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Introduction: 
Quantum simulation & quantum computer



Quantum simulation by quantum computer
“…Nature isn’t classical, dammit, and if you want to make a simulation 
of nature, you’d better make it quantum mechanical, and by golly it’s a 
wonderful problem, because it doesn’t look so easy…”

—— R. P. Feynman, Int. J. Theor. Phys. 21, 467 (1982)

Simulating a quantum system by using other 
quantum systems (i.e. controllable quantum devices)

quantum many-body systems

exponentially large 
degrees of freedom

classical computer

exponentially large 
resource required

other quantum systems 
(quantum computer / simulator)

exponentially large 
resource available

R. P. Feynman



Quantum simulation by quantum computer

• Quantum circuit model


‣ Qubit 

- form a quantum state


- Two-level quantum mechanical system:  and 


‣ Quantum logic gate 

- update the quantum state


- basic quantum circuit operating on a small number of qubits


One-qubit gate / two-qubit gate / … 

‣ Measurement 

- information readout: classical bit strings

|0⟩ |1⟩

Circuit-based quantum computer

Google IBM



Quantum simulation by quantum computer

• Goal: find the ground state  of Hamiltonian 


• Start from 


‣ Simple Hamiltonian with the known ground state 


• Construct the mixture Hamiltonian


‣ 


‣ Evolution operator: 


• Perform adiabatic time evolution


‣ 


• Quantum adiabatic theorem


‣ For sufficiently long , 

|Ψf⟩ Ĥf

Ĥi

|Ψi⟩ = Ûi |0⟩

Ĥ(t) = si(t)Ĥi + sf(t)Ĥf

Û(T ) = 𝒯 exp{−i∫
T

0
Ĥ(t)dt}

|Ψ(T)⟩ = Û(T) |Ψi⟩

T |Ψ(T)⟩ = |Ψf⟩

In principle: quantum adiabatic process

|Ψi⟩

Û(T )

|Ψf⟩

Realization on quantum device

Ûi

|0⟩

|0⟩

|0⟩

|0⟩

|0⟩

 

 

si(0) = sf(T ) = 1

si(T ) = sf(0) = 0

Ĥ(0) = Ĥi, Ĥ(T ) = Ĥf

Fault-tolerant quantum computer ~ 
solve quantum many-body problem

Issues: 
• How to design mixture hamiltonian? 
• How to decompose the evolution operator on quantum device? 
Fatal weakness: 
Long time evolution on current accessible quantum devices is impossible!



Near-term noisy quantum devices
• Noisy intermediate-scale quantum (NISQ) era


‣ A few  qubits without error correction


‣ A few  depths circuit evolution


- E.g. “Google’s quantum supremacy” circuit: 53 qubits with 40 depths

𝒪(101 ∼ 102)

𝒪(100 ∼ 101)

Nature 574, 7779 (2019)

In comparison: 
Construct  use ~ 20 (40) depths in 
1D (2D) case when  is very small

Û(δt) = e−iδtĤ

δt

Quantum adiabatic evolution is hopeless in NISQ era 
Special algorithms for NISQ devices are required 
Key point: Only shallow circuits are considered

Quantum 2, 79 (2018)

J. Preskill

Near-term aim: achieve useful quantum advantage on NISQ devices

Useful example: understand correlated quantum many-body problems



Variational quantum algorithm 
in NISQ era



Quantum-classical hybrid paradigm in NISQ era

classical computer

describe a quantum state 
& extract information

pre/post processing 
less demanding tasks 

……

quantum computer

Quantum-classical loop



Variational quantum algorithm (VQA)

Rev. Mod. Phys. 94, 015004 (2022)

• Objective function (OF)


‣ With parameters related to quantum circuit


‣ Goal: minimize the OF


‣ Example: system energy


• Parametrized quantum circuit (PQC)


‣ Take parameters in OF


‣ Be performed on quantum computer


‣ Example: wavefunction ansatz to describe ground state


• Classical optimization


‣ Classical optimizer for updating parameters in PQC


‣ Based on values of OF and functions related to OF (for 
instance, derivatives)


