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Bigger picture

• Study of chiral phase transition with chiral fermions in (2+1)-flavor QCD thermodynamics. Pisarski-Wilczek : The chiral transition (Nf = 2 + 1) belongs to the O(4) universality class if
the UA(1) symmetry is still broken at Tc, which is estimated to be between 130-135 MeV. However, if the UA(1) symmetry is restored at Tc, there is a possibility of a first-order transition
(O(2)×O(4)) in the chiral limit. [1]

•Möbius Domain Wall fermions (MDWF) : Exact chiral symmetry ( SU(2)L × SU(2)R) and chiral anomaly on finite lattice spacing at Ls → ∞ in 4-d for vanishing quark masses.
• ”Almost” chiral fermions for finite Ls.[2, 3] [See Poster by Y. Aoki]

Reweighitng factor calculation

The partition function of Lattice QCD can be written as,

⟨O⟩ = 1

Z

∫
DUO detM (ml)[detM (ms)]

1/2 exp [−βSg[U ]] . (1)

Reweighting of an observable forml1 → ml2,

⟨O⟩2 =
1

Z2

∫
DU O detM (ml2)[detM (ms)]

1/2 exp[−Sg]

=
Z1

Z2

1

Z1

∫
DU

[
O
detM (ml2)

detM (ml1)

]
detM (ml1)[detM (ms)]

1/2 exp[−βSg]

Hence, the reweighting factor fromml1 → ml2 and the observable for newml2,

ω =

[
detM (ml2)

detM (ml1)

]
, ⟨O⟩2 =

∑
n ωiOn∑
n ωn

(2)

Detail of the calculation
The 4-dimensional DW operator is written as,

DLs
4 =

1 +m

2
+
1−m

2
γ5sgn

(Ls)
tanh(HK) (3)

The sign function can be parametrize as,
sgn

(Ls)
tanh = tanh(Ls tanh−1(x)) (4)

sgn
(Ls)
polar =

(1 + tanhx)Ls− (1− tanhx)Ls
(1 + tanhx)Ls + (1− tanhx)Ls (5)

Where, HK can be written as,

HK =
(b + c)γ5DW (−M0)

2 + (b− c)DW (−M0)
,Where,,DW, is the Wilson Dirac Operator (6)

we employ normalize complex Gaussian noise vectors [ξ†, ξ] to estimate the
reweighting factor,

ω =
detDLs

4 (m1)

detDLs
4 (m2)

(7)

ω = detA−1 =

∫
Dξ†Dξ exp[−ξ†Aξ]∫

Dξ†Dξξ†ξ]
, A =M(ml2)

−1M(ml1) (8)

Summary

•We discuss the application of light quark mass reweighting in Lattice QCD sim-
ulations with Möbius Domain Wall fermions to take care of the mres effect on
the observable.

• Our demonstration reveals that as the value of themres increases, the reweighting
factor begins to fluctuatemore. The efficacy of reweighting with limited statistics
depends on this point.

• If the reweighting factor shows excessive fluctuations, a larger sample size is
necessary to achieve an effective reweighting. Hence, for smaller light quark
masses this will likely to be fail.
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Lattice Parameters andmres effect

• Lattice size : Nσ ×Nτ = 323 × 16 and Ls = 12.
•ml = 0.1ms, input quark mass tuning using themnew

l = mold
l −mres.

• Perform reweightingmold
l → mnew

l . Code Base : Bridge++ [4].

4.10 4.15 4.20 4.25 4.30
β

0.00000

0.00025

0.00050

0.00075

0.00100

0.00125
m
re
s(
β

)

ml = 0.1ms

0 500 1000 1500 2000
0.0

0.2

0.4

0.6

0.8

1.0

w
n
or
m
.

Fig. 1: mres vs β (left) for β ∈ {4.10 : 4.30} and fluctuation of reweighting factor for
β = 4.10 and 4.17(right).

• reweighting factor fluctuate more for
largermres.

• This method seems to fail when mres

corrections are more than 20% of the
mold
l within the current statistics.

• Statistics uncertainity of the reweighted quantity ?? ⟨ω2O2⟩ − ⟨Oω⟩2.
• Errors depend on the fluctuation of the reweighting factor and also with its correlation with the
observable [5].

• For ex. β = 4.13 , ml = ms/10,ms = 0.043913. mold
l = 0.0043913,mnew

l = 0.00357 reweighting
successful!!

• Limitation : For ex. β = 4.13 ,ml = ms/27,ms = 0.04309. mold
l = 0.0016,mnew

l = 0.00078 would
fail in current statistics.

Reweighting of chiral condensate

0.000 0.001 0.002 0.003 0.004
ψ̄lψl

0

100

200

300

C
ou

nt

β = 4.13

before

after

0.000 0.002 0.004 0.006
ψ̄lψl

0

200

400

600

C
ou

nt

β = 4.17

before

after

0.001 0.002 0.003
ψ̄lψl

0

100

200

300

400

500

C
ou

nt

β = 4.21

before

after

Fig. 2: Histogram of light quark chiral condensate for three β values

We use reweighting on the gauge en-
sembles generated by the JLQCD col-
laboration for 9 β values ranges from
β ∈ [4.10 : 4.30] with corresponding
ml ∈ [0.00484742 : 0.00270836] and
mres ∈ [0.00138 : 0.000041] [2, 3]. To
make reweighting effective, we require a
significant overlap between the observ-
ables being considered. We show the
light quark chiral condensate for three β
values here.
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Fig. 3: Subtracted chiral condensate before and after reweighting.

• Perform measurements of ⟨ψ̄lψl⟩ after adjusting
the valence quark mass by taking care of themres

effect. Then perform reweighting on ⟨ψ̄lψl⟩.
• Subtracted chiral condensate ⟨ψ̄lψl⟩− ml

ms
⟨ψ̄sψs⟩]

before and after reweighting.
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