
Our choice t/a = 26 corresponds to t ' 2.2 fm; this is
large enough in comparison to the typical length scale



Potentials
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⌦sss⌦sss
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⌦ccc⌦ccc
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Attraction is wider and repulsive core is larger for ⌦sss than ⌦ccc.



Repulsive core surrounded by an attractive pocket.

Potentials (3-dim plot)
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⌦sss⌦sss
<latexit sha1_base64="Z1PojGQkUKE3mjES8fAUtPFgGbg="></latexit>

⌦ccc⌦ccc



one bound state in each channel
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⌦ccc⌦ccc
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⌦sss⌦sss

Scattering phase shift

3

FIG. 1. (Color online). The ⌦ccc⌦ccc potential V (r) in the
1
S0 channel as a function of separation r at Euclidean time
t/a = 25 (red square), 26 (blue diamond) and 27 (green cir-
cle).

⇤�1
QCD ⇠ 0.7 fm characterizing the inelastic states, and

is small enough to avoid large statistical errors. We find
that the potentials for t/a = 25, 26 and 27 are consistent
with each other within statistical errors. This indicates
that systematic errors due to inelastic states and higher
order terms of the derivative expansion do not largely
exceed the size of statistical errors [23] as we show below.

We find that the potential V (r) is repulsive at short-
range and attractive at mid-range, which has the same
qualitative behaviors with the NN potential [37] and
the ⌦⌦ potential [10]. The magnitude of the poten-
tial in the repulsive region r < 0.25 fm (correspond-
ing to dV (r)/dr < 0) for ⌦ccc⌦ccc is an order of mag-
nitude smaller than that of ⌦⌦ obtained by the same
method [10]. This may be qualitatively explained by the
phenomenological quark model [38] as the color-magnetic
interaction between constituent quarks is proportional to
the square of reciprocal constituent quark mass. Qual-
itatively, V cc

cm/V
ss
cm = (m⇤

s
/m⇤

c
)2 ⇠ (500/1500)2 ⇠ 0.1,

where V ff
0

cm is the color-magnetic interaction between the
quarks with flavor f and f 0 withm⇤

f
being the constituent

quark mass. On the other hand, the attraction in the re-
gion r > 0.25 fm (corresponding to dV (r)/dr > 0) may
originate from the exchange of charmed mesons or rather
be attributed to the direct exchange of charm quarks
and/or multiple gluons. As can be seen in Fig. 1, the
range of the potential is much smaller than the size of
the lattice volume, indicating that the finite volume ar-
tifact is negligible.

In order to convert the potential to physical ob-
servables such as the scattering phase shifts and bind-
ing energy, we perform the uncorrelated fit for V (r)
in Fig. 1 in the range r  2.5 fm by three-
range Gaussians, Vfit(r) =

P
i=1,2,3

↵i exp(��ir2). Fit-

FIG. 2. (Color online). The ⌦ccc⌦ccc scattering phase shifts
�0 in the 1

S0 channel obtained from the potential V (r) at
t/a = 25, 26, and 27 as a function of the center of mass kinetic
energy ECM.

ting parameters with t/a = 26 for example are
(↵1,↵2,↵3) = (239.5(3.0),�62.7(50.8),�98.8(50.3)) in
MeV and (�1,�2,�3) = (48.5(1.4), 7.8(2.6), 3.4(0.8)) in
fm�2 with an accuracy of �2/d.o.f. ⇠ 1.05.

In Fig. 2, we show the ⌦ccc⌦ccc scattering phase
shifts �0 in the 1S0 channel calculated by solving the
Schrödinger equation with the potential V (r) at t/a =
25, 26, and 27. The relativistic kinetic energy is defined

as ECM = 2
q
k2 +m2

⌦ccc
� 2m⌦ccc with a momentum

k in the center of mass frame. The error bands reflect
the statistical uncertainty of V (r). In all three cases, the
phase shifts start from 180� at ECM = 0, which indicates
the existence of a bound state in ⌦ccc⌦ccc system without
Coulomb repulsion.

The low-energy scattering parameters are extracted by
using the e↵ective range expansion up to the next-to-
leading order (NLO), k cot �0 = �

1
a0

+ 1
2re↵k

2 + O(k4),
where a0 and re↵ are the scattering length and the e↵ec-
tive range, respectively. The results are

a0 = 1.57(0.08)(+0.12
�0.04) fm,

re↵ = 0.57(0.02)(+0.01
�0.00) fm.

(4)

The central values and the statistical errors in the first
parentheses are obtained at t/a = 26, while the system-
atic errors in the last parentheses are estimated from the
values at t/a = 25, 26 and 27, which originates from the
inelastic states and the higher order terms of the deriva-
tive expansion.

The binding energy B and the root-mean-square dis-
tance

p
hr2i of the bound ⌦ccc⌦ccc state are obtained

scattering length

Effective Range Expansion (ERE) k cot δ0(k) = −
1
a0

+
1
2

reffk2 + O(k4)

effective range
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FIG. 1. The ⌦⌦ potential V (r) in the 1S0 channel at Eu-
clidean time t/a = 16, 17, and 18.

⇥ 4 rotations ⇥ 48 source positions. The quark prop-
agators are obtained by the domain-decomposed solver
[34–37] and the correlation functions are calculated us-
ing the unified contraction algorithm [38].