‣ Be performed on classical computer


‣ Example: gradient descent optimizer



Variational quantum eigensolver (VQE)
A VQA for finding the ground state of quantum many-body system

Nat. Commun. 5, 4213 (2014)

Ĥ |Ψ({θi})⟩ = E({θi}) |Ψ({θi})⟩

E({θi}) = ∑
k

⟨Ĥk⟩{θi}

expectation value of energy

quantum computer

|Ψ({θi})⟩ = Û({θi}) |0⟩ =

|0⟩
|0⟩
|0⟩
|0⟩
|0⟩

quantum circuit

Û({θi})

optimization of variational parameters {θi}

θi ← θi − λ∂E({θi})/∂θi

classical computer

variational quantum state:  
        parametrized circuit ansatz

unitary operator

• Objective function


‣ Energy


• Parametrized quantum circuit (PQC)


‣ Parametrized circuit ansatz state

:  dimensional vector|Ψ({θi})⟩ 2N

:  dimensional vector{θi} poly(N)
(variational parameters)

(variational state)

: number of qubitsN

A path to achieve useful quantum advantage 
(find the ground state of quantum many-body 
system) on NISQ devices



Variational quantum eigensolver (VQE)
• Parametrized circuit ansatz


‣ Scalability on NISQ devices


‣ Expressibility to the ground state


‣ Optimizable or not


• Classical optimization


‣ Capability to get the global minimal


‣ Efficiency for NISQ device


• Suitable problem


‣ Lower spacial dimension (1D and 2D)


‣ Simple system (spins)

Issues & challenges

Scalable VQE (up to 500~1000 qubits)

≈
Solve a small group of quantum 

many-body problems

≈
Achieve useful quantum advantage in 

the near-term



Applications to correlated 
quantum many-body systems



Quantum simulation for gapless fermion 

T. Shirakawa, K. Seki & S. Yunoki, Phys. Rev. Research 3, 013004 (2021)



Let us assume , where , Ĥf = ̂V1 + ̂V2 [ ̂V1, ̂V2] ≠ 0

Û(T ) = lim
M→∞

Ûd(θM)Ûd(θM−1)⋯Ûd(θ1)

The time-evolution operator is 

where
Ûd(θm) = e−iθ(m)

1
̂V1e−iθ(m)

2
̂V2

θ(m)
1 = [si(τm) + sf(τm)]δτ

θ(m)
2 = sf(τm)δτ

with
δτ = T/M
τm = mδτ

and Ĥi = ̂V1

Set  to be finite and consider  as variational parameters 

A parametrized circuit ansatz  with  depths 
DQAP ansatz or quantum approximate optimization ansatz (QAOA)

M {θ(m)
1 , θ(m)

2 }

ÛM(θ1, θ2, ⋯, θM) |Ψi⟩ M

→ e.g., linear scheduling}

A quantum adiabatic evolution path itself is to be optimized


si(τ) = 1 −
τ
T

sf(τ) =
τ
T

Discretized quantum adiabatic process (DQAP) ansatz
|Ψi⟩

|Ψf⟩

Quantum adiabatic processDQAP

ÛM(θopt) |Ψi⟩

Question: 
How many depths are required to represent 
the exact ground state?



DQAP ansatz for 1D free fermions

...

· · ·
· · ·· · ·
· · ·
· · ·
· · ·

· · ·
· · ·· · ·

...
...

...
...

...

|ψi
e−iθ

(1)
2 V̂2 e−iθ

(1)
1 V̂1

Ûd(θ1) Ûd(θ2)

e−iθ
(2)
2 V̂2 e−iθ

(2)
1 V̂1 e−iθ

(M)
1 V̂1

Ûd(θM )

<latexit sha1_base64="pWUXlwCTO8N0EfkNxgMflE11ovA="></latexit>

= V̂1 + V̂2

1D free fermions (spinless) with  sites at half filling (gapless ground state)L
<latexit sha1_base64="U9ttJHmaygAsVF6t8g3LjBiMx08="></latexit>

H = �t
L�1X

x=1

(ĉ†x+1ĉx + ĉ†xĉx+1)� t�(ĉ†1ĉL + ĉ†Lĉ1)
<latexit sha1_base64="hzeQjEjv0eOBiBY6NeW3Lydghl0="></latexit>

V1 = �t

L/2X

x=1

(ĉ†2xĉ2x�1 + ĉ†2x�1ĉ2x)

<latexit sha1_base64="4LhtPCsKEr1xcyaY2IVCTZJZl1s="></latexit>

V2 = �t

L/2�1X

x=1

(ĉ†2x+1ĉ2x + ĉ†2xĉ2x+1)� �t(ĉ†1ĉL + ĉ†Lĉ1)

→ variational parameters

 |ψM(θ)⟩ = �̂�M(θ) |ψi⟩

 �̂�M(θ) = �̂�d(θM)�̂�d(θM−1)⋯�̂�d(θ1)

 θm = {θ(m)
1 , θ(m)

2 } θ = {θm}M
m=1

“even” bond:

“odd” bond:

# of parameters: 2M

Natural gradient decent method in classical computer

�̂�d(θm) = e−iθ(m)
1 �̂�1e−iθ(m)

2 �̂�2

e−iθ(1)
2 (−t)( ̂c†

3 ̂c2+h.c)

local time-evolution operator

T. Shirakawa, K. Seki & S. Yunoki, Phys. Rev. Research 3, 013004 (2021)

γ = {1 periodic
−1 antiperiodic



Ground state energy
T. Shirakawa, K. Seki & S. Yunoki, Phys. Rev. Research 3, 013004 (2021)

 E(θ) = ⟨ψM(θ) |ℋ̂ |ψM(θ)⟩
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M

∆εA

 ΔE = E(θ) − Eexact(L)

 : exact ground state energy for system size Eexact(L) L

...

· · ·
· · ·· · ·
· · ·
· · ·
· · ·

· · ·
· · ·· · ·

...
...

...
...

...

|ψi
e−iθ

(1)
2 V̂2 e−iθ

(1)
1 V̂1

Ûd(θ1) Ûd(θ2)

e−iθ
(2)
2 V̂2 e−iθ

(2)
1 V̂1 e−iθ

(M)
1 V̂1

Ûd(θM )

exact ground 
state at M=L/4

 Δε = E(θ)/L − lim
L→∞

Eexact(L)/L

purple line:  plotted at Eexact(L)/L − lim
L→∞

Eexact(L)/L M = L /4

states  with  are 
independent of system size 

|ψM(θ)⟩ M < L/4
L

DQAP ansatz



Causality cone and Lieb-Robinson bound

18

 ℋ̂ =
L/2

∑
k=1

(�̂�(k)
1 + �̂�(k)

2 )  �̂�(k)
1 = − t ( ̂c†

2k ̂c2k−1 + h . c)  �̂�(k)
2 = − t ( ̂c†

2k+1 ̂c2k + h . c)

i

ψM (θ)| ĉ†xĉx+1 |ψM (θ) ψM (θ)| ĉ†xĉx+1 |ψM (θ)

(b)(a)

ii

  E(θ) = ⟨ψM(θ) |ℋ̂ |ψM(θ)⟩

<latexit sha1_base64="iEC70C1S+851mmFGCU1oFO+lIKI="></latexit>

`i = 4M + 4
<latexit sha1_base64="HjwYVZqaK8QRqpnAywktg62exIg="></latexit>

`ii = 4M + 2

M=L/4 corresponds to the point where the causality-cone exceeds the system size L.

causality cone set by Lieb-Robinson bound

Due to the unitarity of the local time-evolution operators, these local time-evolution 
operators in shaded regions do not contribute to the expectation values Hamiltonian.