The ⌦-baryon mass extracted from the e↵ective mass
me↵(t) ⌘ lnG(t)/G(t + a) with G(t) being the baryonic
two-point function is m⌦ = 1712 ± 1 MeV (from the
plateau in t/a = 17� 22) and m⌦ = 1713± 1 MeV (from
t/a = 18�25) with the statistical errors. These numbers
are about 2% higher than the physical value, 1672 MeV.
We take the former number in the following analysis.
Numerical results: The 1S0 potential V (r) obtained
from Eq.(4) with the lattice measurement of R(r, t) is
shown in Fig. 1 for t/a = 16, 17, and 18. Here Laplacian
and the time-derivative in Eq.(4) are approximated by
the central (symmetric) di↵erence. The statistical errors
for V (r) at each r are estimated by the jackknife method
with the bin size of 40 configurations. A comparison with
the bin size of 20 configurations shows that the bin size
dependence is small. The particular region t/a = 17± 1
in Fig. 1 is chosen to suppress contamination from ex-
cited states in the single ⌦ propagator at smaller t and
simultaneously to avoid large statistical errors at larger
t. We observe that the potentials at t/a = 16, 17, and 18
are nearly identical within statistical errors as expected
from the time-dependent HAL QCD method [25]. This
behavior also supports that the higher-derivative contam-
inations are small.

The ⌦⌦ potential V (r) has qualitative features simi-
lar to the central potential of the nucleon-nucleon (NN)
interaction, i.e., the short range repulsion and the inter-
mediate range attraction [6]. There are, however, two
quantitative di↵erences: (i) the short range repulsion is
much weaker in the ⌦⌦ case possibly due to the absence
of quark Pauli exclusion e↵ect, and (ii) the attractive
part is much short-ranged due to the absence of pion ex-
changes.

For the purpose of converting the potential to the
physical observables such as the scattering phase shifts
and the binding energy, we fit V (r) in Fig. 1 in the

FIG. 2. The ⌦⌦ phase shift �(k) in the 1S0 channel for t/a =
16, 17 and 18 as a function of the center of mass kinetic energy
ECM = 2

p
k2 +m2

⌦
� 2m⌦ .

range r = 0 � 6 fm by three Gaussians, Vfit(r) =P
j=1,2,3 cj exp(�(r/dj)2). For example, the uncorre-

lated fit in the case of t/a = 17 gives the following pa-
rameters: (c1, c2, c3) = (914(52), 305(44),�112(13)) in
MeV and (d1, d2, d3) = 0.143(5), 0.305(29), 0.949(58)) in
fm with �2/d.o.f. ⇠ 1.3. Another functional form such
as two Gaussians + (Yukawa function)2 provides equally
well fit, and the results are not a↵ected within errors.
The finite volume e↵ect on the potential is expected to
be small due to the large lattice size. The naive order es-
timate of the finite a e↵ect for the physical observables is
also small ((⇤a)2  1 %) thanks to the non-perturbative
O(a) improvement, but an explicit confirmation would
be desirable in the future.
The ⌦⌦ scattering phase shifts �(k) in the 1S0 channel

obtained from Vfit(r) are shown in Fig.2 for t/a = 16, 17,
and 18 as a function of the kinetic energy in the center of
mass frame, ECM = 2

p
k2 +m2

⌦
�2m⌦ . The error bands

reflect the statistical uncertainty of the potential in Fig.
1. All three cases show that �(0) starts from 180�, which
indicates the existence of a bound ⌦⌦ system.
The scattering length a0 and the e↵ective range re↵

in the 1S0 channel is extracted from �(k) through the
e↵ective range expansion (ERE), k cot �(k) = �

1
a0

+
1
2re↵k

2 + · · · , with the sign convention of nuclear and
atomic physics:

a(⌦⌦)
0 = 4.6(6)(+1.2

�0.5) fm, (7)

r(⌦⌦)
e↵ = 1.27(3)(+0.06

�0.03) fm. (8)

The central values and the statistical errors in the first
parentheses are extracted from �(k) at t/a = 17, and
the systematic errors in the second parentheses are es-
timated from the results at t/a = 16 and 18. The
origin of this systematic error is the truncation of the
higher-derivatives of the non-local potential as well as
the contaminations from inelastic states. To get a feel
for the magnitude of these values, we recapitulate here

3

FIG. 1. The ⌦⌦ potential V (r) in the 1S0 channel at Eu-
clidean time t/a = 16, 17, and 18.

⇥ 4 rotations ⇥ 48 source positions. The quark prop-
agators are obtained by the domain-decomposed solver
[34–37] and the correlation functions are calculated us-
ing the unified contraction algorithm [38].

The ⌦-baryon mass extracted from the e↵ective mass
me↵(t) ⌘ lnG(t)/G(t + a) with G(t) being the baryonic
two-point function is m⌦ = 1712 ± 1 MeV (from the
plateau in t/a = 17� 22) and m⌦ = 1713± 1 MeV (from
t/a = 18�25) with the statistical errors. These numbers
are about 2% higher than the physical value, 1672 MeV.
We take the former number in the following analysis.
Numerical results: The 1S0 potential V (r) obtained
from Eq.(4) with the lattice measurement of R(r, t) is
shown in Fig. 1 for t/a = 16, 17, and 18. Here Laplacian
and the time-derivative in Eq.(4) are approximated by
the central (symmetric) di↵erence. The statistical errors
for V (r) at each r are estimated by the jackknife method
with the bin size of 40 configurations. A comparison with
the bin size of 20 configurations shows that the bin size
dependence is small. The particular region t/a = 17± 1
in Fig. 1 is chosen to suppress contamination from ex-
cited states in the single ⌦ propagator at smaller t and
simultaneously to avoid large statistical errors at larger
t. We observe that the potentials at t/a = 16, 17, and 18
are nearly identical within statistical errors as expected
from the time-dependent HAL QCD method [25]. This
behavior also supports that the higher-derivative contam-
inations are small.