The DQAP ansatz can provide the circuit with the minimum 
number of depths (M=L/4) to describe the exact ground state

T. Shirakawa, K. Seki & S. Yunoki, Phys. Rev. Research 3, 013004 (2021)



Quantum simulation for 
spin-1/2 Heisenberg model

K. Seki, T. Shirakawa & S. Yunoki, Phys. Rev. A 101, 052340 (2020)



 antiferromagnetic Heisenberg modelS = 1/2

£D(a)
|1i1
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(b)

=e
RX(q)RX(q)

XX R°q/2R°q/2 XX

Ĥ = Ĥ1 + Ĥ2 Ĥ1 =
J
2 ∑

i: odd ( ̂Pi,i+1 −
̂I

2 ), Ĥ2 =
J
2 ∑

i: even ( ̂Pi,i+1 −
̂I

2 )
In 1D 

 |ψM({θ(m)
1 , θ(m)

2 })⟩ = �̂�d(θM)�̂�d(θM−1)⋯�̂�d(θ1) |ψi⟩

 �̂�d(θm) = e−iθ(m)
1 Ĥ1e−iθ(m)

2 Ĥ2  e−iθ(m)
2 Ĥ2 = ∏

i:even

e−iθ(m)
2

̂Pi,i+1/2

exponential-swap 
gate

DQAP ansatz:

singlet product 
state: GS of Ĥ1

K. Seki, T. Shirakawa & S. Yunoki, Phys. Rev. A 101, 052340 (2020)

(ESWAP circuit ansatz)



RVB-type parametrized circuit ansatz
• Resonating valence bond (RVB) state


‣ Represent any spin state


- Magnetic order / topological order / valence bond solid 
…


• DQAP ansatz constructs RVB states


‣  represents a nearest neighboring dimer covering


‣  represents a linear combination of dimer coverings

|Φ⟩

|Ψ(θ)⟩

K. Seki, T. Shirakawa & S. Yunoki, Phys. Rev. A 101, 052340 (2020)

|RVBi = + + +…

P. W. Anderson, Mater. Res. Bull. 8, 153 (1973)

Exponential-SWAP gates Singlet product state
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RX(q)RX(q)

XX R°q/2R°q/2 XX

ESWAP circuit ansatz:



Experiment with a quantum device
K. Seki, T. Shirakawa & S. Yunoki, Phys. Rev. A 101, 052340 (2020)
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Kazuhiro Seki

Pending results (0)

You have no circuit runs in the queue.

Latest results

Status Run date Name or Id Tags Provider Service 

COMPLETED 7 days ago 5f7d8fbeba7559001308a2d9 ibm-q/open/main Backend: ib
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Basis gates
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Maximum shots

8192
Maximum circuits

75

Last calibration update

Oct 14, 2020 2:32 PM

online

Queue: 27 jobs

 Qubits  Connectivity

1

0 2 3

4

Single-qubit U2 error rate

CNOT error rate

4.745e-4 1.136e-3

1.270e-2 2.408e-2

Download Calibrations

ibmq_5_yorktown
|0〉0

|0〉1

|0〉2

|0〉3

|0〉4

HH HH

XX HH

XX XX R−θ1/2R−θ1/2 XX

XX HH RZRZ RYRY RYRY RZRZ

XX
π/2 −π/2θ1 −θ1

Z

Û23(θ1)

|s1,2 |s3,4

Quantum circuit for evaluating the spin correlation function Reh 0|X̂1X̂2| 0i

<latexit sha1_base64="WNufrt0iy8on/KGS5LTLThPgyOY="></latexit>

p0 � p1 = Reh 0|X̂1X̂2| 0i

<latexit sha1_base64="/tvVe0ZSc3wicxjw498KaMZ5Tu8="></latexit>

p0, p1

<latexit sha1_base64="npPSn7ye5iDZ4HS4o7G87QqCPOs="></latexit>

E0/J = �2

<latexit sha1_base64="dWPlktOzVY+m6b0rarb2oy7mVPs="></latexit>

Exact

Exact energy is obtained within the statistical error

vs. 

S=1/2 Heisenberg ring with 4 sites

Estimated E0/J = − 2.007(17)

13

FIG. 13. The circuit used for evaluating Reh 0|X̂1X̂2| 0i = Reh ̃0|X̂1X̂2| ̃0i on the ibmqx2 chip. The state | ̃0i = Û23(✓1)|s1,2i|s3,4i is
generated on the first to fourth qubits. The parts of the circuit corresponding to |s1,2i|s3,4i and Û23(✓1) are highlighted with shaded green and
blue boxes, respectively. The rotation angles for RY and RZ gates are also indicated below these gates.

TABLE I. Probabilities p0 and p1 obtained from quantum simula-
tions on the ibmqx2 chip. The values on each row are obtained from
1024 measurements. Ideal (noiseless) results are also shown in the
bottom row. Data were obtained on 6 April 2020 (EST) [110].

Sample p0(%) p1(%) Reh 0|X̂1X̂2| 0i
1 15.430 84.570 -0.69140
2 17.969 82.031 -0.64062
3 15.625 84.375 -0.68750
4 16.309 83.691 -0.67382
5 16.016 83.984 -0.67968
6 15.430 84.570 -0.69140
7 17.578 82.422 -0.64844
8 18.457 81.543 -0.63086
9 17.090 82.910 -0.65820
10 17.969 82.031 -0.64062
11 16.602 83.398 -0.66796
12 17.090 82.910 -0.65820
13 16.992 83.008 -0.66016
14 15.527 84.473 -0.68946
15 16.113 83.887 -0.67774
16 14.648 85.352 -0.70704
Mean 16.553(274) 83.447(274) -0.66894(549)
Ideal 16.667 83.333 -0.66667

the controlled-SWAP (Fredkin) gate in a quantum device, as
demonstrated in Ref. [112], is thus highly desirable.
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Hardware efficient ansatz LETTER RESEARCH
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the state | 00…0〉 , applying d entanglers UENT that  alternate with N Euler 
rotations, giving
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Because the qubits are all initialized in their ground state | 0〉 , the first 
set of Z rotations of Uq,0(θ) is not implemented, resulting in a total of 
p =  N(3d +  2) independent angles. In the experiment, the evolution 
time τ and the individual couplings in H0 can be controlled. However, 
numerical simulations indicate that accurate optimizations are 
obtained for fixed-phase entanglers UENT, leaving the p control angles 
as  variational parameters. Our hardware-efficient approach does not 
rely on the accurate implementation of specific two-qubit gates and can 
be used with any UENT that generates sufficient entanglement. This is 
in  contrast to unitary coupled-cluster trial states, which require high- 
fidelity  quantum gates that approximate a unitary operator tailored on 
the basis of a theoretical ansatz. For the experiments considered here, 
the entanglers UENT are composed of a sequence of two-qubit cross- 
resonance gates23. Simulations as a function of entangler phase show 
plateaus of minimal energy error around gate phases that correspond 
to the maximal pairwise concurrence; see Supplementary Information. 
We therefore set the entangler evolution time τ at the beginning of such 
plateaus, to reduce decoherence effects.

In our experiments, the Z rotations are implemented as frame 
changes in the control software24, whereas the X rotations are imple-
mented by appropriately scaling the amplitude of calibrated Xπ pulses, 
using a fixed total time of 100 ns for every single-qubit rotation. The 
cross-resonance gates that compose UENT are implemented by driving 
a control qubit Qc with a microwave pulse that is resonant with a target 
qubit Qt. We use Hamiltonian tomography of these gates to determine 
the strengths of the various interaction terms, and the gate time for 

maximal entanglement23. We set our two-qubit gate times at 150 ns, to 
try to minimize the effect of decoherence without compromising the 
accuracy of the optimization outcome; see Supplementary Information.

After each trial state is prepared, we estimate the associated energy 
by measuring the expectation values of the individual Pauli terms in 
the Hamiltonian. These estimates are affected by stochastic fluctua-
tions due to finite sampling. Different post-rotations are applied after 
trial-state preparation for sampling different Pauli operators (Fig. 1c, d). 
We group the Pauli operators into tensor product basis sets that require 
the same post-rotations. We numerically show that such grouping 
reduces the energy fluctuations, while keeping the same total number 
of samples, thereby reducing the time overhead for energy estimation; 
see Supplementary Information. The energy estimates are then used 
in a gradient descent algorithm that relies on a simultaneous perturba-
tion stochastic approximation (SPSA) to update the control parameters. 
The SPSA algorithm approximates the gradient using only two energy 
measurements, regardless of the dimensions of the parameter space p, 
achieving a level of accuracy comparable to that of standard gradient 
descent methods, in the presence of stochastic fluctuations10. This is 
crucial for optimizing over many qubits and long depths for trial-state 
preparation, enabling us to optimize over a number of parameters as 
large as p =  30.