The ⌦⌦ potential V (r) has qualitative features simi-
lar to the central potential of the nucleon-nucleon (NN)
interaction, i.e., the short range repulsion and the inter-
mediate range attraction [6]. There are, however, two
quantitative di↵erences: (i) the short range repulsion is
much weaker in the ⌦⌦ case possibly due to the absence
of quark Pauli exclusion e↵ect, and (ii) the attractive
part is much short-ranged due to the absence of pion ex-
changes.

For the purpose of converting the potential to the
physical observables such as the scattering phase shifts
and the binding energy, we fit V (r) in Fig. 1 in the
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FIG. 2. The ⌦⌦ phase shift �(k) in the 1S0 channel for t/a =
16, 17 and 18 as a function of the center of mass kinetic energy
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range r = 0 � 6 fm by three Gaussians, Vfit(r) =P
j=1,2,3 cj exp(�(r/dj)2). For example, the uncorre-

lated fit in the case of t/a = 17 gives the following pa-
rameters: (c1, c2, c3) = (914(52), 305(44),�112(13)) in
MeV and (d1, d2, d3) = 0.143(5), 0.305(29), 0.949(58)) in
fm with �2/d.o.f. ⇠ 1.3. Another functional form such
as two Gaussians + (Yukawa function)2 provides equally
well fit, and the results are not a↵ected within errors.
The finite volume e↵ect on the potential is expected to
be small due to the large lattice size. The naive order es-
timate of the finite a e↵ect for the physical observables is
also small ((⇤a)2  1 %) thanks to the non-perturbative
O(a) improvement, but an explicit confirmation would
be desirable in the future.
The ⌦⌦ scattering phase shifts �(k) in the 1S0 channel

obtained from Vfit(r) are shown in Fig.2 for t/a = 16, 17,
and 18 as a function of the kinetic energy in the center of
mass frame, ECM = 2

p
k2 +m2

⌦
�2m⌦ . The error bands

reflect the statistical uncertainty of the potential in Fig.
1. All three cases show that �(0) starts from 180�, which
indicates the existence of a bound ⌦⌦ system.
The scattering length a0 and the e↵ective range re↵

in the 1S0 channel is extracted from �(k) through the
e↵ective range expansion (ERE), k cot �(k) = �

1
a0

+
1
2re↵k

2 + · · · , with the sign convention of nuclear and
atomic physics:

a(⌦⌦)
0 = 4.6(6)(+1.2

�0.5) fm, (7)

r(⌦⌦)
e↵ = 1.27(3)(+0.06

�0.03) fm. (8)

The central values and the statistical errors in the first
parentheses are extracted from �(k) at t/a = 17, and
the systematic errors in the second parentheses are es-
timated from the results at t/a = 16 and 18. The
origin of this systematic error is the truncation of the
higher-derivatives of the non-local potential as well as
the contaminations from inelastic states. To get a feel
for the magnitude of these values, we recapitulate here
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FIG. 3. The dimensionless ratio of the e↵ective range re↵ and
the scattering length a0 as a function of re↵ for the ⌦⌦ system
in the 1S0 channel as well as for the spin-triplet NN system
(the deuteron channel) and for the spin-singlet NN system
(the neutron-neutron channel). The error bar for ⌦⌦ is the
quadrature of the statistical and systematic errors in Eqs. (7)
and (8).

FIG. 4. Bound state energy of the ⌦⌦ system and the root-
mean-square distance between ⌦s obtained from the poten-
tial. Filled diamond (triangle) corresponds to the result at
t/a = 17 without (with) the Coulomb repulsion. The statis-
tical errors are shown by the solid lines, while the system-
atic errors estimated from the di↵erence between the data at
t/a = 17 and those at t/a = 16, 18 are shown by the dashed
lines.

the experimental values of a0 and re↵ in the NN sys-
tems; (a0, re↵)spin-triplet = (5.4112(15)fm, 1.7436(19)fm)
and (a0, re↵)spin-singlet = (�23.7148(43)fm, 2.750(18)fm)
[39]. There exists no symmetry reason that the scatter-
ing parameters in the NN systems and those in the ⌦⌦
system should be similar. Nevertheless, it is remarkable
that they are all close to the unitary region where re↵/a0
is substantially smaller than 1 as shown in Fig.3.

Shown in Fig.4 are the bound state energy given by the
opposite sign of the binding energy, �B⌦⌦, and the root-
mean-square distance (

p
hr2i) of the ⌦⌦ bound state ob-

tained from the potential. The blue diamond is taken
from the data at t/a = 17 without the Coulomb repul-
sion. The blue solid and dashed lines are the statistical
error at t/a = 17 and the systematic error estimated from
the data at t/a = 17± 1, respectively:

B(QCD)
⌦⌦ = 1.6(6)(+0.7

�0.6) MeV. (9)

This is consistent with the value obtained from the gen-
eral formula for loosely bound states [40] with (7) and (8);

B⌦⌦ = 1
m⌦r2eff

⇣
1�

q
1� 2reff

a0

⌘2

' 1.5 MeV. Associated

with this small binding energy,
p
hr2i is as large as 3-4

fm which is consistent with the expectation,
p

hr2i ⇠ a0,
for loosely bound states. The Coulomb repulsion can be
evaluated by adding ↵/r with ↵ = e2/4⇡ to the poten-
tial obtained from lattice QCD, i.e. V (QCD+Coulomb)