To address molecular problems on our quantum processor, we rely on 
a compact encoding of the second-quantized fermionic Hamiltonians 
onto qubits. The Hamiltonian for molecular H2 has four spin orbitals, 
representing the spin-degenerate 1s orbitals of the two hydrogen atoms. 
We use a binary tree encoding11 to map the Hamiltonian to a four-
qubit system, and remove the two qubits that are associated with the 
spin parities of the system9. The Hamiltonian for BeH2 is defined on 
the basis of the 1s, 2s and 2px orbitals that are associated with Be, and 
the 1s orbital that is associated with each H atom, for a total of ten spin 
orbitals. We then assume perfect filling of the innermost two 1s spin 
orbitals of Be, after shifting their energies by diagonalizing the non- 
interacting part of the fermionic Hamiltonian. We map the eight- 
spin-orbital Hamiltonian of BeH2 using parity mapping and, as in 
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Figure 1 | Quantum chemistry on a superconducting quantum 
processor. Solving electronic-structure problems on a quantum computer 
relies on mappings between fermionic and qubit operators. a, Parity 
mapping of eight spin orbitals (drawn in blue and red, not to scale) onto 
eight qubits, which are then reduced to six qubits owing to fermionic 
spin and parity symmetries. The length of the bars indicate the parity of 
the spin orbitals that are encoded in each qubit. b, False-coloured optical 
micrograph of the superconducting quantum processor with seven 
transmon qubits. These qubits are coupled via two coplanar waveguide 
resonators (violet) and have individual coplanar waveguide resonators 

for control and read-out. c, Hardware-efficient quantum circuit for trial-
state preparation and energy estimation, shown here for six qubits. For 
each iteration k, the circuit is composed of a sequence of interleaved 
single-qubit rotations Uq,d(θk) and entangling unitary operations UENT 
that entangle all of the qubits in the circuit. A final set of post-rotations 
(I, X−π/2 or Yπ/2) before the qubits are read out is used to measure the 
expectation values of the individual Pauli terms in the Hamiltonian and to 
estimate the energy of the trial state. d, An example of the pulse sequence 
for the preparation of a six-qubit trial state, in which UENT is implemented 
as a sequence of two-qubit cross-resonance gates.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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FIG. S9. Experimental optimization for di↵erent depths: LiH Hamiltonian at bond distance and 4-qubit
Heisenberg model a Experimental optimization of the 4-qubit LiH Hamiltonian at bond distance, using depth d = 0 (green),
1 (red) 2 (blue) circuits for trial state preparation. The exact energy is indicated by the black dashed line. Bottom inset
describes the qubits and the cross resonance gates that constitute UENT, for this experiment. b Histograms of outcomes from
100 numerical simulations that account for decoherence and finite sampling e↵ects show significant overlap for depth d = 0
(green), 1 (red), 2 (blue) circuits. The black dashed line indicates the exact energy and the green, red and blue dashed lines
are the results from the single experimental runs of a, for d = 0, 1 and 2 circuits respectively. c Experimental optimization
of the 4-qubit Heisenberg Hamiltonian for J/B = 1, using depth d = 0 (green), 1 (red), 2 (blue), 3 (orange) circuits for trial
state preparation. The exact energy is indicated by the black dashed line. d Histograms of outcomes from 100 numerical
simulations that account for decoherence and finite sampling e↵ects show significant improvement over depth d = 0 circuits
with d = 1(red), 2 (blue), 3 (orange) circuits. The black dashed line indicates the exact energy and the green, red, blue and
orange dashed lines are the results from the single experimental runs of c, for d = 0, 1, 2 and 3 circuits respectively.
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Symmetry-adapted VQE
K. Seki, T. Shirakawa & S. Yunoki, Phys. Rev. A 101, 052340 (2020)
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FIG. 5. Semilog plot of the fidelity |〈!0|! (q)(θk )〉|2 of the
ground state for the spin-1/2 Heisenberg ring with N = 16 as a
function of the NGD iteration k in Eq. (22). The results with different
number of layers (D), and with (filled symbols) and without (empty
symbols) use of the translational symmetry, are shown. (b) Enlarged
figure of panel (a). |!0〉 is the exact ground state and |! (q)(θk )〉
is an approximate ground state obtained after the kth iteration of
optimizing the variational parameters in the circuit. The number of
total variational parameters is N × D. The initial parameters θ1 are
set randomly and we use the same initial parameters θ1 for all the
simulations shown here when D is the same.

From Eq. (24), the derivative of the variational energy
E (γ )(θ) can be expressed as

∂θi E
(γ )(θ) = 2Re

[
〈!(θ)|P̂(γ )Ĥ

∣∣∂θi!(θ)
〉

N (θ)
−Ai(θ)E (γ )(θ)

]

.

(28)

Similarly, by substituting Eq. (24) into Eq. (23), we can show
that the metric tensor [G(γ )(θ)]i j is now given as

[G(γ )(θ)]i j =
〈
∂θi!(θ)

∣∣P̂(γ )
∣∣∂θ j !(θ)

〉

N (θ)
−A∗

i (θ)A j (θ). (29)

Note that Eqs. (24), (25), (28), and (29) are generic forms for
the state subject to the symmetry-projection operator.

For numerical simulations, to evaluate the derivatives of
the trial state, we employ the parameter-shift rule for the
(nonsymmetrized) state

∣∣∂θi!(θ)
〉
= 1

2 |!(θ + πei )〉, (30)

which readily follows from Eq. (16). Here, ei is the unit
vector whose i′th entry is given by [ei]i′ = δii′ . We should
also note that our numerical simulations in the next section
employ the NGD optimization because, as described above,
this optimization method has been repeatedly proved to be
currently the best method for optimizing a variational wave
function with many variational parameters in the variational

FIG. 6. Same as Fig. 5 but for the variational energy of the
ground state. The horizontal line in panel (b) indicates the exact
ground-state energy E0.

Monte Carlo technique for quantum many-body systems,
when up to the first-order derivative of the variational energy
is available [58]. If we employ this optimization method
in the real experiment, we have to evaluate, in addition to
the matrix elements in the numerator and the denominator
in Eq. (21), several other quantities appearing in Eqs. (28)
and (29) on quantum computers. However, the use of the NGD
optimization is not necessarily required in the symmetry-
adapted VQE scheme and we can always adopt a simpler
optimization method without even using the first derivative of
the variational energy.

V. RESULTS

Here we demonstrate the symmetry-adapted VQE ap-
proach by numerically simulating the spin-1/2 Heisenberg
ring.

A. Ground-state energy

Figures 5 and 6 show a typical behavior of the fidelity
and the variational energy E (γ )(θk ), respectively, for N = 16
as a function of the NGD iteration k in Eq. (22). Here, we
use the translational symmetry of the Hamiltonian that forms
the cyclic group G = {T̂ 1, T̂ 2, . . . , T̂ N } with |G| = N . The
character associated with the operation T̂ n is given by

χ (q)(T̂ n) = eiqn, (31)

where q = 2πm/N with m = −N/2 + 1,−N/2 +
2, . . . , N/2 − 1, N/2, corresponding to the total momentum
of the symmetrized state, and the dimension dq of the
representation q is 1. The ground state of the spin-1/2
Heisenberg ring for N = 16 is at the q = 0 sector and
spin singlet.