⌘

V (QCD) + ↵/r. This reduces the above binding energy

by a factor of two, B(QCD+Coulomb)
⌦⌦ = 0.7(5)(5) MeV as

shown in Fig.4 by the red triangle.
It is in order here to remark that there are three en-

ergy scales in the present problem: 2m⌦ ' 3400 MeV �

|V (r ' 0.5fm)| ⇠ 50 MeV � B⌦⌦ ⇠ 1 MeV. Since only
the relative di↵erence between the interacting and non-
interacting two-⌦ systems matters, the absolute magni-
tude of the uncertainty of 2m⌦ is not reflected directly
in V (r). This is why we could extract V (r) rather ac-
curately as shown in Fig.1 despite of the large scale dif-
ference between 2m⌦ and V (r). Then the small binding
energy B as well as the large scattering length a0 are
the natural consequence of the large cancellation between
the long-range attraction and the short-range repulsion of
V (r), a situation common in nuclear and atomic physics.
Although V (r) is not a direct observable, it provides an
important intermediate step to link the QCD scale (GeV)
to nuclear physics scale (MeV), since it is di�cult to mea-
sure the binding energy directly from lattice QCD using
the finite volume method for large lattice volumes and
physical quark masses (see the critical review [31]).
Finally let us estimate the e↵ect of slightly heavy

quark masses in our simulation. First of all, the at-
tractive part of the ⌦⌦ potential would be slightly long-
ranged at the physical point due to the kaon mass,

m(present)
K ' 525 MeV ! m(phys.)

K ' 495 MeV. On the
other hand, the e↵ect of the ⌦ mass, m(present)

⌦
' 1712

MeV ! m(phys.)
⌦

' 1672 MeV, would lead to less-binding
due to the larger kinetic energy. Therefore, conserva-
tive estimate is obtained by keeping the same V (r) in
Fig.1 and to adopt m(phys.)

⌦
to calculate the phase shifts

and the binding energy. This results in (a0, re↵) =

(4.9(8)fm, 1.29(3)fm) and (B(QCD)
⌦⌦ , B(QCD+Coulomb)

⌦⌦ ) =
(1.3(5)MeV, 0.5(5)MeV) for the potential at t/a = 17.
These numbers are well within errors of the results of the
present simulation shown in Figs. 3 and 4.
Summary and Discussions: In this Letter, we pre-
sented a first realistic calculation on the most strange
dibaryon, ⌦⌦, in the 1S0 channel on the basis of the
(2+1)-flavor lattice QCD simulations with a large vol-

Coulomb repulsion 
(point-like)

unbound
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FIG. 3. (Color online). The inverse of the scattering length
1/aC

0 as a function of ↵e/↵
phys.
e . The red solid line is the

central values for rd = 0.410 fm. The statistical errors are
shown by the inner band (red), while the outer band (gray)
corresponds to the statistical and systematic errors added in
quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.

from the potential V (r) as

B = 5.68(0.77)(+0.46
�1.02) MeV,

p
hr2i = 1.13(0.06)(+0.08

�0.03) fm.
(5)

These results are consistent with the general formula for
loosely bound states [24, 39] with scattering parameters
a0 and re↵: B = 1/(m⌦cccr

2
e↵)(1 �

p
1� (2re↵/a0))2 '

5.7 MeV and
p

hr2i = a0/
p
2 ' 1.1 fm.

Since the binding energy and the size of the bound
state from the strong interaction are not large, we need
to take into account the Coulomb repulsion V Coulomb(r)
between ⌦++

ccc
s with finite spatial size. For this pur-

pose, we consider the dipole form factor for ⌦++
ccc

ac-
cording to the LQCD study on the charge distribution
of heavy baryons [18]: In the coordinate space, it cor-
responds to an exponential charge distribution ⇢(r) =

12
p
6/(⇡r3

d
)e�2

p
6r/rd , where the charge radius rd =p

|hr2icharge| of ⌦++
ccc

is taken to be rd = 0.410(6) fm [18].
Then, we have

V Coulomb(r) = ↵e

ZZ
d3r1d

3r2
⇢(r1)⇢(|~r2 � ~r|)

|~r1 � ~r2|
=

4↵e

r
F (x),

(6)
where x = 2

p
6r/rd and F (x) = 1�e�x(1+ 11

16x+
3
16x

2+
1
48x

3). The e↵ective range expansion with Coulomb re-
pulsion is written as

k
⇥
C2

⌘
cot �C0 (k) + 2⌘h(⌘)

⇤
= �

1

aC0
+
1

2
rCe↵k

2+O(k4), (7)

where �C0 (k) is the phase shift in the presence of Coulomb
repulsion, C2

⌘
= 2⇡⌘

e2⇡⌘�1 , ⌘ = 2↵em⌦ccc/k, h(⌘) =

Re[ (i⌘)] � ln(⌘), and  is the digamma function [40].
To see the e↵ect of the Coulomb repulsion, we vary ↵e

from zero to the physical value ↵phys.
e

= 1/137.036 be-
low. Note that the systematic errors originated from the
uncertainty in rd are found to be much smaller than the
statistical errors and are neglected.
In Fig. 3, we show the inverse of scattering length

1/aC0 under the change of ↵e/↵phys.
e

from 0 to 1. Due
to the large cancellation between the attractive strong
interaction and the Coulomb repulsion, the result at
↵e/↵phys.

e
= 1 is located very close to unitarity with a

large scattering length

aC0 = �19(7)(+7
�6) fm,

rCe↵ = 0.45(0.01)(+0.01
�0.00) fm.

(8)

The ratio rCe↵/a
C
0 = �0.024(0.010)(+0.006

�0.014) is consider-
ably smaller in magnitude than that of the dineutron
(�0.149).
In Fig. 4, we plot the dimensionless ratio re↵/a0 as a

function of re↵ for ⌦++
ccc
⌦++

ccc
(1S0) and ⌦�⌦�(1S0) with

(without) Coulomb repulsion together with the experi-
mental values for NN(3S1-3D1) [41] and NN(1S0) [42,
43]. Note that we consider the Coulomb repulsion
in ⌦�⌦�(1S0) with the charge radius rd = 0.57 fm
for ⌦� [18].3 Among all those dibaryon systems,
⌦++

ccc
⌦++

ccc
(1S0) is the closest to unitarity. Note also

that the nearly unitary binding of both ⌦�
sss
⌦�

sss
(1S0)

and ⌦++
ccc
⌦++

ccc
(1S0) originates from a subtle cancellation

among the potential energy, the kinetic energy and the
Coulomb repulsion.
Finally, we briefly discuss other possible systematic

errors in this work: (i) The finite cuto↵ e↵ect is
O(↵2

s
a⇤QCD, (a⇤QCD)2) thanks to the RHQ action for

the charm quark and the non-perturbative O(a) improve-
ment for light (u, d, s) quarks, and thus amounts to be
O(1)%. (ii) In the vacuum polarization, light quark
masses are slightly heavier than the physical ones and
charm quark loop is neglected. The former e↵ect is ex-
pected to be small since light quarks are rather irrelevant
for ⌦ccc⌦ccc system. In fact, the range of the ⌦ccc⌦ccc

potential is found to be shorter than 1 fm. The latter
e↵ect is suppressed due to the heavy charm quark mass,
and is typically O(1)% [44]. These estimates for (i) and
(ii) are also in line with the observation that our value
of m⌦ccc is consistent with that in the literature or has
deviation of ⇠ 1% at most, where we refer to LQCD
studies by (2+1)-flavor at the physical point with finite
a [35], (2+1)-flavor with chiral and continuum extrapola-
tion [45] and (2+1+1)-flavor with chiral and continuum
extrapolation [46, 47]. In the future, these systematic

3
In Ref.[10], ⌦

�
was assumed to be point-like in charge distribu-

tion, which overestimates the repulsion and increases the scat-

tering length by 1 fm.

3

FIG. 1. (Color online). The ⌦ccc⌦ccc potential V (r) in the
1
S0 channel as a function of separation r at Euclidean time
t/a = 25 (red square), 26 (blue diamond) and 27 (green cir-
cle).

⇤�1
QCD ⇠ 0.7 fm characterizing the inelastic states, and

is small enough to avoid large statistical errors. We find
that the potentials for t/a = 25, 26 and 27 are consistent
with each other within statistical errors. This indicates
that systematic errors due to inelastic states and higher
order terms of the derivative expansion do not largely
exceed the size of statistical errors [23] as we show below.

We find that the potential V (r) is repulsive at short-
range and attractive at mid-range, which has the same
qualitative behaviors with the NN potential [37] and
the ⌦⌦ potential [10]. The magnitude of the poten-
tial in the repulsive region r < 0.25 fm (correspond-
ing to dV (r)/dr < 0) for ⌦ccc⌦ccc is an order of mag-
nitude smaller than that of ⌦⌦ obtained by the same
method [10]. This may be qualitatively explained by the
phenomenological quark model [38] as the color-magnetic
interaction between constituent quarks is proportional to
the square of reciprocal constituent quark mass. Qual-
itatively, V cc

cm/V
ss
cm = (m⇤

s
/m⇤

c
)2 ⇠ (500/1500)2 ⇠ 0.1,

where V ff
0

cm is the color-magnetic interaction between the
quarks with flavor f and f 0 withm⇤

f
being the constituent

quark mass. On the other hand, the attraction in the re-
gion r > 0.25 fm (corresponding to dV (r)/dr > 0) may
originate from the exchange of charmed mesons or rather
be attributed to the direct exchange of charm quarks
and/or multiple gluons. As can be seen in Fig. 1, the
range of the potential is much smaller than the size of
the lattice volume, indicating that the finite volume ar-
tifact is negligible.

In order to convert the potential to physical ob-
servables such as the scattering phase shifts and bind-
ing energy, we perform the uncorrelated fit for V (r)
in Fig. 1 in the range r  2.5 fm by three-
range Gaussians, Vfit(r) =

P
i=1,2,3

↵i exp(��ir2). Fit-

FIG. 2. (Color online). The ⌦ccc⌦ccc scattering phase shifts
�0 in the 1

S0 channel obtained from the potential V (r) at
t/a = 25, 26, and 27 as a function of the center of mass kinetic
energy ECM.

ting parameters with t/a = 26 for example are
(↵1,↵2,↵3) = (239.5(3.0),�62.7(50.8),�98.8(50.3)) in
MeV and (�1,�2,�3) = (48.5(1.4), 7.8(2.6), 3.4(0.8)) in
fm�2 with an accuracy of �2/d.o.f. ⇠ 1.05.

In Fig. 2, we show the ⌦ccc⌦ccc scattering phase
shifts �0 in the 1S0 channel calculated by solving the
Schrödinger equation with the potential V (r) at t/a =
25, 26, and 27. The relativistic kinetic energy is defined

as ECM = 2
q
k2 +m2

⌦ccc
� 2m⌦ccc with a momentum

k in the center of mass frame. The error bands reflect
the statistical uncertainty of V (r). In all three cases, the
phase shifts start from 180� at ECM = 0, which indicates
the existence of a bound state in ⌦ccc⌦ccc system without
Coulomb repulsion.