052340-6

Without projection

With projection

D = 1,2,3,4

D = 1,2

Variational energy per site for 
16-site Heisenberg model:

Energy expectation value:
Evaluate the matrix elements 

on quantum computer
E(q)( ⃗θ) =

⟨ψ( ⃗θ) | Ĥ ̂P(q) |ψ( ⃗θ)⟩

⟨ψ( ⃗θ) | ̂P(q) |ψ( ⃗θ)⟩
=

∑N−1
n=0 χ(q)( ̂Tn)*⟨ψ( ⃗θ) | Ĥ ̂Tn |ψ( ⃗θ)⟩

∑N−1
n=0 χ(q)( ̂Tn)*⟨ψ( ⃗θ) | ̂Tn |ψ( ⃗θ)⟩
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Numerical simulation



Quantum simulation for 
topological order state

R.-Y. Sun, T. Shirakawa & S. Yunoki, Phys. Rev. B 107, L041109 (2023)

See Poster 70



Toric code model in a magnetic field
• Toric code model





‣ Exactly solvable


‣ Intrinsic topological order / equally-weighted quantum loop ( ) gas


‣ OBC ground state


- 


‣ Realizable on real quantum devices with high fidelity


- Only need Hadamard gate and CNOT gate


• Toric code in a magnetic field





‣ Non-exactly solvable


‣ Topological order to ferromagnetic order: 

HTC = − ∑
s

As − ∑
p

Bp

|1⟩

|Ψ0⟩ =
Np

∏
p=1 ( 1

2
Ip +

1

2
Bp) |00⋯0⟩

HTCM(x) = (1 − x)HTC − x
N

∑
i=1

σz
i

xc ∼ 0.25

R.-Y. Sun, T. Shirakawa & S. Yunoki, Phys. Rev. B 107, L041109 (2023)
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Parametrized loop gas circuit (PLGC)
• To simulate loop gas with loop tensions


‣ Design a parametrized circuit to represent weight-
adjustable quantum loop gas


• Dope parameter


 





‣ Replace Hadamard gate with Rotation-  gate


‣ Number of parameters: 


• Realizable on real quantum devices


‣ Rotation-  gate can be realized with high fidelity


‣ With the same complexity

H |0⟩ = Ry(π/2) |0⟩

Ry(θ) =
cos θ

2 −sin θ
2

sin θ
2 cos θ

2

y

Np

y

R.-Y. Sun, T. Shirakawa & S. Yunoki, Phys. Rev. B 107, L041109 (2023)
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VQE simulation using PLGC
• Ground state energy by VQE calculations with PLGC


‣ Difference difference with the numerical exact energy 



‣ Keep the accuracy for arbitrary magnetic field strength


‣ Keep the accuracy in the systems with varying sizes


• Observing topological quantum phase transition


‣ Magnetization:





‣ Topological entanglement entropy (TEE):





‣ VQE calculations are consistent with numerical exact results
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VQE simulation using PLGC
• Ground state energy by VQE calculations with PLGC


‣ Difference difference with the numerical exact energy 



‣ Keep the accuracy for arbitrary magnetic field strength


‣ Keep the accuracy in the systems with varying sizes


• Observing topological quantum phase transition


‣ Magnetization:





‣ Topological entanglement entropy (TEE):





‣ VQE calculations are consistent with numerical exact results
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Summary
• Quantum computing provides a new way to study correlated quantum many-body systems


‣ Quantum simulation: simulate quantum system of interest by another controllable quantum system


• We are in the NISQ era


‣ Noisy quantum devices with quantum-classical hybrid algorithms


‣ Apply to quantum many-body physics: variational quantum eigensolver (VQE, promising but with challenges)


• VQE study of correlated quantum many-body systems


‣ Discretized quantum adiabatic process (DQAP) ansatz provides the exact ground state with  depths: 
PRResearch 3, 013004 (2021) 

‣ RVB-type circuit ansatz (emerged from DQAP) catches the ground state of Heisenberg model; Broken 
symmetry can be restored by post processing (symmetry-adapted VQE): PRA 101, 052340 (2020)


‣ Real-device-realizable PLGC ansatz describes the topological order in non-exactly solvable cases and can 
go through the phase transition: PRB 107, L041109 (2023)
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Thanks for your attention!