The low-energy scattering parameters are extracted by
using the e↵ective range expansion up to the next-to-
leading order (NLO), k cot �0 = �

1
a0

+ 1
2re↵k

2 + O(k4),
where a0 and re↵ are the scattering length and the e↵ec-
tive range, respectively. The results are

a0 = 1.57(0.08)(+0.12
�0.04) fm,

re↵ = 0.57(0.02)(+0.01
�0.00) fm.

(4)

The central values and the statistical errors in the first
parentheses are obtained at t/a = 26, while the system-
atic errors in the last parentheses are estimated from the
values at t/a = 25, 26 and 27, which originates from the
inelastic states and the higher order terms of the deriva-
tive expansion.

The binding energy B and the root-mean-square dis-
tance

p
hr2i of the bound ⌦ccc⌦ccc state are obtained
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B = 5.65(0.77)(+0.46
�0.03) MeV

<latexit sha1_base64="5ndhw0NC5iDRBoua7vXBQIS4XzM="></latexit>

B = 1.6(0.6)(+0.7
�0.6) MeV

unitary region
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Coulomb repulsion with charge distribution

charge distribution inside  Ωccc ρ(r) =
12 6

πr3
d

exp [−
2 6r

rd ]
charge radius of  Ωccc rd = 0.410(6) fm

K. U. Can, et al.,  Phys. Rev. D92 (2015) 114515.

Coulomb potential between two  ‘sΩccc

4

FIG. 3. (Color online). The inverse of the scattering length
1/aC

0 as a function of ↵e/↵
phys.
e . The red solid line is the

central values for rd = 0.410 fm. The statistical errors are
shown by the inner band (red), while the outer band (gray)
corresponds to the statistical and systematic errors added in
quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.

from the potential V (r) as

B = 5.68(0.77)(+0.46
�1.02) MeV,

p
hr2i = 1.13(0.06)(+0.08

�0.03) fm.
(5)

These results are consistent with the general formula for
loosely bound states [24, 39] with scattering parameters
a0 and re↵: B = 1/(m⌦cccr

2
e↵)(1 �

p
1� (2re↵/a0))2 '

5.7 MeV and
p

hr2i = a0/
p
2 ' 1.1 fm.

Since the binding energy and the size of the bound
state from the strong interaction are not large, we need
to take into account the Coulomb repulsion V Coulomb(r)
between ⌦++

ccc
s with finite spatial size. For this pur-

pose, we consider the dipole form factor for ⌦++
ccc

ac-
cording to the LQCD study on the charge distribution
of heavy baryons [18]: In the coordinate space, it cor-
responds to an exponential charge distribution ⇢(r) =

12
p
6/(⇡r3

d
)e�2

p
6r/rd , where the charge radius rd =p

|hr2icharge| of ⌦++
ccc

is taken to be rd = 0.410(6) fm [18].
Then, we have

V Coulomb(r) = ↵e

ZZ
d3r1d

3r2
⇢(r1)⇢(|~r2 � ~r|)

|~r1 � ~r2|
=

4↵e

r
F (x),

(6)
where x = 2

p
6r/rd and F (x) = 1�e�x(1+ 11

16x+
3
16x

2+
1
48x

3). The e↵ective range expansion with Coulomb re-
pulsion is written as

k
⇥
C2

⌘
cot �C0 (k) + 2⌘h(⌘)

⇤
= �

1

aC0
+
1

2
rCe↵k

2+O(k4), (7)

where �C0 (k) is the phase shift in the presence of Coulomb
repulsion, C2

⌘
= 2⇡⌘

e2⇡⌘�1 , ⌘ = 2↵em⌦ccc/k, h(⌘) =

Re[ (i⌘)] � ln(⌘), and  is the digamma function [40].
To see the e↵ect of the Coulomb repulsion, we vary ↵e

from zero to the physical value ↵phys.
e

= 1/137.036 be-
low. Note that the systematic errors originated from the
uncertainty in rd are found to be much smaller than the
statistical errors and are neglected.
In Fig. 3, we show the inverse of scattering length

1/aC0 under the change of ↵e/↵phys.
e

from 0 to 1. Due
to the large cancellation between the attractive strong
interaction and the Coulomb repulsion, the result at
↵e/↵phys.

e
= 1 is located very close to unitarity with a

large scattering length

aC0 = �19(7)(+7
�6) fm,

rCe↵ = 0.45(0.01)(+0.01
�0.00) fm.

(8)

The ratio rCe↵/a
C
0 = �0.024(0.010)(+0.006

�0.014) is consider-
ably smaller in magnitude than that of the dineutron
(�0.149).
In Fig. 4, we plot the dimensionless ratio re↵/a0 as a

function of re↵ for ⌦++
ccc
⌦++

ccc
(1S0) and ⌦�⌦�(1S0) with

(without) Coulomb repulsion together with the experi-
mental values for NN(3S1-3D1) [41] and NN(1S0) [42,
43]. Note that we consider the Coulomb repulsion
in ⌦�⌦�(1S0) with the charge radius rd = 0.57 fm
for ⌦� [18].3 Among all those dibaryon systems,
⌦++

ccc
⌦++

ccc
(1S0) is the closest to unitarity. Note also

that the nearly unitary binding of both ⌦�
sss
⌦�

sss
(1S0)

and ⌦++
ccc
⌦++

ccc
(1S0) originates from a subtle cancellation

among the potential energy, the kinetic energy and the
Coulomb repulsion.
Finally, we briefly discuss other possible systematic

errors in this work: (i) The finite cuto↵ e↵ect is
O(↵2

s
a⇤QCD, (a⇤QCD)2) thanks to the RHQ action for

the charm quark and the non-perturbative O(a) improve-
ment for light (u, d, s) quarks, and thus amounts to be
O(1)%. (ii) In the vacuum polarization, light quark
masses are slightly heavier than the physical ones and
charm quark loop is neglected. The former e↵ect is ex-
pected to be small since light quarks are rather irrelevant
for ⌦ccc⌦ccc system. In fact, the range of the ⌦ccc⌦ccc

potential is found to be shorter than 1 fm. The latter
e↵ect is suppressed due to the heavy charm quark mass,
and is typically O(1)% [44]. These estimates for (i) and
(ii) are also in line with the observation that our value
of m⌦ccc is consistent with that in the literature or has
deviation of ⇠ 1% at most, where we refer to LQCD
studies by (2+1)-flavor at the physical point with finite
a [35], (2+1)-flavor with chiral and continuum extrapola-
tion [45] and (2+1+1)-flavor with chiral and continuum
extrapolation [46, 47]. In the future, these systematic

3
In Ref.[10], ⌦

�
was assumed to be point-like in charge distribu-

tion, which overestimates the repulsion and increases the scat-

tering length by 1 fm.
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quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.
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state from the strong interaction are not large, we need
to take into account the Coulomb repulsion V Coulomb(r)
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pected to be small since light quarks are rather irrelevant
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potential is found to be shorter than 1 fm. The latter
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Comparison with other dibaryons

Lattice

Experiment

  dibaryon is closest to unitarity among these.ΩcccΩccc(1S0)

Experiment

All “dibaryons” appear near unitarity. Why ?

unitarity



2. Finite volume spectra with projection

Y. Lyu et al. (HAL QCD collaboration), PRD105(2022) 074512.



HAL QCD potential in a box
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⌦ccc⌦ccc
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H = H0 + V (r)

finite dimensional Hermitian matrix
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V (r): raw data for ⌦xxx⌦xxx potential (x = s, c)
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Lowest 4 eigenenergy and normalized eigenfunction  n(x, y, z = 0) in A1.

Eigenvalues and eigenfunctions
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projected wave function  n(r) :=  n(r)|r=|r|
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⌦ccc⌦ccc
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a number of nodes = n, as expected.
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A size of the ⌦ccc⌦ccc ground state is
smaller than that of the ⌦sss⌦sss ground state.
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` � 4 components are seen,
in particular for excited states.



n-th Effective energy
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Sn(t) :=
X

r

 †
n(r)

"
X

x

⌦(x+ r, t)⌦(x, t)

#
Projected sink operator to n-th eigenfunction

R-correlator
<latexit sha1_base64="ebD4ssEgN/GsHA8w9rUE9uaaZ3E="></latexit>

R(r, t) =
X

x

h0|⌦(x+ r, t)⌦(x, t)J †
⌦⌦(0)|0i/(Z⌦e

�2m⌦t)

sink wall-source

Projected R-correlator to n-th eigenfunction
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Rn(t) :=
X

r

 †
n(r)R(r, t) = h0|Sn(t)J †

⌦⌦(0)|0i/(Z⌦e
�2m⌦t)
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�Ee↵
n (t) =

1

a
ln


Rn(t)

Rn(t+ 1)

�

cf. effective energy of R-correlator w/o projection
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�Ee↵(t) =
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a
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R(t)

R(t+ 1)

�
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R(t) :=
X

r

R(r, t) zero momentum projection

potential
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⌦ccc⌦ccc

The wall source strongly couples to 
the ground state.
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�Ee↵
n (t) (n = 0, 1) show plateaux behaviors.
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�Ee↵
n (t) (n = 0, 1) show plateaux behaviors.

FV spectra HAL

FV spectra HAL

The wall source strongly couples to 
the 1st excited state.
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�Ee↵
0 (t) agrees with �E0.
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�Ee↵
1 (t) is consistent with �E1.
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FV spectra ' FV eigenvalues with the HAL QCD potential

Good crosscheck for both methods.

In particular, 

systematics from the derivative expansion and inelastic contributions are well 
under control for the HAL QCD potential.

The potential for  correctly reproduces the energy of the ground state, 
even from a small overlap of  R-correlator to the ground state.

ΩcccΩccc



Decompositions of R-correlator
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the ground state dominates

the 1st excited state dominates
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Higher excited states

FV spectra are not inconsistent with the 
HAL QCD spectra for higher excited 
states, though errors are much larger.

<latexit sha1_base64="f+tsHnJV1hO8WKn+7CbyLv9wGqk="></latexit>

⌦sss⌦sss

<latexit sha1_base64="Z1PojGQkUKE3mjES8fAUtPFgGbg="></latexit>

⌦ccc⌦ccc



V. Conclusions 



Since the HAL QCD and the FV methods are complementary, by combining them, 
we have more confidences on our results of hadron interactions in lattice QCD.

Conclusions

For example, coupled channel (H dibaryon)

(Ambitious) program for improvements 

Finite volume methodHAL QCD method

LO potential
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n , stop
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If �EHAL1
n ' �EFV0

n , stop

<latexit sha1_base64="14n5w0R7SEILjEWVBB5YQgVAAD0="></latexit>

GEVP for hS(2)
n (t)S(2)

m (0)i

repeat iterations until it converges
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To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!
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T / 1

q cot � � iq
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q2/m2
⇡
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co
t
�/
m

⇡
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m⇡ ⇡ 715� 800 MeV

Discrepancy at higher q2: 
excited states? gradient cutoff?

A. Nicolson, Lat2022

understand this discrepancy by the improved program

Thank you !



Backup



Latest result
<latexit sha1_base64="DhXU+1Lox7g8qkNj7gCuXWvSA3k="></latexit>

Doubly charmed tetraquark T+
cc from Lattice QCD near Physical Point

Yan Lyu, et al. arXiv:2302.04505



Heavy tetra-quark states Tcc

<latexit sha1_base64="IL+pqLvk+/aVQQ3YgzbYYv+/SoY="></latexit>

q̄ : light anti-quark

<latexit sha1_base64="C1gug2vGXRhc6dw5vjh6Lkci8ZY=">AAACe3ichVHLSsNAFD2N7/qqCiK4CRZFRcpNwdq6Et249FUVVEoyjhpMk5CkBa2Ca3/AhSsFEdGVv+DGH3Ah+APiUsGNgjepIi7UGzJz5tx77pyZMVzL9AOi+5hSU1tX39DYFG9uaW1rT3R0LvpOyRMyLxzL8ZYN3ZeWact8YAaWXHY9qRcNSy4Z21NhfqksPd907IVgx5VrRX3TNjdMoQdMFRLdC4WKEPuDQqwauqeWonF9qJ BIUoo4Mhk1BFqWNAa5XDadzqlalCJKTvTsPjQdXE/OOIlzrGIdDgRKKELCRsDYgg6fvxVoILjMraHCnMfIjPIS+4iztsRVkit0Zrd53OTVyidr8zrs6UdqwbtY/HusVNFPd3RBz3RLl/RIb7/2qkQ9Qi87PBtVrXQL7Yc986//qoo8B9j6Vv3pOcAGspFXk727EROeQlT15d2j5/nxuf7KAJ3SE/s/oXu64RPY5RdxNivnjhHnB/i6ZfV3sJhOaZlUepZfIotqNKIXfRjk+x7DBKYxgzzvu4dTXOIq9q4klWFlpFqqxD41XfgRyugHu2SVpw==</latexit>

Tcc(ccūd̄) observation by LHCb.

3.87 3.88 3.89 3.9

0

10

20

30

40

50

60

70

3.874 3.876
0
5
10
15
20
25
30
35
40

Y
ie
ld
/
(
5
0
0
k
eV
/
c
2 )

LHCb

9 fb
�1

+• Data
T+

cc! D0D0⇡+

Background
Total
D⇤+D0 threshold
D⇤0D+ threshold

mD0D0⇡+
⇥
GeV/c

2
⇤

mD0D0⇡+ [GeV/c2]

Y
ie
ld
/(
20
0
ke
V
/c

2
)

Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

genuine tetra-quark states

Aaij et al. (LHCb Collaboration) , Nature Phys. (2022)

<latexit sha1_base64="e+6f6UfdJcVNy84pPSbWqflTmps="></latexit>

q̄

<latexit sha1_base64="e+6f6UfdJcVNy84pPSbWqflTmps="></latexit>

q̄
<latexit sha1_base64="uzENO48I4xHAssMXZxGe6/tiy9w="></latexit>c

<latexit sha1_base64="uzENO48I4xHAssMXZxGe6/tiy9w="></latexit>c

inverse scattering length

Ikeda et al.

Chen et al.

Padmanath et al.

LHCb



<latexit sha1_base64="D6ivV19sYEKYhSLl4O9B2eWRcEg="></latexit>

D⇤D potential

2-Gauss + Yukawa^2

Effective energy in space

<latexit sha1_base64="WEaNojYdHHygN3m2gG38e2N0Jkg="></latexit>

consistent with Yukawa2 at large r

<latexit sha1_base64="DCilUluEWqM33gdyaRCJylZ3OcY="></latexit>

2m⇡

<latexit sha1_base64="ByeykUvZ/TpQ+4kekNediATcmn8="></latexit>

Vfit(r;m⇡) =
X

i=1,2

aie
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✓
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◆2

Potentials <latexit sha1_base64="39IE8tw1qjU9LsBei1A4nZf7X1A="></latexit>

m⇡ ' 146 MeV



Scattering phase shift
<latexit sha1_base64="WTeZ45x0jMab6QLMQodJHuOyKqo="></latexit>

k cot �0(k)
<latexit sha1_base64="39IE8tw1qjU9LsBei1A4nZf7X1A="></latexit>

m⇡ ' 146 MeV

<latexit sha1_base64="LYycwqeazT4V7OmZ1xn+nBcRHMk="></latexit>

k cot �0(k) =
1

a0
+

1

2
re↵k

2 +O(k4)

one shallow “virtual” state
<latexit sha1_base64="aDf+EdWsG73MpkqxtKZqc3CKrTM="></latexit>

1

a0
[fm�1] = 0.05(5)(+4

�1)

2-Gauss + Yukawa^2
<latexit sha1_base64="ncic/wuXKmBVXYhHCAiPa7aIRr8="></latexit>

m⇡ ! 135MeV

<latexit sha1_base64="6DFlT30JzVS7ezXlIhx6PA5zQAU="></latexit>

1

a0
[fm�1] = �0.02(4)

one shallow bound state
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linear chiral extrapolation of 1/a0 in m2
⇡
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1

a0
[fm�1] = �0.01(9)

LHCb
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1

a0
[fm�1] = �0.02(4)

from potential
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The D0D0⇡+ mass spectrum
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• A small change in pion mass from 146 MeV to 135 MeV leads to significant 
changes in physical observables. 

• from a virtual state to a bound state 

• better agreement in the mass spectrum with LHCb 

• A more reliable chiral extrapolation is required. 

• configurations at a “physical” pion mass are generated on Fugaku. 

• Stay tuned.

Summary


